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GENERAL PREFACE 

During the active life of the Guggenheim Fund for the Promotion 
of Aeronautics, provision was made for the preparation of a series of 
monographs on the general subject of Aerodynamic Theory. It was 
recognized that in its highly specialized form, as developed during the 
past twenty-five years, there was nowhere to be found a fairly comprehen- 
sive exposition of this theory, both general and in its more important 
applications to the problems of aeronautic design. The preparation and 
publication of a series of monographs on the various phases of this 
subject seemed, therefore, a timely undertaking, representing, as it is 
intended to do, a general review of progress during the past quarter 
century, and thus covering substantially the period since flight in heavier 
than air machines became an assured fact. 

Such a present taking of stock should also be of value and of interest 
as furnishing a point of departure from which progress during coming 
decades may be measured. 

But the chief purpose held in view in this project has been to provide 
for the student and for the aeronautic designer a reasonably adequate 
presentation of background theory. No attempt has been made to cover 
the domains of design itself or of construction. Important as these 
are, they lie quite aside from the purpose of the present work. 

In order the better to suit the work to this main purpose, the first 
volume is largely taken up with material dealing with special mathe- 
matical topics and with fluid mechanics. The purpose of this material 
is to" furnish, close at hand, brief treatments of special mathematical 
topics which, as a rule, are not usually included in the curricula of 
engineering and technical courses and thus to furnish to the reader, 
.t least some elementary notions of various mathematical methods and 
resources, of which much use is made in the development of aerodynamic 
theory. The same material should also be acceptable to many who from 
long disuse may have lost facility in such methods and who may thus, 
close at hand, find the means of refreshing the memory regarding these 
various matters. 

The treatment of the subject of Fluid Mechanics has been deve- 
^ loped in relatively extended form since the texts usually available to 
the technical student are lacking in the developments more especially 
of interest to the student of aerodynamic theory. The more elementary 
reatment by the General Editor is intended to be read easily by the 
average technical graduate with some help from the topics comprised 
> \n Division A. The more advanced treatment by Dr. Munk will call 
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for some familiarity with space vector analysis and with more advanced 
mathematical methods, but will commend itself to more advanced 
students by the elegance of such methods and by the generality and 
importance of the results reached through this generalized three-dimen- 
sional treatment. 

In order to place in its proper setting this entire development during 
the past quarter century, a historical sketch has been prepared by Pro- 
fessor Giacomelli whose careful and extended researches have resulted in 
a historical document which will especially interest and commend itseU 
to the study of all those who are interested in the story of the gradual 
evolution of the ideas which have finally culminated in the developments 
which furnish the main material for the present work. ♦ 

The remaining volumes of the work are intended to include th' 
general subjects of: The aerodynamics of perfect fluids; The moo 
fications due to viscosity and compressibility; Experiment and research 
equipment and methods; Applied airfoil theory with analysis and dis- 
cussion of the most important experimental results; The non-lifting 
system of the airplane; The air propeller; Influence of the propeller 
on the remainder of the structure; The dynamics of the airplane; Per- 
formance, prediction and analysis; General view of airplane as com- 
prising four interacting and related systems; Airships, aerodynamics 
and performance; Hydrodynamics of boats and floats; and the Aero- 
dynamics of cooling. 

Individual reference will be made to these various divisions of the 
work, each in its place, and they need not, therefore, be referred to in 
detail at this point. 

Certain general features of the work editorially may be noted as 
follows : 

!• Symbols. No attempt has been made to maintain, in the treatment 
of the various Divisions and topics, an absolutely uniform system of 
notation. This was found to be quite impracticable. 

Notation, to a large extent, is peculiar to the special subject under 
treatment and must be adjusted thereto. Furthermore, beyond a few 
symbols, there is no generally accepted system of notation even in ani 
one country. For the few important items covered by the recommer 
dations of the National Advisory Committee for Aeronautics, symbol 
have been employed accordingly. Otherwise, each author has develope 
his system of symbols in accordance with his peculiar needs. 

At the head of each Division, however, will be found a table givin 
the most frequently employed symbols with their meaning. Symbol , 
in general are explained or defined when first introduced. 

2. (icneral Plan of Construction. The work as a whole is made u 
of Divisions, each one dealing with a special topic or phase of the gene ’ 
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subject. These are designated by letters of the alphabet in accordance 
with the table on a following page. 

The Divisions are then divided into chapters and the chapters into 
sections and occasionally subsections. The Chapters are designated by 
Roman numerals and the Sections by numbers in bold face. 

The Chapter is made the unit for the numbering of sections and the 
section for the numbering of equations. The latter are given a double 
number in parenthesis, thus (13.6) of which the number at the left of 
the point designates the section and that on the right the serial number 
of the equation in that section. 

Each page carries at the top, the chapter and section numbers. 

W. P. Durand 


Stanford University, California 
January, 1934. 
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NOTATION 

The following table comprises a list of the principal notations employed in 
the present Volume. Notations not listed are either so well understood as to 
render mention unnecessary, or are only rarely employed and are explained as 
introduced. Where occasionally a symbol is employed with more than one meaning, 
the local context will make the significance clear. 

DIVISION F 

a;, y Coordinates along axes A", Y 
Z, z Complex (x iy) 

rj Elliptical coordinates 

C Special complex variable t + i rr, 2 

8, S Length of arc of a curved profile 

a Angle of incidence 
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V, V Velocity in general 

u Velocity along X 

u Velocity of origin in case of moving axes, B 

I Special velocities, B 

Q Induced velocity, 7 
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C Circulation, 7 
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(f Potential 
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THE THEORY OF SINGLE BURBLING' 

By 

C. Witoszynski and M. J. Thompson 
Warsaw Ann Arbor, Mich. 

EDITOR’S PREFACE 

The aerodynamics of the Lifting-Wing lies naturally at the center 
of progress in aviation. In the mathematical investigation of the details 
of the flow of the air about an airplane wing, and with special reference 
to the discontinuity of flow which may appear at the trailing edge, 
the use of a discontinuous form of potential, complementary to the 
classic form, as developed by Professor Witoszynski and his collaborators, 
offers especial interest. By the use of these forms of potential Professor 
Witoszynski has succeeded in developing for profile forms derivable 
from the circle by the usual methods of conformal transformation (and 
hence with close approximation for standard forms) expressions for lift, 
moment and profile drag (exclusive of friction). The latter, in particular 
cannot bt^ developed without the use of sonu^thing representing dis- 
continuous flow and in this respect the work of Professor Witoszynski 
and of his collaborators furnishes an interesting and important addition 
to the general body of aerodynamic theory. 

The Pklitor desires to express his acknowledgments to Professor 
Thompson, co-author with Professor Witoszynski, for the translation of 
the original manuscript from the Polish, and for valuable aid in checking 
formulae, preparation of iliagrams and in proof reading the work tlirough 

W.F. Durand. 

1. The Discontinuous Potential, The circulation theory of Joukowski 
which is generally accepted in the study of two-dimensional fluid motion 
as the basis for the calculation of aerodynamic forces, gives too large 
values for the lift, even for very pronounced aspect ratios. The method 
which follows consists in completing the classic velocity potential by a 
discontinuous term which permits the annulment of the velocity at 
the trailing edge of the profile in the same way as Joukowski ’s 

^ In the present Division, this term is used in the sense of a single point or 
lino of separation. 
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complementary term, but which at the same time gives the values of 
the lift closer to those obtained in experiments. 

Let us suppose that we have placed a profile provided with a sharp 
trailing edge in a position such that the lift (component normal to the 
wind) is equal to zero. It is clear that the flow around this profile may 




be determined by the method of conformal transformation, in taking 
as a basis the classic flow around a circle, to which there corresponds 

the complex potential: O — — u{^Z ^ ) (1.1) 

In (1.1) u represents the velocity of the wind, which at infinity is in 
the direction of the negative JC-axis, Z — X \ i Y — re}^ and a is the 
radius of the primitive circular profile. In this case the trailing edge P 
corresponds to the point A of the circular profile, where* tlui velocity 
becomes zero, see Figs, la and lb. But if the direction of the wind 
at infinity is changed so that it forms an angle — a with the a::-axis 
instead of zero, the complex potential takes the form : 

-M(ze-+ (1.2) 

The point P, see Figs. 2 a and 2 b, corresponds to the point A as before 
but the velocity at A is no longer zero, the calculations giving an infinite 
velocity at P, which does not conform with reality. 




Fif?. 2 b. 


Experimental observations show that the fluid filament surrounding 
the profile on the lower surface docs not prolong its path along PQ 
(Fig. 2 b) but detaches itself from the profile (burbles) at the trailing 
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edge P. In this way between the point P and the point Q, which also 
changes its position, a “dead” space is formed bounded on two sides 
by liquid filaments posstjssing different velocities. Thus a sort of layer 
of discontinuity is obtained which begins in the neighborhood of the 
trailing edge of the profile. In order to fix our ideas, let us suppose 
that the points P and Q coincides at the trailing edge, that is to say 
that the layer of discon- 
tinuity has a thickness — ^ 

equal to zero at its point ^ 

of origination. We shall, A 

in what follows, call this — -^ 3 —— 

type of flow — flow with fik. a. 

single bnrbling. This type 

of flow is illustrated in Fig. 3. In the ease of the flow around a 
wing at a high angle of attack or around a bluff object, we have 
double burbling since the fluid filaments close to the body detach 
themselves at two points in its rear. 

Now it goes without saying that the expression (1.2) cannot be used 
as the complex potential for the circular profile which may serve as the 
point of departure for th (5 determination of the flow shown in Fig. 3. 
fn order to obtain such a potential, it is necessary to complete the ex- 
pression ( 1 . 2 ) with a term corresponding to the discontinuity which 
exists in tht^ rear of the profile, ijct us choose for this discontinuous 
complement referred to the circular profile, a function of the form: 

+ i ^)corn,, == j^z + -f . . . 

f + . . . 

Jt is clear that the coefficients Ao Af^ must be equal to zero in 

order that the modification of the wind velocity by the profile will not 
be felt at infinity. The coefficient must also be zero because otherwise 
the modification of the velocity will disappear less quickly with an 
increase of th(^ distance from the profile than in the Joukowski method — 
so that the lift would be (‘orresy)ondingly greater. We see from this 
that the complementary potential referred to the circular profile can 
contain only negative powers of Z. 

It is easily verified that the functions 


Z^^+ " or i{Z^^~ \ 

where p is a real arbitrary number, treated as complex potentials, give a 
circular stream-line of radius r a. In order to obtain a complementary 
function of the form discussed above! it is necessary to put p ~ 1/4 so 


that we have i K u a 






1 * 
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where K is a real number which will be chosen in such a way as to 
annul the velocity at the point corresponding to the trailing edge of 
the profile. This function may also be written in the simpler form 

2iKua^i^ 

since a constant term may be added to (1.3) without changing the flow. 
The complete complex potential for the primitive circle, obtained by 
adding the complementary term (1.3) to the classic flow represented 
by (1.2) is then, 

( ,,2p inX / 7 1 2 «l /2 . 

««'•+ -Z ) + 

In order to determine the value of the constant K, we shall make 
use of the condition mentioned above that the velocity at the point 
corresponding to the trailing edge of the transformed profile must be 
equal to zero. Tliis is identical with the basic condition of Joukowski's 
theory. Now in all the work that follows, it will be supposed that th(5 
j)rofiles considered are placed so that the trailing edge corresponds to 
the point Z — — a on the primitive circle. This position is called the 
‘‘zero position”^ because the lift is zero when the direction of the air 
stream at infinity is parallel to the negative a:-axis. In other words, 
we have chosen for the a:-axis in the plane of the transformed profile, 
the axis of zero lift. 

The expression for the complex velocity is 
and, making use of the formula 


z 7 


+ 


I K M tt-' 




dZ\y. 




we get for tlie velocity on the primitive circle 

I7=2«am(a + 

When Z “ — n, 0 — 
zero, cos 0/2 = 0, and 

[Vol;, ^„=--~2usmx- =0 

so that K ~ - “ 4 sin a 


(2 71 l)7T, where n is any positive integer or 


The final form for the complex potential is thus: 
while the complex velocity is: 


4:iua sin 




dj 

~dz 


“ V j 


4 i u sin a 

ZVi (2' 2 + 


(1.5) 


^ WiTOSZYNSKi, C., “La mecanique des profils d’aviation”, p. 36, E. Chiron, 
Paris, 1924. 
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and tlie expression for the velocity on the primitive circle is: 

F, = 2 « [«■« (a + 0) + p] ( 1 .«) 

It is immediately evident that both the complex potential (1.4) and 
its d(^rivativ(! (1.5) are multiple- valued functions and we must determine 
in what manner branch-cuts must be drawn in order that this function 
may be treated as single-valued and applied to our problem. If we 
consider a point Z =- re' ^ situated on any closed curve surrounding the 
primitive circle, then the term in the above (expressions has the 
value 7 * 1^2 ^,< 0 / 2 ^ around this curve in a clockwise direction 

we must write Z— thatZ^^^ ~ — yi/ 2 gto /2 thtu'e is a 

change in the valium of the complex potential at this point. It thus 
becomes necessary to stipulate that we shall never take under con- 
sideration a closed curve completely surrounding the primitive circle, 
or in other words that the polar angle 0 must be limited to a range of 
values not greater than 2 n. We might, for example, take the interval 
— jr < 0 jr or 0 C 0 2 tz or in general — n 4 0 < jr 4 If we 

use the last of these intervals, we find that the velocity on th(» primitive 
circle for the lower limit of this range is not in general the same as that 
obtained for the upper limit. Since there cannot exist a discontinuity 
of velocity on the profile itself exccipt at the point corresponding to the 
trailing edge of the transformed profile in the ease of single burbling, 
it is necessary to take ~ 0 , in which case the velocity becom(*s 
continuous. For 'Z; ^ a we then have — and it now remains 
to determine the limits of 0 for tlu' region outside the primitive cirele. 

Before determining the values of these limits, let us see if there are 
any points on or outside the primitive circle at which the velocity becomes 
infinite. It can easily be shown that the only points at which this is 
possible are those for which the denominator of the complementary 
term in the complex potential is equal to zero, that is, 

from which Z‘^^ — — 

and Z = 

This value of Z represents a point on the primitive circle but its argument 
lies outside the range to which we liave limited 0, in other words, it 
is on the second Riemann sheet of the function chosen for the complex 
potential, and therefore is not to be considered in this problem. The 
point Z “ 0 is also a pole of both the comjdex potential and its deri- 
vative, but since it lies inside the primitive circle, it is of no importance 
here. 

In order to determine the limits of the polar angle 0 in the region 
exterior to the primitive circh‘, we begin with an investigation of the 
stream-lines of the flow defined by the function (1.4). Putting Z — re' ^ 
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in this expression and separating out the imaginary part, we find for 
the stream function 


— — u(r — a) 


(r-h a) 
r 


sin (a + G) + 


4 a sin a 

r f « -f 2 cos 012 


(1.7) 


By selecting a series of constant values for W, it would be possible to 
determine any number of stream-linf‘s of the flow, but we, however, 
are particularly interested in the stream-line ^ 0 which consists of 

two parts; the primitive circle and another curve, the nature of which 
we shall now investigate. The equation of this system of lines is 


(r — a) 


{r - a) 


— sm (a + 0) + 


4 a sin a 

a \ - 2r ^ ^ ^ cos 0/2 


0 (l.S) 


and after extracting the factor (r 
circle, we get 

f J/L 0) 


-a) corresponding to the prirnitivt* 


4 a sin a 


- cos 0/2 


(l.^b 


This stream-line intersects the primitive circle in two points, the argu- 
ments of which may be found by putting r a in the above (‘(piation. 
after which there results 


sm (a -f 0) 


sin a 
- cos 0; 2 


-0 


One root of this expression is G — ; corresponding to the trailing 
edge of the transformed profile, while the second can ])e shown to be 
a small value of G. Thus, supposing that a is also small, w(‘ may 


write approximately 


a -l 0 f * -0 


SO that 


G ^ — 


3 

o 


a 


When r becomes infinitely large, (1.9) reduces to 

6 — — a 


It thus represents a stream-line consisting of two parts, both of whieli 
approach asymptotically to the line through the origin parallel to the 
direction of the air stream at infinity. One branch of this liiK' ends 
at the point B (0 ~ — 3/2 a) and the other at A (G - L n) as shown in 
Fig. 4. By means of (1.9) the coordinates of a sufficient number of points 
on this first line may be obtained, but since on the second branch 
the values of G are close to ri: ti, it is more convenient to write 


.T — 0i 


and (1.9) then becomes: 
r 


sin (a — Oj) 


4 a sin a 

« Az 2 r' '2 2 Qjo 


- 0 


(1.10) 


In this expression the positive sign in the denominator of the second 
term corresponds to 0 = + te — G^, while the negative sign corresponds 
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to 0 = — 71 — 0^. ThiivS we sec that the second branch of the stream- 
line W = 0 which issues from the point Z = — a really consists of two 
parts, one of which is arrived at by considering the stream-lines above 
the profile and letting W approach zero, and the other in a similar way 
by considering the stream-lines underneath the circle. These two lines, 
which do not intersect except at the point A and at infinity, bound a 
region in which the flow is not uniquely defined, for if we should try 
to find any stream -lines 
in this space we would 
arrive at two diff(?rent 
systems depending on 
whether we approached 
this space from abov(‘ 
or below the circle. It 

thus becomes necessary 4 . 

to exclude this region 

from the plane and this we do by making this double branch of the 
stream-line — 0, a branch-cut of the function. In this way the complex 
potential becomes single-valued and the velocity is uniquely dedined at 
every point in the plane outside the circle with the exception of the 
points lying in the excluded region. These restrictions may be ex])ros8ed 
analytically by stipulating that for \Z\ a,- 7t — \.d 7t — 

angles and being equal to the values of 0i as given by (1.10), in 
which the plus sign corresponds to Eo and the minus sign to fj. For 
Z ~ a, and are equal to zero and we liave - tt , 0 ^7t as we 
have already mentioned before. 

In the plane of the transformed profile a similar situation may be 
shown to exist, for there likewise, a double stream-line issues from the 
trailing edge, and the flow is completely dedined at aU points in the 
region exterior to the profile with the exception of the space between 
these two lines. This region which is excluded from the plane is known 
as the "'layer of discontinuity' \ since the velocities on its upper and 
lower boundaries are unequal for the same value of the modulus of Z. 
Furthermore, it will be found that for the transformed profile, there 
in general exists a discontinuity of the velocity at the trailing edge. 
The complex pot(mtial function (1.4) which serves to determine this 
flow is called the “potential of the layer of discontinuity”, or more 
simply, “the discontinuous potential”. 

Let us now return to (1.10) which represents the stream-lines bounding 
the layer of discontinuity for the primitive circle and investigate more 
in detail the geometric characteristics of this region. It is partic\ilarly 
interesting to determine the thickness of the layer and also at what 
point it is a maximum. We shall calculate the value of this thickness 
approximately, limiting ourselves to the consideration of small values 
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of the angles 0^ and a. Only the ease of the primitive circular profile 
will be considered here. Equation (1.10) may then be written in the 
approximate form: 


(r + a) 


(a — 0,) 


4 a a 


0 


Now the term 


may be (‘xpanded in a power series in 


1 

^ r 4 a 

^.1 2 2 Q 

0i and since the quantity small value, we may neglect 

the higher powers in this series. Rejecting the terms which are of 
a degree higher than the second in 0^ and a, we finally obtain 


(r-ha) 




4a a 
r + a 


1 


01 


=- 0 


Solving this equation for Oj, we get after considerable simplifying 




1; 


4 2 0^ 

(r -f a)» ' 


The larger value of 0^ corresponds to the upper boundary of the layer 
of discontinuity and the smaller value to the lower. These values may 
be written separately as : 


u 


f 2 a 


• a 
a) 


r -i- 

r — a \ 2 


1 4, 4r^'2fl3;2Qj 

' (r -t- a)® 


0u=^i=^:---“) 
and for their difference we get: 


1 


4 r® /2 a® /2 a 
(r -j- a)® 


8r® 2 a 3/2 (r --a)2 a® 

f 2 Cl 

and multiplying by r we obtain for the thickness of th(* layer of dis- 
continuity: ^ r (fg — fj) ^ (1.11) 

In order to determine the value of r for which s is a maximum, we 
set the derivative of s with respect to r equal to zero, first substituting 
ri i 2 j^i /2 — ^ so as to avoid having to deal with the cumbersome fractional 
exponents. The expression thus obtained finally reduces to 

f 5 - 0 

from which ^ — 7 ^ |/44 

We are interested only in the value of r greater than a, that is, 
r ~ (7 + |/44) a 14 a 

Substituting this value of r in the expression (1.11) we obtain for the 
maximum thickness of the laycT: 

^ma:r — ^^2 |J5 ^ 
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For tlie transformed y)rofile this maximum thickness is practically 
the same as for the circular profile, since for large values of Z we have 
approximately z ^ Z. Thus for the rectilinear profile, for example, which 
has a chord I — 4f;, we get when a — 10® 

^majr 0.01 I 

Up to the j)j‘(isent time we have been concerned principally with 
the flow around a circular profile as defined by the discontinuous poten- 
tial, and it is now of interest to examine the flow around other types 
of profiles. For this purpose we shall investigate the velocity distribution 
on diff(‘rent transformed profiles making use of the formula 

d S 


ds 


(1.12) 


in which denotes the velocity on the transformed profile, that 
on the primitive circle, and dS/ds is the ratio of a differential element 
of arc of this circle to the corresponding (dement of the transformed 
profile. 

We begin witli tin* determination of the velocity for a simple 
case, i. e., the n^ctilinear profile, the transformation function for w^hich 

may be written in the form: z =Z h y when the profile is in the 

zero position. The derivative of this function is 

dz - 
d Z: " ^ 

and after putting Z — uc*®, dz — dx t idy, dZ = dX -f idY, we got 
d X i d y 
dX ^ id y' 

The conjugate of this value is 
d X — } d y 
d X -id Y 

and the product of these two expressions gives 
dx^ ']• dy^ I ds 

<7^ ^ -i- (77* ' ' 

d s 
dS 


1 


1 


‘J i U 


from which 


^ 4 sin^ 0 
2 sin 0 


Now th(‘ velocity on tlu‘ primitive circle is given by the formula (1.6) 
which may be transformed into the following form: 




Vr — - 


2 sin (a -f- 0/2) + sin (a -h 0) 

1 \- CVS 0/2 

so tliat th(‘ v(*locitv on the rectilinear profile is 
u [2 sin (a + 0/2) + sin (a -f- 0)] 
2 (1 cm 0/2) sin 6/2 


cos 


(1.13) 


This velocity becomes infinite at the point 0 ~ 0, corresponding to the 
sharp heading edge of the profile, so that strictly speaking the flow around 
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the rectilinear profile cannot exist physically. This profile may, however, 
be considered as the limiting case of a thin symmetric profile and the 
results obtained for it will be treated as a dost* approximation to thos(^ 
of the latter. 

We shall now calculate the velocity at the trailing edge, first putting 
0 -- — 7t and then 0 ~ 7 i. We thus obtain 

M T. K. ^ a T I siv x) (1.14) 

in w’hich the positive sign corresponds to the lowt'r surface of the profili^ 
and the negative sign to the upper surface. W(^ thus see that the velocity 
near the trailing edge is larger on the bottom than on the top, while 
over the greater part of the surface the contrary is true and the pn^ssures 
on the bottom are larger than those on top. This phenomc'iion may b(‘ 
explained in this way, that a profile set at a certain positivx^ angle of 
attack slows down the flow of the fluid undiTnoath the wing, causing 
an increase in the pressure, but at the trailing edge the fluid in some 
way tears itself loose from the surface of the profile, producing the same 
effect as is obtained by the outflow from a vesscd of fluid umhu* ]>r('ssure. 

L(‘t us now determine the expression for the velocity on a Joukowski 
profile. Taking the transformation function in the form 

^ _ (/ -f a)- 

we get for the ratio of the differential elements of are 

^ 4 cos 0 2 ]/ A’2 — k cos fi 4 k cos (0 — // ) . si n- 0; 2 

(IS ■“ I } A2-:. 2Aro.s(0— //) ”~ 

Substituting this value in the formula (1.12), we get for tlu* v(‘loeitv 
on a Joukowski profile: 

^ ^ f ^/ -) -r (a 0)] [1 k- y 2 k f'os (0 ■ ii)\ / j | - v 

2(14- cos 0/2) k^ — k rx)3 // t k cos (0 - ft) -- sin^ 0/2 

The - sign has been introduced in this expression to tak(; can' of th(^ 
fact that on the lower surface of the transhirmed j)rofil(‘ a j)ositive 
velocity is in the direction of 0 decreasing, hence the negative' sign must 
be used, while on the upper surface the contrary is tru(' and wc' employ 
the positive sign. 

Putting ft — ^ n in (1.15) we obtain for the v(*locity at th(* trailing 

edge [r./l t. k. = a i 2 ^ ^ — 2 k cos /i (1.1b) 

the upper sign of (1/2) sinx corresponding to the upper surfaces and the’! 
lower sign to the bottom. Here again it is sec'n that th(^ v(*locity under- 
neath the profile at the trailing edge is greater than that on the upper 
surface. 
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As a final example wo shall calculate the velocity on the so-called 
bi-polar profile^. The transformation function for such a profile when 

in the zero position is 2 : Z ^ ^ j 

9 1 ^ k cos (2 () — //) — k cm (0 — //) 


and 4 cm 

o 

so that 

Vji 


u [2 sm (a • 0/2) sin (a * 0)] 

2 ( 1 -t cos 0/2) ]/sin^ 0/2 J- X*- -f- k cos (2 0 — //) — k cos (0 — fi) ^ ^ 

and at th(‘ trailing edge 

u(cosoL > 1/2 .sm a) 




|/ 1 j 2 k c/)s f 


( 1 . 18 ) 


wh(*re, as in f)revioiis cases, the upper sigii corresponds to the upper 
surfae(‘ and the low(*r sign to th(‘ lower surface of the |)rofile. 

From the formulas (l.ld) and (1.18) defining the velocity at the 
trailing (‘dgc‘s of th(‘ doukowski and hi-polar profiles, it is s(‘en that 
these valu(*s are smaller than for the r(‘etilinear profil(\ Furthermore*, 
it may lx* shown that in general this trailing edge veloetity decreases 
when the thickness increases, although it .should be noted that these 
calculations are valid only for relatively thin profiles set at a small 
a!igl(' of attack. For thick jirofiles or for higli values of the angle of 
attack, tlie flow becomes on(‘ of double burbling instead of single burbling 
and the di.seontiuuous ])()tential can no longer be applied. 

2 . Calculation (d the Air Forces for Single Burbling. Having completed 
tin* dev(*l()pm(*nt of the discontinuous potential and discussed some of 
its g(*nc‘ral j)rop(*rties, we shall now proce(*d to tin* calculation of the 
air forces acting on sev(*ral different profiles due to the flow defined 
by this function, ft should be not(*d that these calculations when made 
by means of tin* formulas of Blasius are in general much more difficult 
than those* encounterc'd in the Joukowski theory, because of the fact 
that in the former ea.se* w(‘ have to deal with fractional powers of the 
variable Z. For this reason, it is sometimes more convenient to make 
use of a graphical nu'thod basexl on the direed application of the fun- 
damental formulas: 

-- - - o l\ =:= — ^ y (2.1) 

in wJiich and P d(‘note the exmiponents of the air reaction parallel 
to the coordinate* axes, acting vertically upward and horizontally to the 
right, respectively, when positive. The quantity q is the mass density 
of the air, is the velocity at a ])oint on the transformed profile, and 
dx and dy are* the* pre)je‘ctions e>n the axes of the elifferential element 


^ WiTOSZYNSKT. (*., “La mecaniepie di*s profils d'aviation ’, p. 40, E. Chiron, 
Paris, 1924. 
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of arc, ds^ of the profile contour. The span of tlio wing is taken as unity 
so that Py and P represent the forces per unit length of the wing. 

This method is illustrated in Fig. 5 in which is drawn a typical 
Joukowaki profile. By means of formula (1.15) we have calculated the 
values of the square of the velocity for a serums of values of 0 and have' 
laid them off on a suitable scale below and to the right of the ])rofile. 
The points on the profile corresponding to the different values of 0 art*, 
of course, determined from the transformation function. Each of tlu* 
two diagrams thus obtained consists of twt> curvtis, one corresponding 
to the upper surface anti the other to the lower surface of the profile. 



and the difference of the areas between them anti tht* axt‘s multiplietl 
by the mass density, q, reprt*sents twice the value t)f the expressions 
for the force’ components in (2.1). The diagram below tht* prt)file givt*s 
the value of Py while that on the right gives P,.. It is easily st*en from 
this figure that the velocities on the lower surface of the prt)filt* arti 
smaller than those on the upptT with the t*xccptit)n of tht* region close 
to the trailing edge where the contrary is true. Tht* numt*rieal valut*s 
of the required areas may be obtained with a planimeter t)r by mt*ans 
of Simpson’s rule, but in any case this methotl is vt*ry labtu-it)us for not 
only must the calculations be made separately ft)r t*at^h profile, but also 
for each value of the angle of attack which is to be considt*rt*d. 

We shall now discuss another method for determining the ft)rees pt*r 
unit length of the profile, making use of the ft)rmula t)f IBasius anti 
calculating the desiretl values by analytical mt*tht)tls. This ft)rmula is 
usually written in the form 


iPr- 




.2dZ 

dz) flz 


dZ 


in which dfJdZ is tht^ comy)lex vt?locity, that is, thti tlt*rivativti t)f the 
compltjx potential of tht* flow arountl the primitivt* circlt*, anti dZjdz 
represents the reciprocal of the derivative of the transformatit)n functit)n. 
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It is more convenient, how(Jver, to calculate the lift and drag directly, 
that is, the com})onents of the air reaction p(irpcndicular and parallel 
to the din^ction of the air stream. Denoting these values by and 
jPri» rcsp(‘ctively, may write 


ui 






(2.2) 


wh(Te a is the angle l)etween the v(‘locity vector and the j::-axis, and 
substituting the value (1.5) for the complex velocity, we get: 


i/i 





e 


+ 


4 i a'* ^ sin ol 




1/2^2 


dZ 

dz 


dZ 


The integration is to be (dfected along the primitive circle from 
Zi ae~ to Z — ^ This integral may be split into two parts, 


and /o — — 4 o u- a ' ^ 


2 .tr 

• if 

■nnxf 2 :. 2 




r;- e' * ^ 

zX 


2 sin a 


dZ 

dz 


dZ 


The first of thes(^ int(»grals corresponds to the flow obtained with the 
basic circular potential (1.2) and therefore has a value equal to zero, as 
may easily be shown by writing (iZjldz 'in the form 1 -- AojZ^ A'JZ ^ . . . 
and ap})lying the method of residu(\s. In the second integral ^^o shall 
first eliminat(* the fractional powers of tlu* variable by means of the 
substitution Z - where ^ — t -r a new complex variable. 

We thus obtain: 

P„ i~i Prl f [' ‘ ^ 

_ 2r ’‘sma I I 1 \\ dZ . .. 

CC 'H D- I c - ii^i] ’ 


Th(‘ sam(‘ substitution is, of course, to be made in the expression for 
d ZId z. This integral is now to be evaluated along a semi-circle of unit 
radius in the from C ^ i to C — 4 - i, tliat is, along the path 

A BC in Fig. (>. Since this path is not a closed curve, it is not possible 
to evaluate tlu' integral by Cauchy's method of residues. The above 
(‘xprcssion may, however, bt^ transformed into an integral of a real 
variable in the following way. The integrand in expression (2.3) does 
not contain any poles outside the region bounded by the semi-circle 
ABC and the segment of the imaginary axis AC\ Any poles of the 
expression dZjdz which may exist on the semi-circle itself (for example, 
the point corr('si)onding to the sharp leading edge in the case of the 
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rectilinear profile) will be considered as being inside it. The above 
integrand is therefore regular in this region, and consequently the path 
of integration may be replaced by any ordinary curve joining the end- 
points A and G of the original path and lying entirely in this region of 
regularity. We shall suppose that the path ABC replaced by the 
path A D — DEF — FC where DEF is a semi-circle of arbitrary radius i?, 
with center at the origin and lying in the left hand half of the plane, 
and AD and FC are segments of the imaginary 
axis. By means of this transformation the original 
integral is changed into three separate ones, along 
/ /^ the paths AD, DEF, and FC. In evaluating the 

^ f f second integral along the semi-circle DEF, we may 

^ 1^1 ^ let the radius R approach infinity, in which case 

\ this integral vanishes since the integrand becomes 

an infinitesimal of at least the second order. There 
\ — Id remains only the integrals along the lines AD and 

Figr. 6. F C, it being necessary to note, however, that the 

points D and F now lie at f- oo respectively. 

In order to evaluate these two integrals, we substitute C = — ia 
in the integral along AD and + ia \n that along FC, the limits 
in both cases being unity and infinity. The expression for dZjdz in 
general contains only integral powers of Z and therefore only even powers 
of f, hence in it we need to substitute only = — a^. After making 
these substitutions and combining the two integrals thus obtained, w(‘ 
get after simplifying: 




— 1)2 (3 
1)« 


1 ) sin a 


3. The Lift Force. Before we can proceed any further with these 
calculations, it is necessary to know the form of the transformation 
function in order to determine the value of dZjdz. We shall now take 
up the determination of the lift and drag for several different cases. 
If we divide the expression for dZjdz into its real and imaginary parts, 

that is = R ( ^ f ) + » 3 ( ^ J ) 


we then find for the lift: 


mQU^asincc 


2(ff* — l)*(3(i* + 






• 1)* (3 a* -f 1) «tn a cos a 
0 ^( 0 *+ !)«■ 
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Let U8 now carry out the computations for the two simplest possible 
cases, the circular and the rectilinear profiles, which may be considered 
as the thickest and thinnest profiles respectively. Of course, the cal- 
culations for the circle can have no real meaning since the actual flow 
around such a profile is one of double rather than single burbling. 
However, the results will give us a basis of comparison on which to 
estimate the characteristics of more general forms of profiles. For the 
circle the transformation function is 2 = JZ so that dZjdz == 1, and the 
expression for the lift becomes: 


QD 

Py 1 ^l^Qu^a sin 


— 1)2 2 — 1)2 (3 or2 -f 1) 8in^ a 




a^(cT2-f 1)^ 


do 


which after evaluation of the integral gives: 

Pyi~ Stz — 8 + 14 — ^ ^ 

or since a is in practice a small angle, we may write approximately 

(3.2) 


16 


Py I ^ (3 71 — H)Qu^a sin a . 


In the case of the rectilim^ar profile, we may take the transformation 
function in the form 2 — Z + 


so that 


dZ _ Z2 
dz “ Z2 — a2 
and aft(‘r making the necessary substitution, Z = 


ao^f we get 


dZ _ o* 
d z ~ o* — 1 


Substituting this value in formula (3.1), we obtain for the lift 

oc 


IQ ou^ a sin a J [ ^ 

1 

~ Sq u^asin a |l — ^1 — j 
^Squ^ a sin a 


1) (3 1) sin^ a 

(a2+l)^ ■ 


da 


(3.3) 


It is thus seen that the difference in the lift for the circular and rectilinear 
profiles is quite small, and for ordinary profiles having a thickness ratio 
as high as 25 per cent, we may take the hft as being practically the same 
as that for the rectilinear profile. This assumption has been confirmed 
in several cases by actual calculations^. 


^ Neumabk, S., Sur les formes diverses du potentiel servant h. calculer les 
forces agissant sur les profils d'aviation, Travaux de VInstitut Airodynamiqm de 
Varaovie^ Fascicule I, Varsovie, 1927. Thompson, M. J., The Effect of a Hinged 
Flap on the Aerodynamic Characteristics of an Airfoil, Travaux de VInstitut Airo- 
dynamique de Varaovie^ Fascicule IV, Varsovie, 1930. 
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It is interesting to compare these results with those obtained by 
the Joukowski theory in which case the lift is given by the formula: 

^ yi ~ Q Cu 

where C ^nu a sin a is the circulation around the profile. If the 
expression for the lift as given by the discontinuous potential were 
written in the same form as that obtained by the Joukowski theory, 
it is seen that this lift would correspond to a value of C" = a sin a, 
and it may be demonstrated that this is exactly the value of the cir- 
culation around the profile as defined by the discontinuous potential. 
In order to calculate this circulation we must determine the difference 
of the values of the complex potential at the points Z — and 

Z = it being necessary to consider only the complementary term, 

since the circulation due to the basic circular potential is zero. We thus 

obtain C = Su a sin ol (3.4) 


The circulation around the layer of discontinuity is found to be 
equal to this same value but with opposite sign. Calculating the cir- 
culation along the lower boundary from the point corresponding to the 
trailing edge to infinity, we find 

/(ae-‘")-/(oo) 

and along the upi)er boundary 

/(ae+^-)-/(oo) 

The difference of these values gives the circulation around the layer, 
/ (ae ' — / {ae^ — — % ua sin a 

It is thus- seen that the sum of the circulations around the? circle, and 
the layer is equal to zero, which is to be expected since the circulation 
around a circle of infinitely large radius surrounding the whole plane 
should be equal to zero. In the case of the transformed profiles, these 
values will be the same, for it is known that the circulation along corre- 
sponding stream-lines is not affected by a conformal transformation. 
These results are in accordance with our conception of the layer of 
discontinuity as replacing a system of vortices of negative circulation 
in the rear of the profile. 


4. The Form Drag. We are now ready to determine the form 
drag acting on a unit length of an infinitely long wing by means of the 
discontinuous potential. For this purpose it is necessary to separate 
out the imaginary part of the expression (2.4) which is: 


oo 

Pxi — — IQnu^aainx 




2 ( 0 *— 1)» (3(T»+l)«in»a 

■■■o*Yff* + i)« 




• 1)® (3 (T* -h 1) sin 0 LCO 8 cl\y% ( dZ \] j 

- ^\^+ 1)« — I drip® 
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Here the term in sin^ a may be neglected when a is small and the drag 
may in general be written in the form: 


P.^^~\QQU^a8in^ I [j p (-f-) - 

1 

(2 (<t2 — 1)2 (3 + l)8in (xro8ct\Yy ( dZ \ ] , 


(4.1) 


We again carry out the calculations for the circle and the rectilinear 
profile. In the first case we have as before dZjdz = 1 and 


Pj;i = ^2 q u^a sin ^ olcosol j - 


2— 1)2(3(t2+ 1) 
CX^((T2+1)4 


do 


which finally reduces to 
8 


Pjri~ (9 rr — 28) q a sin^ ol cos a 

^ 0.732 QU^a sin^ a cos a (4.2) 

For the rectilinear profile we liave dZjdz — a^l{a^ — 1) so that 

= 32 ^ a siri^ olcosol J 

1 

= 8 1 1 — ^ ou^ a sin^ ol cos ol ^ 0.93 qu^ a sin^ cf.coso. ( 4 . 3 ) 


We thus see that for the circular profile, the drag is considerably 
smaller than for the straight-line segment, the difference amounting to 
about 20 per cent. For the usual profiles employed in aeronautics a 
mean value between these two is obtained, the accurate calculation of 
which is a long process. However, these profiles resemble the rectilinear 
profile quite closely and such calculations as have been made^ show 
that it is permissible to take the coefficient in the expression for the 
drag as equal to 0.9. 

The results of measurements in the wind tunnel are not in very 
good agreement with thest^ calculations, due undoubtedly to the fact 
that we have not taken into consideration the effect of surface friction 
nor the influence of the finite length of the wing. The case of a wing 
of finite aspect ratio will be discussed later on. The forces due to surface 
friction could be found by using the discontinuous potential as a basis 
for determining the velocity on the profile and then summing the proper 
components of the elementary frictional forces. The solution of this 
phase of the problem is a very difficult one and at present we do not 
possess the results in a general form. 

In the calculation of the resistance for the above cases, we had to 
do only with symmetric profiles for which the reciprocal of the derivative 


^ See p. 15, footnote. 
Aerodynamio Theory III 
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of the transformation function, dZ/dz has real coefficients, so that the 
term in since in formula (4.1) disappears. It may be shown that this 
is true of all symmetric profiles while for asymmetric profiles dZJdz 
is in general complex. Consequently the general expression for the drag 
must be written in the form: 


I = Q a [Di sin a + ^2 ^ 


but with Di 4= 0, it will be found ^ that there is always a range of small 
negative values of a for which the resistance is negative, which, of 
course, is absurd. In order to avoid this difficulty a more general form 
of the discontinuous potential was considered, such that the complex 
velocity takes the form 


df 

dZ 


/ . a* e~ * 


, — I — 4Liua sin a 


^i 72 ( ^1/2 v: 


+ 


+ 


2 , 


SE^Za^ UE.Z^'^a^'^ 
ai/2)6 + ( j^i /2 ^“172) 8 + ( Zl '2 


the numbers E^, E^ and E^ being arbitrary constants which 

were determined by stipulating that: (1) the velocity at the point on 
the primitive circle corresponding to the trailing edge of the transformed 
profile must be equal to zero, (2) the term in smee in the drag must 
equal zero, (3) the circulation around the profile must be the same as 
for the original discontinuous potential and (4) the velocities at the 
point 0 == 0 on the primitive circle as given by the original and modified 
complementary terms must be equal, this equality being taken as an 
index of the agreement between the velocity distributions. This gave 
four conditions for the determination of the five constants and the fifth 
one was chosen so as to obtain the best possible agreement with the 
original velocity distribution. It was found that the numbers E^, E 2 t 
E^, E^ and E^ were practically constant for different profiles, and that 
the results obtained with this new function were approximately the 
same as those obtained by means of the earlier discontinuous potential 
provided that in the latter calculations, the correction was introduced 
that the coefficient of the term in since in the drag must always be 
equal to zero. Thus the above expre.ssion for the drag must then be 
modified so as to read: 


Pxi'y ^^QU^a sin^ cecosce j 


(a* — 1)2 (3 1) 

<T4(cr2Vl)^ 




)l., 


( 4 . 4 ) 


^ Thompson, M. J., The Effect of a Hinged Flap on the Aerodynamic Character- 
istics of an Airfoil, Travaux de Vlnstitut Airodynamique de Varsovie, Fascicule IV, 
p. 24, Varsovie, 1930. 

* Thompson, M. J., A Note on the Discontinuous Potential, Travaux de VInatiivi 
Airodynamique de Varsovie, Fascicule VI, p. 9, Varsovie, 1932. 
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5. Determination of Moment and Center of Pressure. The next im- 
portant step in this work is the determination of the moment of the 
air reaction and the position of the center of pressure. For the calculation 
of the first of these values the second formula of Blasius, 

= (5.1) 

may be used, in which denotes the moment of the air forces about 
the origin in the plane of the transformed profile, Nq has no physical 
meaning, and z represents the transformation function. A positive value 
of Mq indicates that the moment is acting in a clockwise direction. The 
direct application of this formula leads to a complex integral which 
cannot be reduced to an integral of a real variable as in the case of 
the calculations for the lift and drag, so that it is more convenient to 
make use of a mofbfied form of the above formula. It is evident that 
for the circular profile the moment about the origin, which coincides 
with the center, is equal to zero, so that we may write 



where N^, denotes the valm* of Nq for the circle. Now subtracting this 
value from the original formula (5.1) we get 

M, + i (N, f z-Z)dZ (5.2) 


The expression (dZjdz) z — Z is of a degree one less than dZjdz, hence 
in evaluating the integrals by the method of residues, there is in general 
an advantage in using this new formula, and in the case of the discon- 
tinuous potential, the int(^gral of the terms involving fractional powers 
of Z may be reduced to an inti‘gral of a real variable. 

We now proceed to the calculation of the moment by means of the 
discontinuous potential and, after substituting the expression (1.5) for 
dfjdZ, formula (5.2) becomes: 


/J 


I fi / i a a* e“ * “ \ i sin ot 16 sin^ a 1 fi 

° \® ~ ■ Z* ) ~~ 'Z(Zi '“Ta' *pj [ 


+ 


dZ^ 
dz ‘ 


dZ 


As is well known, the moment due to the basic circular potential, corre- 
sponding to the first term within the square brackets, is not equal to 
zero so that this quantity may not be rejected as in the calculations 
for the force components. Since the expression (dZjdz) z — Z will in 
general contain only integral powers of Z, the integral containing this 
first term may be most conveniently evaluated by the method of residues, 
while in the remaining part, the same substitutions as in the previous 
computations on pages 13, 14 are to be applied. The final result after 
simplification is: 


2 * 
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M, + i (N, - iV,) = - ^ [(ei« ~ g| z~Z^dZ-\ 


\^QU^ a sin cl 




((T*+l) 


-l)*(3cr*+ l)«iwal MZ „ 
cy*(rT2+l)^ \[dz^~^ 


d a 


Since the transformation function for a profile may always be written 


in the form 


z==Z + M^,a+ ^ 


the constants Mq , MJ , . . . being in general complex, the quantity 
(dZjdz)z — Z may be expressed as; 

hence the value of the first integral above is found by the method of 
residues to be: 

or writing N[—mi + in^, we find that the quantity which con- 
tributes to the moment is 

R ( *A) = ^ ^ (^1 2 CL f .9m 2 a) 

In the second integral we write 


dZ — — 71 i Q * * N\ 


dZ 


and we get after separating out the real part: 

R y.) - 16 5 . .i« « j R ( f = - 2 ) - 


-f 


* J(fT* — 1)* sin CL 
^((y2 + iy“’ 


2((t2-- 1)2(3 a^--^\)8in 0L\^idZ 


The combination of thcvse two terms finally gives for the moment: 


Jf 0 = QU^ a 


Um,a + Sj R (^-f 2 -Z ) da 


sin 2 a - - 


— 2 


Ttnia H 


/[i- 


(a»+l)' 


2(ff* — l)»(3ff*+ l)]-»/rfZ 


a*(ar*+ 1 )* 


'U; 


2— Z 


)d( 


«m* a -t .T Wj a 


(5.3) 


Let us now apply this formula to the rectilinear profile as an example. 
Taking z = Z + a^jZ as the transformation function, we find 
dZ „ 2Za* o 2/1 i 1 \ 

d£^ ^ ~Z* — a* ” 2® (-^ + + ^5 + • • •) 

or after the substitution Z = — ao* 

dZ „ — 2 a or* 

dz <r — 1 
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Thus = «, = 0, K(f 3( 

and the above expression becomes: 


dZ 

dz 


•z) =0 


2 QU^a^ 




cr2(a2-f 1)2 


do 


sin 2 a 


After determining the value of the integral and combining terms, we 


have: 




2qv? a? (Zn — 12) sin 2a 


(5.4) 


We may now calculate the moment arm of the force with respect 
to the origin of coordinates which coincides with the mid-point of the 
profile. A sufficiently close approximation is obtained by dividing the 
above moment by the lift, in which case we get: 


V 


— a (3 — 12) cos a 


^1.29 a 


Thus the distance from the leading edge to the center of pressure in 
per cent of the chord, Z = 4a, is: 

c. p, = 100 = 18% (5.5) 


This result agrees much better with experimental data than the value 
of 25 per cent obtained in the Joukowski theory, although it is again 
necessary to note that the calculations are valid only for relatively small 
values of a. 


6. The General Case ol Plane Motion^. I^t us now suppose that the 
profile under consideration executes any plane motion whatsoever. We 
conceive of a system of rectangular coordinates x, y connected invariably 
with the profile as shown in Fig. 7. Let 
Uxi Uy represent the components of the 
velocity of the origin in the directions of 
the moving axes, and also let us de- ^ 
signate by co the angular velocity of 
rotation of the system described, not for- Fig. 7. 

getting that Uy and co are functions 

of the time, which in this case is the only independent variable. We 
further represent by Wy the components of the velocity of a fluid 
particle relative to the profile and referred to the moving axes x, y, 
and by and Vy the components of the absolute velocity of the fluid 
particle also referred to the moving axes. Finally let W and V represent 
the resultant relative and absolute velocities of the particle, respectively. 
We note that the relative movement of the fluid with respect to the 
moving axes x, y, is a rotational motion and that the angular velocity 
of rotation is equal to ca. 

^ See Carafoli, E., “Aerodynamique des ailes d’avions”. Sect. 2, p. 27, 
E. Chiron, Paris, 1928. 
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Now it is known that the components of the absolute acceleration 
gj, and gy^ parallel to the the moving axes, may be expressed as follows 

dwx , dux 9 do) 


■ O) Uy 2 CO Wy 


9 y 


dWy . dUy 


dt 


+ 


dt 


• CO 


* y + * + f») Mj. + 2 W M)j. 


( 6 . 1 ) 


By making use of the known hydrodynamical equations*: 


dwx S Wx I d 

~~dr ~~ dt ~ y TaT 

dwy dWy 1 dW^ 

dt dt '2 dy 


+ 2 CO Wy 
— 2 CO Wx 


and observing that in our case the total derivatives duxjdt, dUyjdty 
and dcojdty do not differ from the partial derivatives dUxjdt, dUyjdty 
and dcojdty we may write 


Qjt 


9 v=^ 


dwx 

dt 

d Wy 


+ 


1 dw^ 


2 d X 

1 

dt y dy 


d ux 

di 


X 


2 r-- 


CUy 

^-bi" 


co^ y -i- X 


d oj 
dt 
d (0 
dt 


CO u., 


CO Uj. 


(6.2) 


Let us introduce the symbols cpf^ and for the velocity potential and 
the stream function for the absolute motion of the fluid. The relative 
motion of the fluid with respect to the profile is not irrotational so that 
the corresponding velocity potential does not exist, but there does 
exist a stream function Furthermore, let us designate by yjf the 
stream function corresponding to the translatory movement of the 
origin of the moving system of coordinates, Xy y. We then have: 


I d (fa 

Vx = ^^^x + Ux—coy= y- 
I I d (fa 

Vy = Wyi-Uy + 0)X= 


8 VI 
d X 


By means of the preceding formulae the components of the acceleration 
may be written as follows: 


d^q>a 

^»=^ 8 t 8 y 


d X 
dy 


0)^ X CO 

— o)^ y CO 


dtpt 
d X 

dyn 

dy 


^ Appell, P., “Traits de la m6canlque rationelle”, vol. I, chap. 2, Sect. IV, 
Gauthier- Villars, Paris, 1902. 

* WiTOSZY^SKi, C., “Aerodynamika” pp. 20 — 21, Warsaw, 1928. 
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If we suppose that the field of extraneous forces in the fluid considered 
is non-existent, we obtain the equations of motion of the fluid in the 
following form, where p is the pressure and q the mass density of the fluid : 


1 ap ^ d^(Pa 1 dW^ 
Q dx dt dx' 2 d X 
1 dp d^(Pa . 1 dW^ 

Q h 


■ < 0 ® a: + CO 


^9a , 
eta'y 


d X 

dxpt 


2 dy 




dy 


These equations immediately give the integral defining the pressure p: 


P ,^<Pa 
0 dt 2 


ijA 

2 + 0)Wi = /(O 


where and / (t) is an arbitrary function of the time. Now 

observing that y)a — Wr Wt — we may also write the equation 

determining the pressure in the following form : 


\ + -I- + ^Va — W Wr = / (0 (6.3) 


If it is a question of calculating the components of the pressure acting 
on a unit length of the wing in any direction whatsoever, we need con- 
sider only the three terms dfpjd t, W^I2 and co because being con- 
stant for the entire profile contour, and / (i) being independent of the 
position, the corresponding integrals vanish: 

a) Example of the rectilinear profile. Let us picture first the motion 
of the fluid set up by the rotation of the profile. For this purpose, we 
introduce the elliptic coordinates rjy where 

2: = X + i y = 2 oosh (| + i ?/) ^ 

X = 2 ^ COS7], y = y sink | sin rj 

r2 = x^ + ^ 2 1 + 2 >;) 




ysirih^ I + sin^ rj 


1 d(p 1 dy> 

h ~sj ~ h Tt]' 

1 dp 1 dtp 

h dri ~ h 

In these formulae I denotes the length of the profile. The equations 
f = const, and t] = const, define ellipses and hyperbolas respectively. 


The complex potential corresponding to the absolute movement of 


the fluid is 2 


i 0)1^ 
U 


^-2(1 + i»/) 


(6.4) 


^ Lamb, H., “Hydrodynamics”, 5^** cd., p. 79, Cambridge University Press, 1924. 
* Same p. 83. 



24 


F. THE THEORY OF SINGLE BURBLING 


which corresponds to a velocity potential 

16 

wP 

i6 


and to a stream function 


sin2rj 
e~~ 2 cos 2 7] 


(6.5) 

(6.6) 


In the relative motion with respect to the profile we may speak only 
of the stream function which becomes: 

— -"g- e co« 2 4- [(1 — c 2 1) coa2)) cosh 2 (6.7) 


Let us now pass to the translatory motion of the profile and suppose 
that the discontinuous complement which we developed in 1 for the 
case of uniform rectilinear motion, may also be applied to the case of a 
general movement , with only one difference, that u = ]/ + ul and a 
are now functions of the time. In the section mentioned we have defined 
the complex potential for the primitive circular profile by the following 


formula 


-u 







) 


where the comnlex variable Z = X + lY refers to the plane of the 
primitive profile. 


Introducing the elliptical coordinates and making use of the trans- 
formation function for the rectilinear profile, 


"z — Z 


o® 

Z 


we obtain* the complex potential referred to the plane of this profile 
in the following form: (I — 4a). 

— {eS + *<’; + “> + + (6.8) 

or better — ^ cosh {| + i (>; + a)} + ^ tanh ^ ^ (6.9) 


This complex potential takes account of the rekUive movement produced 
by the translation of the profile and does not consider its rotation. It 
may be decomposed into a real part, representing the velocity potential, 

• V 

If- / , X Kul 2 

^ cosh ^ cos {r] + K) j- - . (6.10) 

coah Y -j- coa 


and an imaginary part giving the stream function. 


ul 

2 ~ 


sink I sin (^ + a) + 


Kul 


sink- 


coah + coa 


4 


( 6 . 11 ) 
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It is seen that the last expression becomes zero for the points situated 
on the profile contour for which we have f = 0. 

In order to obtain the functions corresponding to the absolute motion 
of the fluid set up by the translation of the profile, it is necessary to 
reject the term (fi ^ in the expression (6.8). Thus for the absolute 
motion of the fluid, without considering that caused by the rotation 
of the profile, we obtain the complex potential: 


ul 




the velocity potential: 


V 


ul > / I \ 2 

T (rj + a) - 


and the stream function: 


ul 


^ cosh ^ ft 


Kul i 


+ ^ e-»sm()j + a) + - ^ 


cosh 2 + cos 2 


( 6 . 12 ) 


(6.13) 


(6.14) 


In order to define the total movement caused by the translation 
and rotation of the rectilinear profile, it is necessary to complete the 
expression (6.12) by the complex potential (6.4). In this way we obtain 
the total complex potential representing the absolute motion of the 
fluid arising from the translation and rotation of the profile: 




I - i + ij^tanh 

4 4 4 


2 («+*■'.) (6.15) 


^fa - 


ul t 




Kul 


4 e“^co«(ij4-a)- ^ 




cosh 2 + C 05 2 
sinh f 


(6.16) 


4 , I 7 ] 

cosh 2 cos Y 


“-J-e-2lcos2>? (6.17) 


We have already noted that for the total relative motion neither a 
complex potential nor a velocity potential exists. There exists only the 
stream function, which is obtained by adding again to (6.17) the imaginary 
part of the term t (*< + «) , rejected above, and writing instead of the 
last term, the expression (6.7). This gives: 


Wr 


sinh f sin (i] + a) + 


Kul 


sinh 


cosh + cos 


+ 


(6.18) 


+ ^0 1(1 — e-^^^)cos2Yj cosh2^} 
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It is now a question of determining the relative velocity W on the 
profile. It is known that this velocity is equal to the component Wy. for 

f = 0. Determining by means of the formula and 

putting f = 0, we obtain: 

/ . Tjr Ul ^ f . . KUI 1 0)1^ g. 

^stnr)-W=^-Y8in{rj + (x) ^ ^cos2rj 

1 4- C05 2' 

The trailing edge of the profile is located at the point rj — n and for 
this value of rj, the right-hand side of the preceding equation should 
become zero in order that the velocity at this point will be finite. In 
this way we determine the value of the constant K : 

■wr A • 0)1 

A — — 4 sin OL — 

u 


Introducing this value in the preceding expression, we obtain the follow- 
ing final value for the velocity on the profile contour: 



sin (tj a) 


sin a 

1 1^/2 


0)1 

+ -4- 


sin t] 


1 

1 4- C05 7//2 


cos 2 tj 


(6.19) 


The formulas (6.16) and (6.17) give for the points situated on the profile: 


p — 

and 


, , . 4 sin a sin w/2 

cositj + a) — - , — 7 ^- 

' ' ' 1 + C05 rj 2 


_0)P 

4 


sin 7]/2 sin 2 ij 
1 -f cos t]/2 4 


ui , . . . 


16 


( 6 . 20 ) 


( 6 . 21 ) 


From the first of these expressions, we get: 

\co8 (t] -f- a) 



du 

l 

dt "" 

~ dT ' 

4 


4 sin a sin r)l2 
1 -f- cos rjl2 


+ 


doc 


dl 


ul 

"T 


. / , V , 4 cos OL sin 7il2‘ 

8tn (77 + a) 4- - 

' ' ‘ ' ' 1 4- co« r;/2 


do) 

~W 


sin r}l2 

1 4- C05 r}l2 


+ 


sill 2 rj ] 


( 6 . 22 ) 


The formulas (6.20), (6.21), and (6.22) furnish a means of calculating 
the pressure with the aid of (6.3). If we make the necessary substitutions 
in this expression and then calculate the lift (component normal to the 
relative wind in the translatory motion) for a unit length of the wing 
in the usual way, we obtain: 


VI 


-8[2«na + (‘ + + 


doL 

dt 




(6.23) 
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The lift coefficient Cy is as follows: 


C,_4a + (l + »)-"j'- 




— 2 




71 \ d O) 

dt 


(6.24) 


The calculations for the drag force will not be discussed at this time. 

We recall, in conclusion, that the above calculations refer to the 
case of the motion of an airplane following a curved trajectory, situated 
in the vertical plane and that there exists in this case the following 
relation between Uy rn, and a: 

- -i + If (6-25) 

where is the radius of curvature of the path and is also a function 
of the time. This equation must be taken into consideration along with 
(6.24) in the determination of the lift coefficient in any particular case. 

7. Influence of the Finite Span of the Wing, Up to the present time 
w'c have considered only the case of the two-dimensional or plane motion 
of an airplane wing, which was assumed to be of infinite span. The 
results obtained for the lift and moment acting on a unit span of this 
wing in the case of uniform translatory motion, agree fairly well with 
experimental data, but the value of the profile drag calculated by the 
discontinuous potential is much too small. We shall now develop a new 
theory in which we shall attempt to take into consideration the influence 
of the finite span of the wing so as to obtain a correspondingly larger 
value for the drag. 

For simplicity we shall in what follows consider only the circular 
profile, although as we have mentioned before, the actual flow around 
such a wing cannot be represented by the discontinuous potential. 
How^ever, as we have already seen, the results obtained for the circular 
profile are in close approximation to those of ordinary profiles to which 
the discontinuous potential may be applied. We further simplify this 
complicated problem by replacing the flow with the layer of discontinuity 
by a simpler arrangement of vortices so chosen that the lift and drag 
for the infinitely long wing shall remain the same as in the previous 
calculations. In the case of the discontinuous potential we showed that 
the complementary term added to the basic circular potential gave a 
circulation around the profile equal to 

C = Sua sill a 


Furthermore, there existed in the rear of the profile the so-called layer 
of discontinuity, the circulation around which was equal to the above 
value with the sign changed. Let us now try to replace this layer by 
a point vortex of circulation — O, whose axis is a straight line parallel 
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to the span of the circular wing and at a distance R from its center. 
In any right section of the cylinder, say the plane X, Y, the center 
of this vortex will for simplicity be supposed to lie on the line through 
the origin parallel to the direction of the velocity at infinity, so that 
its coordinates will be ( — R cos a, R sin a). 

Now it is known that if the circular profile is to remain a stream-line, 
we must introduce another vortex inside the primitive circle, whose 
circulation is + C and whose center is at the image point in the circle 

of the center of the external one. 
The coordinates of its center are 
thus — (d^lR) cos a, (cfijR) sin ol. 

By means of this internal 
vortex, we now obtain a circu- 
lation around the profile equal 
to + C, while that around an 
infinitely large circle enclosing 
the entire coordinate plane is 
equal to zero. 

The complex potential representing the continuous classical flow 
around the circle modified by this vortex pair, is 





, ‘C , 




(7.1) 


and the complex velocity is 


1/ - 
dZ “ 




+ 


iC 

2n(Z -f ifc 


iC 




Substituting this last expression in the first formula of Blasius and noting 
that dZfdz — 1 for the circular profile, we obtain: 


" 2 x L \ I 2n(Z + Re *«) 


- 1 - - 


iC 


2:i (z+-^-€ *•>1 


dZ 


As in the previous calculations the integration is to be effected around 
the circle Z = a ® , which leads to the determination of the residues 
of Cauchy corresponding to the poles of the integrand lying inside the 
circle ; i. e., the points Z = 0 and Z = — (a^lR)e~^^. 

It is more convenient, however, to evaluate this integral by 
replacing the circle K, by any arbitrary closed curve F (see Fig. 8) 
enclosing the external i)ole Z = — but no others. The integral 
in the above expression around this curve F is equal to that around 
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the primitive circle with the sign changed. It may be shown that 
the integral around another auxiliary curve M surrounding both K 
and F is equal to zero, and since F and M may be chosen in such 
a way that the combination of F with K gives the equivalent of the 
contour Jf, then it is immaterial whether the residues are calculated 
for the poles inside the circle or inside the contour F, We may write 
the expression for the lift and drag in the form: 



iC 


2 7r(^-f 




in which we have grouped the terms so that the expression within the 
curved brackets does not possess a pole inside the contour F. The 
square of this term therefore has a residue equal to zero, and while 
the square of the second term possesses a pole of the second order at 
the point Z — — Re its residue is also zero. There remains, then, 
only the double product 




Cine"'* rf / ,• a^e 

- 2^ ihi" - 


i C 




dZ 





i n C* 


so that 




(Z + Re ’’■) 


(7.2) 


oC^ 


JT 1 ' 




(7.3) 


If R is taken sufficiently large, (7.2) gives for the lift a value practically 
the same as was obtained by the original discontinuous potential, and 
we shall see shortly that this is the ease. In order to obtain a similar 
agreement for the profile drag, it is necessary to equate the value (7.3) 
to that obtained before for the circle in (4.2). After substituting the 
proper value of C in (7.3) this relation gives: 


32 n a 


~ 0.732 o a sin^ a 


which reduces to a quadratic equation in R 

0.023 nR^ — aR — 0.023 n - 0 


the solution of which is i? 7^ 14n 


With this value of R, the lift and drag for a unit length of the circular 
wing are practically the same as calculated by the discontinuous potential. 
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It is interesting to note that the layer of discontinuity was found to 
have its maximum thickness at approximately this same distance from 
the origin. 

If in (7.3) we put R (1 — a^jR^) = H, which is the distance between 
the centers of the two vortices, we have: 

Now the coefficient Cj'! n H represents the velocity due to a vortex of 
circulation C at a distance H from its center so that we may say that 
this is the value of the velocity of the center of the internal vortex due 
to the presence of the external one. If we put ™ ii, we have, 

(7.4) 

which is similar in form to the Joukowski formula for the lift. We 
have introduced the symbol oo to indicate that this formula applies to a 
wing of infinite length. 

In the ca.se of a wing of finite length, we shall suppose that the same 
internal and external vortices exist as before, with the excerption that 

they are now of finite length L equal 
to the span of the wing. But since 
vortices cannot be terminated in finite 
space, we shall further assume that 
the internal vortex is bent at the wing 
tips, and then flows laterally along 
a straight linci in the rear of the 
wing to where it joins the ends of the 
external one. In this way a closed 
rectangular vortex is obtained, which 
is shown in plan view in Fig. 9. For 
simplicity the angles at the points 
where the vortex is bent are taken as equal to 90®. 

With such a simplified representation of this phenomenon, the next 
step is to determine the influence of the change in form of the external 
vortex on the velocity Q, It can be foreseen that this velocity increas(^s 
and by taking this increase into consideration in formula (7.4), it is 
possible to estimate roughly the increase in drag due to the finite 
length of the wing. The problem thus becomes analogous to a well- 
known one in electrodynamics concerning the magnetic action of a 
current flowing through a conductor of arbitrary form, for the solution 
of which the law of Biot-Savart may be employed. 

Now in the theory of vortices there exists a formula analogous to 
that of Biot-Savart by means of which it is possible to determine the 
velocity at a given point P due to the existence of a vortex filament. 
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The elementary velocity dt? at a given point due to an infinitesimal 
element ds of a vortex filament of circulation C is 

, C sin B ‘ds 

gi A% _ 


where 6 is the distance from the element da to the point under 
consideration and ^ is the angle between this line and the tangent 


to the vortex filament as shown in Fig. 10. 
If a perpendicular r is dropped from P to the 
tangent at d s, and a second one from the end 
of nearest P on the line from P to the 
vortex element, then it is possible to show that 

dv — “ a in (1 d ft (7.5) 

This formula is completely analogous to the 
law of Biot-Savart expressing the magnetic 
action of an element of a conductor carrying 
an electric current. In order to determine 
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the velocity at P due to the whole filament, it is necessary to inte- 
grate the above expression along the vortex line. 

In th(* case of a finite segment of a linear vortex filament, the formula 
(7.5) gives after integration, 

li -- ft A 4 - cos ftji) (7.b) 


whenj ft i and ftjj are the interior angles of the triangle PAB as shown 
in Fig. 11 h 

We now return to our jiroblem of the wing of finite length which 
may be solved by application of the formula (7.6). In the plane of the 


vortices, our configuration for the 
circular wing is as shown in Fig. 12. 
Here it is necessary to consider 
only the influence of the external 


p 
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part of the vortex CDEF, on the internal segment A B, since by 
symmetry the forces which may arise due to the existence of the 
segments AF and BC will cancel out. Thus by applying formula (7.6) 

^ See also Division B III 2. 
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to the segments DE, EF, and CD in turn, we obtain for the velocity at 
a point M of the internal vortex, situated at a distance x from the 
plane of symmetry of the wing: 

C C 

^ H + COS jSa) H (cos ^3 + cosfii) + 

c 

+ ——7 r (cos ^6 + COS 

Now replacing the cosines of the different angles by their values in 
terms of the various lengths, we find: 

r L . L 1 




—) [}/( + ]/( ^ -4)’ 


H 




It is now possible to determine the value of the drag. For an element 
of the wing of width dx, the profile drag, is expressed, by analogy with 
formula (7.4), by qCQdx 

so that for the whole wing, the drag is 

LI2 

[P^i]L‘L = QCjQdx 

-L,2 

For a section of length L of an infinitely long wing, the drag is 
[P,lU-L = QC^^^yjL 

SO that we get for the ratio between the drag for unit lengths of the wing 
of finite length and one of infinite length: 




After substituting the value (1.1) for Q and carrying out the necessary 
integration we find: 


- l/i T H , H j 
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The quantities HfL and hjL may be expressed in the forms: 

H H a I ^ h _ h a I 

L “ a ’ r ‘ L ’ L" a* T ‘ L 


h being the distance from the center of the internal vortex to the trail- 


ing edge, and I the chord of the wing 
and ajl is determined from the transform- 
ation function, we have A expressed as 
a function of the aspect ratio Ljl. Taking 
Ija — 3.8 as an average value of this 
ratio, a series of values of A were cal- 
culated for different aspect ratios, the 
results being shown graphically in Fig. 13. 
It is thus seen that as the aspect ratio 
increases, the value of A decreases although 
at a slower and slower rate. Furthermore, 
because of difficulties in construction, it is 
not possible to select on overly large value 


Since Hfa ^ 14, A/a ^ 1, 
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of L7, even though acrodynamically it may be advantageous to do so. 
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DIVISION G 

THE MECHANICS OP VISCOUS FLUIDS 

By 

L. Prandtl, 

Gottingen 

EDITOR’S PREFACE 

The development of aerodynamic theory as based on the ideal or 
perfect fluid, and as exemplified especially in Volume II (Division E) 
of this series, has proven of the very highest value in the application 
of aerodynamics to the problems of aviation, representing, as it does, 
a limit toward which actual fluids approach as the viscosity is indefinitely 
decreased. The very extended mathematical theory which has been 
developed by the use of this ideal form of fluid mtHiium is made possible 
by the omission of viscosity and compressibility from representation in 
the mathematical methods employed. 

Furthermore, as shown in the present Division, the use of the results 
thus developed is justifiable in high degree for the treatment of the 
conditions in a flow far from the boundaries of solid bodies, even with 
a viscous fluid. 

However, when the question concerns the behavior of actual fluids 
near the boundaries of solid bodies, between which and the fluids there 
is relative motion, the classical theory offers no help and recourse must 
be had to other methods of approach. 

As shown in the present Division, the domain in which the classical 
theory thus breaks down, comprises the so-called “boundary layer” close 
to the solid boundary, together with the “wake” — the (»ddying and 
turbulent body of fluid which remains after the body is passed, and 
which represents the domain of degeneration of the kinetic energy 
communicated to the fluid by the passage of the body, into the thermal 
energy of molecular agitation. 

For this domain there exists no comprehensive body of theory for 
the conditions of the fluid as regards the distribution of pressure or the 
movement of its parts, nor does there seem to be any avenue through 
which we might hope to reach such a body of theory. 

In consequence, the approach must be by other methods as described 
and discussed by Dr. Prandtl in the following chapters, and comprising 
clever applications of mathematical methods to physical hypotheses 
(sometimes intuitive) and checked back by observation and experiment. 



SECTION 1 


35 


Notwithstanding the difficulties inherent in an approach of this 
character, it is shown that very gratifying results have been reached 
and that by these clever combinations, a very substantial body of working 
theory has been developed, and which serves to answer to a reasonable 
and even in cases to a high degree of approximation, many of the im- 
portant practical questions which arise in the more refined treatment 
of the problems of aerodynamics. 

Special attention may be directed to the later sections of the Division 
in which are presented the more recent developments and views on these 
subjects, in which the author of the present Division has been for many 
years a pioneer. Thus in Sections 19 — 26 will be found the more recent 
developments with referenc^i to turbulent flow, its generation and growth, 
distribution of velocity and the relation between the latter and the 
shearing stresses developed in turbulent flow along smooth and rough 
walls ; and again in later sections, discussions of turbulent friction layers 
in accelerated and retarded flows, resistance of bodies in turbulent 
flows and experimental methods for the determination of the same. 

The work of translating this Division from the German has been 
carried out chiefly by Dr. Louis Rosenhead, Professor of Applied Mathe- 
matics at the University of Liverpool and Fellow of St. John’s College, 
Cambridge, to whom special acknowledgments are here made for this 
valuable assistance. ^ p Durand. 


1. Yiscosity. In contrast with the ideal frictionless fluid which is 
usually taken as the basis of theoretical investigation, natural fluids 
always exhibit a certain resistance to alterations of form. This resistance 
is comparatively small for those fluids which are important for technical 
purposes, such as water, and also for gases, but, as will be shown, it 
is not negligible. In the case of other y 

fluids such as oil, glycerin, honey, 
etc., this resistance to alterations of 
form is quite considerable. In order 
to appreciate correctly the nature of 
such resistances we shall first con- 
sider the behavior of “viscous” fluids. 


>^^////////////^^^^ 
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The following experiment is perhaps the simplest for our purpose: 
Suppose a suitable quantity of viscous fluid is put between two parallel 
plates which are at a distance h from each other (see Fig. 1). Should 
one of these plates be displaced without altering their mutual distance, 
it is well-known that a resistance, due to the viscous fluid, is experienced, 
and that to a first approximation it is proportional to the relative velo- 
city of the two plates. 


3 * 
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If the distance h between the plates is varied, the resistance for any 
particular relative velocity is found to be inversely proportional to the 
distance between the plates. Closer investigation shows that the viscous 
fluid adheres to both plates ; that is, the layers of fluid immediately in 
contact with the plates have no velocity relative to them. The fluid 
is displaced in such a way that the various layers of fluid slide uniformly 
over one another. If y denotes the distance of a layer of fluid from the 
lower plate, which is 8upjK)sed to be at rest, and v the velocity of the 
upper plate relative to the lower one, the velocity u of the layer at 

distance y is given by = i; ^ (I.l) 

(for ^ = 0 this equation gives u — 0, for y = hy u — v, in accordance 
with the previous considerations). The results dealing with the resistance 
produced by the displacements in the above experiments can be explained 
by supposing that throughout the whole of the moving viscous fluid, 
there are tangential stresses (shearing forces) opposing alterations in 
shape. The result of the experiment is to show that the shear (r) is 
proportional to the velocity of change of the initially right angles of 
the particle of fluid; that is, in our case r is proportional to dujdy. In 
the case considered, this by (1.1) is equal to I’/A, so that the above state- 
ment is in agreement with the previous assertions and gives a resistance 
proportional to the velocity and inversely proportional to the thickness 
of the layer of fluid. The factor of proportion attached to naturally 
becomes greater as the fluid becomes more viscous, and thiTfore furnish(‘s 
a measure of the viscosity. I^t this be denoted by/i^. We therefore 
establish the relation satisfied by the tangential stress (force per unit 
area) of a fluid in a condition of sliding motion as described, and as given 

by the equation r (1.2) 

It must be emphasized that the motion considered r(‘pr(‘sents a very 
simple and special case. The extensions necessary for the general cas(^ 
will be introduced in 7. Nevertheless, the results obtained above enable 
us to deal with a series of simple cases. We shall first consider one of 
the most familiar of these, the flow through a tube of circular cross- 
section. 

2. The Poiseuille Flow. The following statements regarding the flow 
through a long straight tube of circular cross-section may be made: 
All particles which lie on a circular cylinder of radius y concentric with 
the tube have the same velocity and this velocity is of such a magnitude 
that the innermost particles flow most swiftly and the particles next 
to the wall of the tube are at rest. The movement is such that the 

^ In the literature of Physics the symbol y is sometimes used to denote the 
same quantity. 
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respective cylinders of particles of fluid slide like a number of rolls of 
paper which have been placed inside one another. Each such cylinder 
flows forward with a velocity greater than that of the cylinder which 
is around it. Movements of this kind, in which neighboring layers glide 
over one another as if they were solid bodies, are called “laminar move- 
ments’' (from lamina, a thin foil). 


In order to maintain such a motion, a difference of pressure between 
the ends of the tube must be operative. Corresponding to the relative 
velocity between two neighboring layers there is a shear which is connected 
with the rate of decrease of velocity dujdy, as given by (1.2). The shear 
on the other hand is directly connected with the fall of pressure in the 


tube. A cylinder of radius y and 
length I (see Fig. 2) is in equilibrium 
under the action of the following 
forces. There are pressures from 
the left, p 2 from the right, on the 
end surfaces of area ny^, giving a 
resultant (pj — P2)7t y^. The pressures 
on the curved surface are normal to 



it and obviously have no component in the direction of x. The 
tangential stresses however, supply a force r • 2 tz y • L Equating these 


two expressions we have 


r — JL 

^ I 2 


( 2 . 1 ) 


Since the velocity in this ease decreases from the interior to the 
exterior of the fluid, (1.2) must be taken with the minus sign, and inte- 
gration gives n — . ^const. ---j 

This constant must be so determined that u 0 at the boundary, and 
as the radius of the tube is r, we have 


H = /) {2-2) 

It can be seen that the distribution of velocity follows a parabolic 
law. The velocity at the center (y — 0) is therefore 


It is now quite easy to determine the total amount of flow through 
the tube. This, expressed as the volume flowing per unit time, is obtained 
from the equation Q ~ f u d or geometrically, as the volume of the 
paraboloid (Fig. 3). It is known that the volume of a paraboloid equals 
half the area of the base X height. Hence 


C = 2 Mi.-rr* 


51 Pi — Pt r* 
S I /I 


(2.3) 
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This relation, that is, that the quantity of outflow is proportional 
to the rate of decrease of pressure — P 2 )/^> l^he fourth power 

of the radius (or diameter) of the tube, was obtained experimentally 
by Hagen^ in 1839, and independently by Poiseuille^ in 1840. The work 
of the latter became more widely known than that of the former, so 
that formula (2.3) is usually called “Poiseuille’s Law”. The calculation 
as given here was first obtained by G. Wiedemann* in 1856. 

This formula allows us to test 


the frictional relation of (1.2) by 
experiment. It is only necessary 
to observe the flow through a thin 



Flfir. 3. 



tube such as shown in Fig. 4. If the radius and length of the tube are 
determined, the difference of pressure between the ends of the tube 
is given by = 9 where g is the acceleration due to gravity, 

Q the density of the fluid, and h the pressure head. If the flow pcT unit 
time is measured by collecting the outflowing fluid in a vessel, the 
coefficient of viscosity can be determined. If the experiment be repeated 
with different heights of head, h, the relation between the velocity and 
the difference of pressure, and hence with the shear, can be shown. 
Repetition of the experiment with tubes of other diameters proves that 
the liquid does in fact adhere to the wall of the tube and hence that 
the constant of integration has been correctly determined. 

When carrying out the experiment in practice, a correction is neccssar\' 
due to the fact that the fluid is accelerated on entering the tube, and, 
when it is inside it only gradually assumes the distribution of velocities 
calculated above. In the case of a well-rounded entrance, these circum- 
stances require an additional fall in pressure of about 2.2 (o/2) (Qjn r*) to be 
introduced^. This correction is vtTy slight for small tubes, but for larger 
tubes or fluids of small viscosity, its effect is quite considerable. If the 
tubes are not sufficiently long it may happen that the distribution of 

^ Pogg. Ann., vol. 46, p. 423, 1839. 

* Compt. Rend., vol. XI, p. 961, 1041, 1810; vol. XII, p. 112, 1841; in greater 
detail Mem. Sav. Etrang, vol. IX, 1846. 

* Pogg. Ann., vol. 99, p. 218, 1866. 

^ The investigation of the flow near the entrance of the tube has been carried 
out in great detail by L. Schiller. See his account in the Zeitschr. f. angew. Math, 
u. Mech., vol. II, p. 96, 1922. 
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velocity required has not been formed even at the end of the tube, and 
it must then be calculated on the basis of a more exact theory. 

Allowing for these possible sources of error it has been found that 
the law expressed by (2.3) is valid for most fluids with a high degree 
of accuracy. 

There are exceptions however, for the most part when dealing with 
the so-called colloidal fluids. For these, instead of (1.2) a relation is 
found of such a nature that for increasing rates of change of shape dujdy, 
the shear t does not increase as rapidly as it would with simple proportion, 
or, to express the same fact in another way, the coefficient fji slowly 
decreases for increasing rates of change of shape, or increasing shear. 
Such fluids are called “abnormal fluids”. These deviations belong to 
the chemistry of colloids rather than to hydrodynamics, and will not 
be here discussed. 

3. General Theory of Stress. As mentioned previously, we have only 
considered a very special case of the change of shape of a fluid. In order 
to prepare the way for the laws which will be obtained in the general 
case, we shall now discuss the theory of a general state of stress. Stresses 
are internal forces. The laws of statics can be applied to them only 
by taking a section, or considering a separating surface through the body 
in question, and by considering the resultant force, or the force per unit 
area, which the particles of the body to the right of the separating surface 
(for example) exert on the particles to the left. (The force which the 

particles to the left of the section exert on the particles to the right 

is, of course, according to the principle of the equality of action and 
reaction, simply equal in magnitude, and opposed in direction, to the 
above force). A force of this character is called a stress. 

In order to characterize the state of stress at a point of the body 
it must be possible to take sections in all directions through this point. 
Our problem will therefore be solved when we can give the stress for 

every conceivable direction of the section. The information necessary 

to enable us to do so emerges from the following simple consideration. 
We assume that we already know the stresses corresponding to three 
surfaces forming a solid angle. Any fourth position of a surface can 
obviously be so taken as to cut out a small tetrahedron from the body. 
It follows from the equilibrium of this tetrahedron that the only unknown 
force is that on the triangular surface which belongs to the fourth 
separating surface. The other three forces are by hypothesis known. 
The force which is in equilibrium with these can however be determined 
by the laws of statics, that is, by the assumptions and by the condition 
that the tetrahedron must be in equilibrium. Division of the force by 
the corresponding area will then give the stress. Hence the state of 
stress at a point of the body is given when the stresses for three surfaces 
forming a solid angle are given. 
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These relations will now be illustrated by a formal example. We 
choose the three surfaces forming a solid angle at right angles to each 
other, and take the lines in which they intersect as the x, y, z axes. 
The tetrahedron is cut out by some oblique section, whose normal makes 
angles a, /J, y, with the a;, t/, z axes (see Fig. 5). For this specially chosen 
form, the areas of the three faces which lie on the planes of reference* 

are A cos a, A cos p, A cos y where 
A is the area of the oblique section. 
A cos a is the surface which is 
normal to the x axis. The angle 
of inclination between any sur- 
face and the surface A is in fact 
the same as the angle between 
their normals, from which the 
above relation follows. If p^., 
py, p, denote the vectorial stresses 
per unit area on the three faces 
formed by the planes of reference, 
and p denotes the vectorial stress 
on the oblique surface, the forces 
on the surfaces are obtained by 
multiplying the stresses by the areas. Equilibrium requires that the 
sum of the four force- vectors should vanish, hence 

p • A + p^ A cosoi + Py A cos p + p„ A cos y — 0 

A vanishes from the formula and p is given directly in terms of p^., Py, p> 
when the three angles a, p, y are given. Each of the three vectors p^ , 
Pyy Pz ^ given numerically by its components which for p j. can 
be denoted hy p^^xy Vxyy Pxz according to a scheme which is very easily 
understood. Thus pj. y is the y component of the stress on the surface 
perpendicular to the x axis. Altogether nine quantities are obtained, 
which characterize the state of stress. Three of these have both suffixes 
identical; they are perpendicular to the surfaces on which they act and 
are therefore called normal stresses. The other six components have 
directions along the surfaces and are therefore called tangential stresses. 
Notations are often used in which normal and tangential stresses are 
distinguished by different letters. In the theory of elasticity normal 
stresses are frequently denoted by a (where Pxx~ ^x) tangential 
stresses by t (where Py x = '^y x)- The tangential stress t considered in 
the first and second sections is identical with what is here called Xyx- 
Further, it can be shown that of the six tangential stresses those 
which have the same suffixes, but in reversed order, are equal. This 
can be seen very simply by considering the equilibrium of a small parallel- 
epiped with respect to rotations, as shown in Fig. 6. Let the sides of the 
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parallelepiped be dx, dy^ dz. The surface on which r^y acts is perpen- 
dicular to the X axis, and therefore equal to dy dz. The force Tj^ydy • dz 
appears twice, but with opposite sign, on opposing sides of the parallel- 
epiped. The two forces form a couple of moment r^y • dx • dy • dz. 
Another couple about the same axis is given by two equal and opposite 
forces Xy ^ which act on the surfaces at right angles to the y axis. Similar 
considerations show that the moment of this couple equals Xyj.-dx-dydz, 
If the sign of the shear is so arranged that the positive direction on a 
surface coincides with that of the axis given by 
the second suffix, we find that the two couples 
act in opposing senses. Equilibrium demands 
that the two moments should be equal and 
opposite, and therefore that Xy ^ — Xj-y. There 
remain thus, six different stress magnitudes: cr^, 

1/ > ^yz' 

The state of stress of the ideal fluid is 
characterized by the fact that the stress acts per- 
pendicularly to the separating surface everywhere 
(no friction). If to the considerations made in connection with Fig. 5 
we add the condition that the stress p should always be perpendicular 
to the surface A, it is easy to show that the stresses p^, Py, p^, which 
are of course perpendicular to their surfaces, are each equal to p. Since 
in most cases it is a case of pressure stress, we have 

Uj. = (7^ = U* = p , 

and ^ = T = 0 . 

In order to be able to pass from fluids of small viscosity to non- 
viscous fluids, the state of stress is split up into a hydrostatic pressure 
in all directions p ” — 1,3 (cr ,. + + cTc) additional state of 

stress arising out of the viscosity and having components Gj. , a ], , , 

T^.czy ^yz^ where 

(y'x == — 1/3 + Oy f aj, etc. 

4. Equilibrium of Non-homogeiieoiis States of Stress. If in some finite 
region the components of stress . . . Xy . , are the same ever>"where 
we say that we arc dealing with a homogeneous state of stress. A non- 
homogeneous state is given when some or all of these six magnitudes 
vary from place to place, that is, are functions of the co-ordinates. In 
this case it is important to know the forces which result from the rate 
of change of stresses with the jx)sition. Assume again a parallelepiped 
with sides of length dx, dy, dz (see Fig. 7). We must now take account 
of the change which any stress, c. g, Oj,, undergoes, as we proceed from 
the left surface towards the right. Since the rate of change of the stress 
in the x direction is dGjrjd x, the consequent change along d x is (da^rl^ x) d x. 
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To obtain the resultant we must observe that the surface perpendicular 
to the X axis has an area dy dz. On the left hand surface we have 
Ox - dy • dz acting to the left; on the right hand surface acting to the 

right we have - d^ -dydz. The resultant is (dajdx) dx*dydz. 

There are also other x components to be considered. We have Xy^ 
acting on the surface perpendicular to the y axis and x^j. on the sur- 
face perpendicular to the z axis. These stresses also vary as we pro- 
Z ceed from one side to the other 

to the extent of (d Xy Jd y) dy and 
(dXgJdz) dz respectively. Multipli- 
cation by the corresponding surfaces 
dx • dz and dx • dy gives resulting 
forces in the direction of the x axis 
of amounts (d Xyjrjdy) dy - dx • dz 
and (d Xzjcldz) dz • dx • dy. These 
three terms contain the parallelepiped volume dxdydz. Dividing by 
this quantity we obtain the force per unit volume in the direction of 



Figr. 7. 


the X axis as 
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When there is equilibrium, these three expressions are to be equated 
to the components of the external force per unit volume in the negative 
directions of the x, y, and z axes respectively. If there is no such force 
(gravity, centrifugal force, or the like) each of the three expressions 
is to be put equal to zero. In the case of movement the resultants of 
the external forces and the stress forces as expressed above are to be 
equated to the density times the x, t/, and z components of the acceleration. 

Before these considerations can be applied to the equations of motion 
of a viscous fluid, the general form of the relation between stress and 
the rate of change of shape must be found. This has already been found 
for a simple case, in (1.2). It will be advisable first to consider the 
relation between the system of changes, or the rates of change of shape, 
and the displacement paths and velocities of the individual points of our 
assumed continuous medium. This is done in the following section. 


5. Theory of Deformation. In the general case the character of the 
motion of a fluid or gas is given by a velocity vector which varies from 
point to point. The components w, v, w of this vector are therefore 
functions of the co-ordinates x, z and of the time t. When it is a 
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question, as in the following discussion, of the spatial arrangement only 
at some definite point in time, the temporal dependence can be neglected. 
In order to obtain information concerning the changes of shape which 
are taking place in the neighborhood of some point A, we develop the 
velocity components u, v, w in a Taylor series. This gives for example, 
for the component u 

« = «.£+ {y})^ + Y (iS- + 

+ (y - y^'^^ + 

( 8v)-.i + T 

(/z'ex).! ^ a ) + ■ ■■ 


For the immediate neighborhood of A the linear terms only need be 
kept. Hence 


«-«£ = (X- X.,) (I;) ^ + (y-y.,) 

£> - = (X - x.„) ( )^, + (y - Va) ( I 

- (•»■ -- ~ ( rj )., 



It thus appears that the behavior in the iiimediate neighborhood 
of .4 can be given by the nine differential coelficients 


dxi 

d r 

d XV 

d X 

d X 

d X 

du 

d r 

d w 


^// 

hy 

du 

d r 

d \V 

dz 

>77 

dz 


We shall always write this sysUmi, giving the change of ' 
the above “matrix’' form. 


In order to make clear the significance of the indiv 
of this system, some especially simple changes of shap 
studied. For example, what does the following mean ? 

u — w I z=z a (x — or I ) ; v - ' * 0 • w — xv 
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We see that of the nine differential coefficients only dujdx = a differs 
from zero. The deformation matrix is therefore 

o 0 0 
0 0 0 
0 0 0 

The equations show that the points of a plane perpendicular to the 
X axis, which all have the same value of x, are shifted by the same 
amount, a (x — x.i). The plane through the point A remains un- 
displaced, and all parallel planes are displaced without distortion by 
amounts proportional to their distance from the point A. If a is positive, 

the planes separate from each other, 
those to the right of A move to the 
right, and those to the left of A move 
to the left (see Fig. 8). The whole 
state of affairs is called an extension, 
the measure of which is the elongation 
^ undergone by an element of unit length 
along the x axis. In the example, 
the extension in the x direction is 
Fig. 8. Extension. accordingly dujdx — a. If we had 

V — vj "by and u — Uj =w — ir j =0, 
we should have a corresponding extension of extent b in the direction 
of the y axis. Both extensions can of course occur together, in 
which case 

u — U ji — ax, V — V i — by, w — w i — O 
which again would be shown by the deformation matrix 

a 0 0 
0 6 0 
0 0 0 

Here the lines parallel to the x axis and the lines parallel to tlie 
y axis are stretched, the first by the coefficient a, the second by the 
coefficient 6, and only those parallel to the z axis remain unstretched. 
If we add a third exUmsion parallel to the z axis, and of measure r, 
there will in general be no unstretched line. These extensions however 
are a type of change of shape corresponding to the diagonal members 
'f the matrix. iVhat do the other members represent? If we writ(‘ 

u — uj — w — w .f — 0, V — v .( = e • X 
>he nine differential coefficients is not zero, and the matrix 
0 e 0 
0 0 0 
^ 0 
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The interpretation is obviously that all the planes perpendicular 
to the X axis are again shifted, this time not in the direction of the 
X axis, but in that of the y axis. Once again the plane through A remains 
where it was and the shifts of the other planes are proportional to their 
distances from A . As Fig. 9 shows, all lines which were originally parallel 
to the X axis are now at an angle e given by 

tan E ~ e 


♦I' 




There arc six different displacements of this type as shown by the 
form of the matrix. They can be collected into three pairs, both members 
of which give rotations about the same axis. Thus, as we have just 
explained, bvjdx measures the rotation 
about the z axis of the lines which 
were originally parall(‘l to the x axis, 
and correspondingly bujdy measures the 
rotation about the z axis of lines ori- 
ginally parallel to the y axis. If we 
consider the alteration in the right angle 
between these two original directions, 
we obtain (when the deformation is so 
small that an angle and its tangent 
are interchangeable) the sum of these two magnitudes, dvjdx -f b u'oy. 
This expression is called an angular deformation. There are obviously 
thre(‘ magnitudes of this kind, the angular deformations about the: 

X axis as axis of rotation, + 

- . du dv' 

y axis as axis of rotation, yzx~ 


Fig. 9. Angular deformation. 


e ... dv dn 

z axis as axis of rotation, y.rjf~ f.y ^ 

The extensions in the three directions, given by 


d n • 

Fr , (along X axis) 


t'z , (along axis) 


and the three angular deformations y,,., Yxy *^re called the com- 
jionents of change of shape (or components of strain). When, for some 
definite case the change of shape is zero, i, e, all the six components 
of change of shape vanish, it does not necessarily follow that every 
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shift relative to the point -.4 vanishes, for the body can still perform 
rotations, viz. three independent rotations about three coordinate axes, 
according to well-known theory. For example, consider the matrix 

0 CO 0 
— CO 0 0 
0 0 0 

for which all the components of change of shape do in fact vanish. 
Written out in the form of equations we have 

u — = — (o (y — y,i), 

V V i — + CD {x X^ 4 )y 

W W 4 = 0 


The lines parallel to the x axis experience a rotation co toward the 
y axis, the lines parallel to the y axis an equal rotation toward the negative 
^ X axis. The angle between two such lines there- 

ryy fore remains the same (see Fig. 10). Any point 

\ I distant r from the z axis undergoes, as an easy 

/ / 1 calculation shows, a translation compounded of 

\ y / j./ 1 u and V, such that the resulting translation is 

\ ! / j perpendicular to r and of amount rco, so that 

\ // ' the system of deformations in question does in 

X reduce to a pure rotation about the z axis 

Fijf. lo/notation. (provided the displacements are sufficiently 
small) as shown in Fig. 10. 

It is customary also in the general case, where changes of angles 
may enter, to speak of rotations, meaning the mean values of the 
rotations of the two axes concerned about the third axis. The three 
rotation velocity components are therefore (see Division A VI 9) 


1 

/dw 

dv\ 

2 


~~FzJ 

1 

(du 

dw\ 

2 

[dz 


1 

/dv 

du\ 

2 

X 

~^'y) 


In the preceding paragraphs we have been speaking of displacements 
and changes of shape. Exactly corresponding relations hold for the 
velocities of the various point-masses and the “rates of change of shape’ ' 
which belong to them. The formulae of these paragraphs need no 
alteration, but the magnitudes u, v, w, which have been considered 
hitherto as small displacements, now denote velocities, and dujdx etc. 
are now the corresponding rates of displacement, of rotation etc. 
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6. Stokes’ Theorem for Stresses. We have now to find a generalization 
of (1.2) corresponding to the general state of deformation. This can 
be done by connecting the matrix of the components of stress, viz. 

^xy ^xz 
^xy ^y "^yz 
^xz ^yz ^z 

with the matrix of the rates of deformation, viz. 

du dv dw 

d X f) X d X 

du dv dw 
dy dy dy 
du dv dw 
dz dz dz 

A relation of this kind will satisfy the condition of independence of 
change of coordinate direction. The stress-matrix is symmetric (with 
respect to the diagonal) but the matrix of the rates of deformation is 
not. We can however construct a symmetric matrix out of it by adding 
to it the transposed matrix. By adding the matrix of the pressure p, 
the correct generalization of (1.2) is obtained as follows: 

du dv dw\ { du du du 
dx dx dx dx dy dz 

du dv dw dv dv dv 

' d y d y d y ' d x dy dz 
du dv dw dw dw dw 

dz dz dz d X d y dz 

The meaning of such a matrix equation is that the corresponding 
equations in the ordinary sense hold between the quantities which 
occupy similar places in the various matrices. Thus the middle place 
in the first line, or equally well, the first place in the second line of 
the matrices gives the relation 



which we recognize as identical with (1.2). J’or, if v is not, as assumed 
in that paragraph, zero, the change in angle is equal to (dvjdx + duldy), 
which is the expression that appears in the above formula for ^ . The 
first place in the first line gives 

Oj: = — p + (6.3) 

The considerations of 3 show that for frictionless fluids we must 
put Ox — — Pi and the present calculation shows that the extension 
dujdx contributes an extra term 2fiduldx. 


Ox y T‘xz 


pi)i) 

Tx y Oy Xyz 

== — 

Opi) 

^xz '^yz Oz 


OOp 
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The other components are constructed in the same way and it would 
be superfluous to write them out in detail. These formulae for the 
stresses in the form given are correct for incompressible fluids. If we 
calculate the value of (1/3) ( 0 *^. + Oy + a^) we get 



The expression in parenthesis is, however, the change in volume, and 
therefore by hypothesis zero, so that the mean value of the three normal 
stresses becomes — p. If it is desired to have the pressure p equal to 
the mean value of the three normal stresses also in the case of flow with 
change of volume, we can subtract the expression (2/3) ft (dujdx -{-dvjdy -f- 
divjdz) from the right hand side of (6.3), and from the similar equations 
for Gy and This is equivalent to giving a different definition for p. 
This is however a nicety which will play no part in the present develop- 
ment, so that we shall retain the simple equations (6.2) and (6.3). 

It may be mentioned incidentally, that in accordance with Gibbs’^ 
procedure, there is a simple way of writing equations similar to (6.1) by re- 
placing each matrix by one symbol. The quantities which are represented 
by the nine-termed matrices have various names ; their general form will 
here be denoted by affinor. The symmetric forms are also called tensors. 
Let Z be the affinor of the state of stress, V the velocity vector and 
V ^ the affinor of the deformation velocities, and let the transposed 
(according to Gibbs’ ‘‘conjugate”) affinor be (V ^)r- Equation (6.1) 
can now be written 

(G.la) 

where I denotes the unit tensor 

1 0 0 
0 10 
0 0 I 

We still need now to calculate the components of force per unit 
volume which were obtained in 4. Since we have only to pi*rform a 
simple differentiation, the result can be written down immediately. We 
will however, write out the terms arising from the two matrices in (6.1) 
and thus obtain the force in the x direction as 

dx ' ^ \ d ' dz'^ j \ d ' dxby ' d xdz I 

which can also be written as 

^ Gibbs-Wilson, Vector Analysis. New York and London, 1902. 


(6.4) 
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in which the symbol is used to denote d'^jdx^ + d^jdy^ + d^jdz^. When 
no changes of volume are to be taken into account the last term disappears 
since div V ~ 0. Even for motion with changes of volume this term 
])lays only a subordinate part so that it need not be further considered. 
Thus in addition to the fall in pressure — dpjdx which we have already 
mot in frictionless fluids, we have a force due to the viscosity whose 
components in the directions of the x, y, z axes are, 

The equations of motion for viscous fluids without change of volume, 
can now be obtained quite simply from the familiar Euler equations 
by adding the frictional terms above noted. These equations, found 
independently by Navier and Stokes, and therefore usually known by 
the names of these two authors, become, when written in Gibbs’ notation, 

Q + 1^ • == ^ F — grad p + // V’ (6.5) 

In addition we have the equation of continuity, which is of the same 
form as that for ideal fluids: 


div V' = 0 

Wntt(*n in components these equations are: 
[c^u 

- \ () t 
[dr 

- \dt 
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( 6 . 6 ) 


(6.5a) 


(6.6 a) 


7. Reynolds’ Laws of Similitude. As yet no general methods are 
known for solving the Navier- Stokes’ equations, and solutions which 
hold without restrictions for all values of the viscosity have been found 
only for a small number of special cases. Moreover, the problem of flow 
with finite viscosity can be attacked only “from the limits” by dealing, 
on the one hand, with fluids of very large viscosity, and on the other 
hand, with fluids of almost vanishing viscosity. The methods which 
have been developed for these special cases are however by no means 
sufficient for finding by interpolation the state of affairs in the case 
of medium viscosities. Moreover, the mathematical methods are very 
<lifficult and inconvenient, even in the limiting cases. This explains 
why most attempts to obtain information on the behavior of viscous 
fluids are from the experimental side. Very important deductions can 
however be drawn from the Navier- Stokes’ equations, in consequence 
of which the extent of needed research is much reduced. This is brought 
about through the use of the so-called laws of similitude. 


Aerodynamic Theory III 


4 
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When considering cases of similitude, in mechanics, the following 
question usually arises: If in two systems the external circumstances 
exhibit geometrical similarity, what conditions must be satisfied in order 
that the resulting phenomena should also exhibit geometrical similarity ? 
For two states of flow this similarity will be said to be present when 
an alteration of the units of time and length makes the results for both 
states coincide. This implies that the paths of the individual particles, 
the stream-lines at any instant, the fields of acceleration etc., in the 
two cases, become geometrically similar. This implies also a similarity 
between the distributions of pressure (geometric similarity between sur- 
faces of constant pressure, and proportionality of the differences of 
pressure between corresponding points). We shall denote this complex 
of similarities and proportionalities by the term dynamic similitude. 

What information now can the above differential equations supply 
as to the conditions for this dynamic similitude? The answer is: We 
shall have dynamic similitude when alterations of the units of length, 
time, and if necessary, force, transform the differential equations and 
boundary conditions in one case into those of the other case, so that 
the equations completely coincide. Assuming that we have a unique 
solution of the system of equations, it will furnish a direct description 
of the circumstances for one case, and a corresponding description for 
the other case, by a suitable alteration of the units. 

The two systems of equations will coincide in this way only if alteration 
of the units of time and length (and if necessary, of force) converts each 
member of one equation into the corresponding member of the other 
equation, multiplied by a constant factor (dividing by this factor makes 
both equations identical). 

For the case of fluids of variable density, the conditions for similitude 
cannot in general be satisfied. We therefore restrict ourselves to the 
case of constant density, which is the most important one for technical 
applications. Here the pressure can be divided into two parts of which 
the first is in equilibrium with the gravitational forces according to the 
usual laws of hydrostatics, and the other balances the forces produced 
by movement. We can therefore neglect the forces of gravity when 
using the Navier- Stokes' equations for fluids of constant density, pro- 
viding we understand by “pressure” the second of these components. 

We must now investigate how the Navier- Stokes’ equations change 
when new units of time and length are chosen in order to express two 
similar states of affairs by the same equation. If Zj be any length in 
the first system, and Zg the corresponding length in the second, we may put 

This same relation naturally holds between all other pairs of corre- 
sponding points and hence for two corresponding points Xg = A Xj, etc. 
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For two corresponding times and wo put 1 ^=^ r and for two 
corresponding velocities, = ri u^. Since this relation must also hold 
for the velocity required to traverse the length I in time t we must have 

A 

^ = T 

(to obtain this the equation — ^2/^2 divided by the equation 
Ui = A differential coefficient is a ratio of infinitesimals of two 

quantities. The infinitesimals of the quantities are expressed in the 
same units as the quantities themselves and therefore the ratio for con- 
verting a differential coefficient in one case to the corresponding diffe- 
rential coefficient in the other is equal to the quotient of the conversion- 
ratios for denominator and numerator. Hence the conversion-ratio for 

1 ] A 

dujdt is ^ ~ 

and the ratio for dujdx — rjjX — 1/t. A second differential coefficient 
is the differential coefficient of the first differential coefficient. Hence, 
for example, the dimension factor for d^ujdx^ — ( 1 /A) (?//A) = 1 /Ar. By 
the conditions of the problem, the pressures and p2 ^^e determined 
subject to an additive constant. If this be suitably chosen the relation 
between the two pressures can be made pJVi = ^ ^ (actually we have 
only to put the ratio of the pressure gradients equal to rr/A). It may 
also bo noted that the densities and pg ^wo fluids, and their 

viscosities pj and /igi may be different, and we may write pg/Pi = Q* 
and = /t'. 

We wish now to express the magnitudes of the second system in 
terms of those of the first system. As the preceding discussion shows, 
expressions in the Navier- Stokes’ equations will thereby receive factors 
involving A, t, etc. which always have the same value for a group of 
terms built up in the same way. Thus the term pj (dUijdt) and corre- 
sponding terms take the factor p' (A/t^), terms like p^ (du^jdx) take the 
factor p' (A/t) ( 1 /r) ~ p'(A/t^); that is, the same factor as before. (It was 
to be expected that the two kinds of expressions, both representing 
accelerations multiplied by density, should take the same factor.) The 
term jbti ujd x^) takes the factor //' ( 1 /At), and dpjdx the factor .t/A. 
If similarity is present, the Navier- Stokes’ equations for the second 
system, when transformed in this way, must be converted into the 
corresponding equations for the first case. This is obviously possible 
only when the factors which have been attached to the various terms 
all have the same numerical value. If this is so, these factors can be 
removed by division, leaving the Navier- Stokes’ equations for the first 
case. The condition for similarity can therefore be formulated as 

^ —K (7 1 ) 

T* ” A T A 

^ Note that 71 here signifies a general ratio. 


4 * 
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In this pair of equations the condition for the middle term can always 
be satisfied, if the other two terms are equal, by a suitable choice of 
the ratio n. The equality of the first and third terms however, gives 
an important condition. It can be written in the form 

The relation between the pressures now' becomes 

^ = 't' (7.3) 

provided of course that (7.2) is satisfied. If the ratio of corresponding 
velocities be introduced, instead of the ratio of corresponding times, 
that is by putting t = A//;, (7.2) can also be wTitten as 

= l (7.2 a) 


A similar transformation of (7.3) gives 


If the states of flow around two bodies, geometrically similar and of 
length measurements and /g, immersed respectively in fluids of densities 
Pi, 02 and viscosities /q, //g are to be dynamically similar, it follows 
from (7.2a) that the proportion between the velocities of flow at corre- 
sponding points must be such that the relation 

~ (7 4) 

is satisfied. We can therefore state as the condition of similitude, that 
the expression Qlujfx must have the same value for dynamically similar 
flows. This law was discovered by Osborne Reynolds ^ and th(‘ preceding 
expression has in his honor been called the Reynolds Number. Obviously 
we obtain small Reynolds numbers for very viscous fluids (very large /«), 
and large Reynolds numbers for very slightly viscous fluids (very 
small ii). The constitution of the number shows however that its value 
does not depend on the ratio of p to /x alone, but also on the linear 
dimensions of the body and on the velocity. When we deal with 
only one fluid, the value of the product of the length and the velocity 
of the body is the determining factor. For a body twice as large but 
with half the velocity, there is in this case a state of flow similar to that 
in the original case. 

Equation (7.3a) shows that in the case of dynamic similitude, any 
differences of pressure are in the ratio of the product of the density 
and the square of the velocity, or again in the ratio 

[viscosity x velocity] 

[length] 

^ Reynolds, 0., Phil. Trans. Roy. Soc., 1883, or Collected Papers, vol. II, p. 51. 
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Of these two expressions the first is connected with the inertia property 
of fluids and agrees with the well-known relation that the increase of 
pressure at a stagnation point is equal to (p/2) (u^ + the second 

is connected with the fundamental property of viscous fluids. It is 
sufficient to mention that the shearing stresses which were considered 
in 1 arc quantities of the same dimensions as pressures (viz, forces per 
unit area) and that for dynamic similarity the two shearing stresses 
at corresponding points in the systems compared, are in the same ratio 
as the corresponding differences of pressure at the two points. After 
these preliminary remarks it is sufficient to indicate that (1.2) for the 
shearing stress shows precisely this construction. When a difference of 
pressure which is derived in the above way from the inertial effect, 
and is therefore proportional toqv?, is divided by a difference of pressure, 
or a shear which is caused by viscosity, and is therefore proportional 
to fiull, we again obtain the Reynolds number multiplied however by 
a numerical factor arising out of the conditions of the particular problem. 
This shows that the Reynolds number can, with certain reservations, 
be regarded as the ratio of the inertial effects to the viscous effects. 
The Reynolds number is the decisive factor in determining in any given 
flow of fluid whether the inertial effect or the viscous effect predominates. 
A small Reynolds number denotes predominating viscosity and a large 
Reynolds number preponderating inertia. 

Information concerning the construction of the formula for the 
resistance can be derived from the expressions for the differences of 
j)ressure just discusst‘d. The resistance of a body in a fluid can be 
expressed as the product of an area and a difference of pressure. Since 
the area varies as the square of a length, we obtain, considering dynamic- 
ally similar flows for the present, formulae of the form 

I) = n^Pou^ (7.5) 

and D = /// u (7.6) 

where are numbers, according as we take the inertial effect or 

the viscosity effect as starting points. The two numbers occurring in 
these formulae are of course different, but each has a constant value 
for each class of dynamically similar flows, that is for one Reynolds 
number. If on the other hand, in considering two flows, we go from one 
Reynolds number to another, so that dynamic similarity no longer holds, 
the numbers in the two formulae will in general change. Hence these 
numerical values are constant for constant Reynolds numbers and change 
with the Reynolds number; or in other words, they are functions of 
the Reynolds number. As can be easily seen the following relation holds 


(7.7) 
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The method naturally tells us nothing about the nature of this function 
for any particular case (e. g, for circular cylinders, rectangular plates 
or the like). Nevertheless it is a great advantage to have a relation such 
as (7.7). It is now sufficient to measure the resistance of a body in the 
same fluid for different velocities, in order to discover how the resistance 
changes when the magnitude of the body changes, or when the density 
and viscosity change, e. g. through changes in temperature. The following 
can be said concerning the form of the functions which occur. 

For very large Reynolds numbers the magnitude of the viscosity 
becomes unimportant for the resistance and we must expect a formula 
which no longer contains /(, as in (7.5). In this case it may therefore be 

assumed that = constant 


For very small Reynolds numbers, on the other hand, the inertial 
effect becomes unimportant and we must expect a formula in which 
the density no longer occurs. This is the case in (7.6) if we assume 

that here Wg = constant 


Both these laws have in fact been observed experimentally. The 
first is “Newton’s Law of Resistance” and the second is “Stokes’ Law 
of Resistance”. Newton’s law holds for very large bodies and velocities, 
Stokes’ law for very small bodies and very small velocities, or large 
viscosity. 

Since the ratio of the viscosity [i to the density q always occurs in 
the Reynolds number glul/Lt, it is convenient to denote this ratio by a 
special symbol and to give it a name. The ratio juIq is called the kinematic 
viscosity and is denoted by v. The units for v are particularly simple. 
It has the dimensions [(length )2/time] which follows at once from the fact 
that the Reynolds number, which is the ratio of inertial force to viscous 
force, must be a pure number. Hence v must have the same dimensions 
as the product I u. We shall use this abbreviation regularly in the futures 
and write the Reynolds number as uljv, vdjv, etc., and also use u, v 
as characteristic velocities in two cases, I = length in the one case and 
d ~ diameter in the other. Where no ambiguity can arise we shall 
also use the letter B for the Reynolds number. 

According to the preceding remarks the two formulae for the law 
of resistance expressed by (7,5) and (7.6) are of equal value. For most 
practical applications, the Reynolds numbers are large; Newton’s law 
holds, at least approximately, and the first formula is to be preferred. 
Nevertheless, in accordance with formula (7.6), states of affairs which 
correspond to Stockes’ law can be expressed by the same formula. We 


, ^ , constant 

must then put ^ — 

so that, in accordance with (7.7), ng becomes a constant. 
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8. Dimensional Analysis Applied to the Problem. Instead of starting 
from dynamic similitude, we could apply the so-called dimensional 
analysis which is based upon the fact that the physical content of any 
theory must not depend upon the units which are chosen for the cal- 
culations. Considerations of this kind are in their very nature closely 
related to those of dynamic similitude. In the latter case we look for 
the conditions under which the equations for two similar states of affairs 
can be transformed, the one into the other. In the case of dimensional 
analysis on the other hand, we look for the conditions under which the 
different equations obtained for one and the same state of affairs with 
different magnitudes of the units, have the same physical effect. To 
measure geometrically similar bodies of different sizes with the same 
units of measurement, and the same body with various units of mea- 
surement, are however, absolutely related processes. 

When considering the question of dimensions it is usual to start from 
the fundamental principle that the physically essential relations between 
the various magnitudes can always be expressed in a form independent 
of the units of measurement. Such dimensionless magnitudes can then 
always be treated as numerical ratios between magnitudes of the same 
kind. In order that such a dimensionless representation may be possible 
it is necessary that magnitudes in the formulae which are added or 
equated to one another should always have the same “dimensions”, 
that is, the units of their numerical values must be derived in the same 
way from the fundamental units. This is only another way of stating 
the condition for the existence of a dimensionless representation. 

In a rational system there are only three fundamental units occurring 
in Mechanics; these can be taken arbitrarily. We may choose, e. g, the 
units of length, time, and mass, or those of length, time and force; an 
example of the first kind is the physical C.G.S. system, and, of the 
second, the technical system of measurements preferred by engineers. 

Considerations involving dimensions have the advantage over those 
of “similarity” in that the former can be applied in circumstances where 
the differential equations of the problem in question are unknown, but 
where the well-defined physical magnitudes, on which depend the 
phenomena whose laws we are investigating, are known. The task of 
discovering the physical magnitudes connected with the phenomena 
which are decisive and of eliminating those magnitudes which are of 
subordinate importance, is the very core of the problem. 

The answer supplied by the condition for the possibility of a dimen- 
sionless representation varies according to the number of independent 
magnitudes which are important for the system in question. If there 
are only three such independent magnitudes present and if all three 
of the fundamental units are involved in them, the condition will only 
give one way of compounding powers of the three magnitudes to give a 
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fourth magnitude of prescribed dimensions. If the three magnitudes 
be called Xi, X2, x^, any magnitude y dependent on them will give a 

formula y — const, x^* x }' , 

and since no furtlier possibilities for constructing the formula with the 
correct dimension for y can be found, the conclusion is that the actual 
physical law must be of this form. If there are four independent 
magnitudes x^, ajg, x^y x^ however, it is always possible to build a dimen- 
sionless combination of the form^ 

X = X,- • a: ‘ 

In this case, a possible form for the law for which we are searching is 

y = f(X) xf, xl 

where / (X) is some function of the dimensionless magnitude A", and 
therefore, from the standpoint of dimensions, may be considered arbitraiy. 
The choice of the three variables x^, Xg, x^, out of the four, a'g, .r4, 
is obviously arbitrary. It is equally possible to take a different selection 
of three of these four magnitudes. This would simply mean that a 
suitable power of X is divided out of the function / (A) whose multi- 
plication by a:* x^ x^ causes x^ say, to vanish, and a power of .r4 to 
appear. Such an alteration would therefore be merely of a formal natur(\ 
Information as to the nature of this function / (X) can naturally be 
obtained only through experiment or an actual theory of tlu^ phenonuMia 
in question. 

We can at once extend the above to more than four independent 
magnitudes. If, for example, five independent magnitudes are present, 
two independent dimensionless magnitudes Xj, Xg can be constructed, 
and a function of these two independent magnitudes will have to Ix^ 

introduced, e.g. y — F (X^ , Xg) x^ x^ x^ 

If we subsequently ask for the conditions for dynamic similitude, 
we can easily establish the fact that in the case of three independent 
quantities, geometrically similar systems are also dynamically similar. 
With four independent magnitudes, dynamic similitude is present in the 
corresponding case only when the dimensionless combination X has the 
same value in the two geometrically similar systems. With five inde- 
pendent variables it will in general no longer be possible to produce 
dynamic similitude unless two of the five magnitudes can be so chosen 
that the two dimensionless magnitudes X^, Xg simultaneously attain the 
same numerical value. 

These general remarks will now be applied to the problem of hydro- 
dynamic resistance. If we are considering a uniform progressive motion 


^ See also Division A IV. 
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in a heavy viscous fluid, the following factors will exert influence, in 
addition to the shape of the body, which is naturally an essential factor 
for the results: above all, the size of the body, represented by a linear 
measurement I, further the veloeity v of the movement relative to the 
medium, the density q of the fluid as measuring its inertia, and the 
coefficient of viscosity ft. We assume that the liquid is homogeneous 
so that the effect of gravity is balanced by the statical component of 
the pressure and hence has no effect on the motion. We further assume 
that the velocity of motion of the body is small enough to permit neglect 
of the effect of the compressibility of the fluid. (It is known that the 
effect of the compressibility becomes appreciable when the velocity of 
the body approaches the velocity of sound in the medium.) If these 
subordinate effects can be neglected we have four mutually independent 
magnitudes I, g, /i to deal with. Let the fundamental dimensions be 
those of length L, time T, and mass M. Then first of all, the dimension 
of I is simply L, that of the velocity v in L/T and of the density g (mass 
per unit volume) is MjL^. It is rather more difficult to determine the 
unit of viscosity. Equation (1.2) shows that /i (du/dy) is a shear, that 
is, force per unit area. Now a force is equal to mass times acceleration ; 
hence with the unit of acceleration LjT^, the dimensions of force arc 


MLjT^. H(mce 
or 


, , LIT MLjT^ 


[/»] 


M 

LT 


(We denote the “dimension” of a magnitude by enclosing this magnitude 
in square brackets.) We can now readily check the earlier statement 
as to the dimensions of kinematic viscosity, v — ujg: [r] = L^jT. 

We will now set ourselves the following problem. It is conjectured, 
that in a definite case, the resistance D, i. e. the force with w^hich the 
fluid resists the movement of a body, can be represented by a product 

of powers of the form 1) — (number) 

The question is — which powers a, jS, y, d are compatible with D having 
the correct dimensions. We simply write the formula 

[D]^[ir[vy[Qy\fir 

or — {L) ^ y j [lt) 

The powers of indices of M, L, T on both sides of this equation must 

agree. Therefore 1 = y + d 

l=aH-j8 — 3y — d 
— 2 = —/? — <5 
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We see, as was to be expected from the previous considerations, that 
there are three equations and four unknowns. One of these unknowns 
remains free; we choose d and, solving, obtain 

Y^l—d 
a = 2 — 6 

p^2 — d 

We then have the formula 

D = (number) pPw* ^ ^ 

= (number) q P R ^ 

We therefore obtain the product (density times area times square of 
velocity), which is already known to us from Newton’s resistance 
formula, multiplied by an arbitrary power of the Reynolds number. 
This is a special case of the resistance formula of the preceding paragraph 
in which a function of the Reynolds number occurred, which the given 
facts could not further determine. That this function occurs here as 
(number) R~^ is merely a consequence of the assumption that a law 
in the form of powers of Z, v, q and was expected. The general result 
of the theory of dimensions is the same as that of similitude, viz, 

D = qI^v^ f (R), 

The resistance laws which occur in practice can often be written 
as power series of the Reynolds numbers, at least for certain ranges 
of values. The above form shows that the viscosity is eliminated if d 
is chosen equal to zero. This gives Newton’s law of resistance. A value 
(5 = 1 on the other hand, makes the density vanish and furnishes the 
Stokes’ law in which the inertia is neglected. At a later stage we shall 
find formulae for the resistance of a plate moving parallel to its own 
plane and we shall find, as long as the flow is laminar, that it corresponds 
to the value d = 112. In the case of the turbulent movement of such a 
plate we find — only as an approximate formula however — d = 0.15 to 
0.20 for Reynolds numbers which are not too large. It is of great im- 
portance to know that only one of the four exponents may be freely 
chosen and that the others, as shown above, are thereby determined. 

Other laws are found for the resistance of ships on the surface of 
the water, for in this case the acceleration due to gravity plays an im- 
portant part. The relations become very obscure if the acceleration 
due to the earth is added as a fifth magnitude to the four so far con- 
sidered. Most writers therefore avoid an exact study of the effect of 
viscosity and restrict themselves to very large Reynolds numbers where 
this, at least approximately, is permissible. We have again four magni- 
tudes, viz., length, velocity, density and acceleration due to the earth. 
Their dimensions L, LjT, MjL^, LjT^ show at once that the density 
which is the only one of the four in which the unit of mass occurs, is 
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not involved in the dimensionless magnitude. This magnitude can be 
written as v^jgly as is easily verified, and is called the ‘‘Froude number” 
after the discoverer of this law of similarity. The resistance formula 


in this case then becomes 



This formula is in fact in good agreement with experiments on models 
at shipbuilding research laboratories. The system of waves caused by 
the ship proves to be very important for the resistance. Equal values 
of v^lgl in geometrically similar body forms give geometrically similar 
systems of waves. The experiments must not however be made with 
models which are too small, for the differences in the Reynolds numbers 
become too great and produce large variations in that part of the 
resistance dependent on viscosity. 

A few remarks may be added on the influence of compressibility. 
The compressibility can be always characterized by the velocity of 
sound in the medium. The dimensionless magnitude in question is then 
simply the ratio of the velocity to the velocity of sound. For the rest, 
things are less simple here, since a true similarity can only be expected 
when the laws connecting pressure and density are the same in the 
states of affairs which are compared, e. gr., in the case of the formula 
for adiabatic compression, pV‘' = constant, 
if the value of y is the same in both cases. 


9. Properties of the Navier- Stokes’ Differential Equations. The Navier- 
Stokes’ differential equations (see 6) have, in the case of an incompressible 
homogeneous fluid, which will be the only one here discussed, the follow- 
ing noteworthy properties. 

If the velocity vector be derived from a potential (p, by putting 

V = grad (p , 


which, in components, is written as 

dw dw 

U = -77^ , V .— 

dsc ^ f)?/ 

the equation of continuity 

du , dv . tir 


zc — 


o (p 
b z 


div V ■ 


rx'+ dy'^ dz 


-0 


becomes 


+ 


(p 


bz^ 


0 


^* 9 ? , d'^(p 

~d "a 

or, with the abbreviation already used 
V2(p = 0 

This gives, however, grad (p — grad ^ = 0, 
i. e. V2 ^ = 0, or — 


V2 y* = 0. 


We therefore see that in motions of this nature the terms which are 
multiplied by the viscosity jli vanish identically, which is as much as 
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to say that the frictional forces which individually are certainly present 
are collectively in equilibrium as are, for example, the stresses inside 
an arbitrarily constrained elastic body. We see also that in the theory 
of ideal frictionless fluids, the well-known flows for which there are 
potentials, these being characterized by the absence of rotation of the 
individual elements of the fluid, will at the same time supply solutions 
of the Navier- Stokes’ differential equations. Unfortunately, owing to 
another circumstance, the solutions so obtained are of little practical 
use in most cases. The difficulties arise from the boundary conditions. 
For the ideal frictionless fluid it is necessary to require only that the 
relative velocity perpendicular to the surface of a rigid body (or to a 
rigid wall) should vanish, while sliding along the surface is allowed. In 
the case of viscous fluids it is necessary to require, in order to be in 
accordance with experimental results, that also the tangential com- 
ponens of the velocity at the surface of the body vanish; L c. tlu? 
outermost layer of fluid adheres completely to the body or to the wall. 
Those motions of the ideal frictionless fluid for which there is a potential 
are, however, already completely determined by the condition that the 
normal component of velocity vanishes, and there is no possibility of 
making the tangential components vanish in addition to the normal 
components unless the fluid as a whole is assumed to be at rest relative 
to the body. We thus see that we cannot in this way reach a solution 
for a case in which the fluid in any manner moves past the body. The 
reason for this peculiar behavior is that the order of the differential 
equations is decreased by the vanishing of the frictional terms, and the 
possibility of satisfying the boundary conditions is consequently lost. 
We must therefore conclude that the solutions of the Navier- Stokes’ 
equations represent in general, fields of motion different from thost* 
where a potential is present; or in other words, that as a general rule 
we must reckon with rotations of the elements of the fluid. The knowledge 
that movements with a potential field are possible solutions remains 
valuable nevertheless, since we often obtain solutions which exhibit 
rotations only in the immediate neighborhood of the surface of the 
body, but are free from rotation at a distance from it. At these greatt‘r 
distances from the body we shall have therefore the same types of flow 
as are known for the case of the ideal fluid. 


For two-dimensional motions, where 

w = 0; u = u(x, y, t); v = v (x, y, t); 

du dv .. 

~dx ^ 

an intuitive indication of the behavior of the rotation of an element 
can be given. This is the well-known 

1 / dv \ 

2 \dx ~ dy) 


0 } 



SECTION 10 


61 


We obtain a result containing this by differentiating the first Navier- 
Stokes' equation with respect to y, the second with respect to x, and 
then subtracting the first from the second. With due consideration to 
the equation of continuity this gives 



where stands for The pressure p has been eliminated 

by this process. The form of this equation is exactly that of the equation 
for the distribution of temperature in a heat conducting medium, flowing 
with velocity components u and v. In order to convert one equation 
into the other we must replace the viscosity fi by the thermal con- 
ductivity, and the density g by the heat capacity per unit volume 
(density times specific heat). Our idea of the solutions to be expected 
is obviously improved if we know that the rotation oj spreads in the 
fluid in exactly the same way as the temperature from some point that 
has been heated. We obtain a good picture of the flow if we imagine 
that we are considering the behavior of a hot body in a cold fluid flowing 
past it. If the flow is very slow the temperature will be able to spread 
in all directions: with a swifter flow however, only a relatively thin 
layer of fluid will be warmed before the fluid has passed the body. In 
all eases a band of higher temperature will be found in the stream 
beyond the body consisting of those fluid particles which have passed 
close to the body. Qualitatively, exactly the same can be said of the 
rotations. If the movement is very slow, rotation will be found everywhere 
in the fluid. For swifter movements however, the rotation is principally 
concentrated in the immediate neighborhood of the surface of the body 
and the particles of fluid at a greater distance remain free from rotation. 
This point of view is very important and will show us the way to an 
approximate treatment of rapid motions. But even for relatively slow 
motions (small Reynolds numbers) more exact investigation will show 
that at a distance from the body, which in most cases is not very great, 
the fluid moves without rotation, with the exception of those particles 
which have previously come close to the body and been set into rotation 
by it. 

10. Some Examples of Exact Solutions. The problem of discovering 
exact solutions of the Navier- Stokes’ differential equations presents in 
general insuperable difficulties, a condition principally due to the fact 
that in one part of the terms, the unknown quantities occur multiplied 
by themselves or by one another, so that the equation is no longer linear. 
It is therefore impossible to find further solutions by the superposition 
of special solutions. Nevertheless, in particularly simple cases it is 
possible to give exact solutions, either because the “quadratic terms” 
disappear by themselves as a residt of the nature of the problem or 
else because the problem can be simplified by some suitable assumption. 
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(a) Solutions of the first kind include, for example, those for “laminar 
flows”, for which only one velocity component, say u, is different from 
zero and depends only on the coordinates perpendicular to the direction 
of flow, f. e. It = / (y, 2 , <), V w — 0 


The name laminar flow is inspired by the circumstance that for steady 
flows of this kind, all the particles of fluid which have the same value 
of u can be considered joined together as in a rigid surface. In accordance 
with the hypotheses these surfaces are general cylinders with axes parallel 
to the X axis, and the whole movement consists in the individual cylinders 
sliding over one another each with its own velocity. The word “lamina”, 
as already noted, means approximately “thin sheet or foil”. The picture, 
accordingly, is that of a number of such sheets spread out, or bent into 
concentric tubes, as the case may be, sliding over one another, whereby 
each individual sheet completely preserves its form. Continuity is auto- 
matically satisfied for such motions since u does not depend on x, and 
V and XU vanish. The Navicr- Stokes’ equations, after removing the terms 
which vanish, appear simply as 


^oX 


0 p I d^u 


d'¥) ’ 


0 = 



{) = qZ — 


dp 

dz 


We shall assume that X, Z are simply components of gravitation, 
so that.X (component in the direction of the axes of the tubes) as 
well as the components perpendicular to it, Y and Z, are constant in 
space. If the first equation is differentiated with respect to x, all the 
terms except — d^pjdx^ become zero of themselves, so that this term 
must also vanish. Similarly by differentiating the second equation with 
respect to y, and the third with respect to z, we have 

^ _ 

dx/" dz^' 

It follows that p must be a linear function of the coordinates and that 
dpjdx is a constant which we can combine with qX to form a single 
constant. Especially simple is the steady flow for which dvjdt — 0. 

d^ XL d^ XL 

Here we have simply, ^ 2 “ + ^2 “ constant (10.1) 

a differential equation which also occurs in the theory of the torsion 
of elastic bars of constant cross section. A membrane-analogy can also 
be applied here. If f be the elevation of a membrane stretched uniformly 
in all directions by a tension /8, and held in equilibrium by an excess 
of pressure p on one side of the membrane, we obtain the following 
equation, if we assume the bending to be small: 

_ P 

dy^'^dz^'~~8 


(10.1a) 
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If we add the boundary conditions of the hydrodynamical problem, viz, 
= 0 at the boundary, this means that the membrane is attached to a 
rigid boundary lying in the plane ^ — 0. The elevations | of the membrane 
above the plane of the boundary are then proportional to the required 
velocities. The solution for a circular boundary is no other than the 
“Hagen-Poiseuille flow” already discussed in 2. The solution is very 
simple for the case of the equilateral triangle. Here | is proportional 
to the product of the distances of the point 
in question from the three sides of the 
triangle. The complicated calculations, which 
for the most part have been performed for 
the torsion problem, give the solutions in 
the case of the rectangle, semicircle, and 
some other cross sections. 

The flow which develops in a circular 
cylinder at the commencement of the motion 
when a given difference of pressure is applied 
to the ends of the tube has only recently 
Ixjcome known through a paper given by 
Herr Szymanski at the International Congress 
of Mechanics in Stockholm^. The diagram 
representing the results of his calculations is 
reproduced in Fig. 11. We recognize that 
under the influenee of the differenee of 
pressure the middle parts of the fluid ex- 
hibit a velocity increasing with the time 
but constant across the section, while the viscous flow in a tube, 
friction makes itself felt in the boundary 

regions by holding back the fluid. Later the middle part too becomes 
subject to the friction and as time passes, the profile approaches 
more and more to the parabola. 

(b) A very simple non-steady motion is produced where a fluid is 
bounded by a wall which executes oscillations in its own plane. If we 
assume that these oscillations take place only along a straight line, 
velocities will be induced only in the direction of this line. Taking this 
direction as the x axis, and a perpendicular to the plane as y axis, we 

obtain u — u (y, t) 

If we neglect gravity, no differences of pressure occur, and the diffe- 
rential equation is simply 
(note the use of v for ^/g) 

' Proceedings of the 3^6 International Congress for Applied Mechanics, Stock- 
holm, vol. I, p. 249, 1930. 
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A solution of this equation known for about the last hundred y(*ars 
in connection with the theory of heat conduction, is 

u = A e~^y cos (nt — ky) (10.3) 

where in the present case k must be put equal to ^n\'lv. It can be easily 
verified, by differentiating the above equation, that the differential 
equation is in fact satisfied by this solution. It corresponds, as putting 
y = 0 shows, to a motion of the wall of amount 

Uq — A cos nt 

that is, a harmonic oscillation of the wall y — 0. The amplitude of the 
oscillations decrease with increasing distance from the wall, combined 



Fig:. 12. Flow In the vlcioity of an oscillating wall. ^ ^3. Flow in the vicinity of 

a wail suddenly set in motion. 


with a shift of phase such that the layers which arc farther away lag 
in their motion behind the nearer ones. Fig. 12 represents the motion 
at various periods. The distance after which the same phase recurs 
(a kind of “wave-length”) is 27zlk — 27i ]/2vln. The smaller the vis- 
cosity and the higher the frequency, the smaller is this distance. 

Since the differential equation is linear it is at once jiermitted to 
superpose several oscillations with various frequencies and amplitudes, 
so that these formulae have also supplied the solution for arbitrary 
periodic motion of the wall parallel to its own plane. 

Another solution of ( 10.2) , also taken from the theory of heat conduction , 
is of interest. If an unbounded plane wall suddenly begins to move in its 
own plane with a constant velocity, the distribution o f velocities is repre- 

00 


sented by the following function : 



(10.4) 
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where rj = y/2 ^vt. The properties of this function are shown in Fig. 13. 
The thickness of the layer set in motion is therefore of the order 2 ^vt. 
This result can also be found from dimensional analysis. The only 
combination of a kinematic viscosity and a time that gives a length 
is |/vi, so that this expression occurs in all cases where a certain time t 
determines the state of motion. In the preceding example we might 
have introduced the period of oscillation T equal to 27iln instead of 
the frequency n, thus giving the semi- wave-length 



It may be observed that both the above solutions 
can be easily rewritten for the case in which the 
wall is at rest and the fluid performs oscillations 
parallel to the wall, or where at the instant < = 0, 
it commences to move with velocity u^. A velo- 
city must then be added to the whole of the mass 
of fluid so that the points at y = 0 are at rest. 

(c) A different type of solution is given by 
putting u = —f (a:), v = yf' (x). 

The condition of continuity is thus automatically 
satisfied. Further light on the character of this 
motion is gained by considering a potential flow 
which satisfies this scheme as given by putting 
f (x) = ax. We then have 



Flpr. 14. Flow in the vici- 
nity of a stafirnation point. 


u = — ax, V — ay, 


which is the well-known flow at a stagnation point. The correspond- 

CL^ 

ing pressure is P ~ Pi — Q 2 + 2/^) 


as given immediately by the Bernoulli equation. We will now consider 
the problem of finding the flow in the vicinity of a stagnation point 
for a viscous fluid having the plane x == 0 as a fixed wall with u — v = 0 
at the wall, but such that at large distances from it the motion is essen- 
tially the same as that given by the previous potential flow. Fig. 14 
gives a picture of this motion. The boundary conditions are obviously 
as follows: For a: = 0 we must have / (x) ~ 0, and /' (x) = 0; and for 
a; ~ cx) let /' (a;) be equal to a. The pressure will be written as 

p = Po— 2 e"* + y*] 

With these values the Navier- Stokes’ equations give 

//' + 0=“2r(x)-rr (10.5) 

y (— //" + n = a^y + v yf" (10.6) 

Aerodynamic Theory III 


5 



66 


G. THE MECHANICS OF VISCOUS FLUIDS 


From the first of these equations we can find the unknown function 
F (x)y which was introduced into the expression for the pressure p. 
The equation which is of importance for the problem is the second, 
in which it can at once be seen that y can be cancelled throughout. 
Let the differential equation which remains be transformed so that all 
the numerical factors of the various terms become equal to unity. This 
is accomplished by taking as independent variable ^ = olx, where a is 

to be determined. We write f (x) — A(p (f) 

and further denote differentiation with respect to ^ by a prime. Sub- 
stitution in the second equation gives 

ofi ( — (p q>” + (p'^) V A a? 9?'" 

Equating the three factors 

A^(x? = = vA a^, 

we have A == ^ va ^ cl — 

and the differential equation becomes 

(p'" + ^ 1 = 0 (10.7) 

For large values of for which the frictional effects have disappeared, 
q)'* and qp'" vanish, so that 9?' becomes equal to ± 1. By hypothesis 
dfjdx must here be equal to a. But according to our assumptions 
dfjdx — A cL(p\ and ^ a = a, so that we see that the boundary condition 
for I = cx) is correct if we take the positive sign for tp\ But with qp = 0, 
qp' = 0 for ^ = 0 and qp' = 1 for | = 00 , the function / (f) is completely 
determined. We shall consider the mathematical treatment of this 
problem later in 16. The function qp' which is of especial interest to us 
here, since it gives the sliding velocity at the wall (v) is shown in Fig. 23 
by the heavier of the two curves (in this diagram f\ stands for qp' and 
ri for f. We see that for f approximately equal to 2.6, qp' becomes 
practically constant^. This means a distance of 



This solution is valid, and this point must be emphasized, only for 
the case here considered, in which the flow is directed on to the plate and 
in which it splits up into two streams in opposite directions. If the 
velocities are reversed in direction so that the flow comes from both 
sides and then leaves the plate, the above solution does not hold. With 
this reversal the convection and pressure terms of (10.6) preserve their, 
sign, and only the sign of the term with v changes. We therefore obtain 
a differential equation for qp' in which the qp'" term has the opposite 
sign, but the other signs remain the same. The differential equation 



^ The error is about 1/2 per cent. 
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SO modified has however no solution compatible with the given boundary 
conditions. Hence the motion in one direction has a solution capable 
of physical interpretation, but the one in the opposite direction has not. 

From the last three examples we obtain the uniform rule that the 
thickness of the layer in which the frictional effects take place is pro- 
portional to i/v, and this layer therefore becomes very thin for small 
kinematic viscosities. All rotational motions take place in this layer. 
Outside it the motion is free from rotation. 

It may be further noted that the case of a uniformly rotating plane 
disk with axis of rotation perpendicular to the disk is also capable of 
an exact solution similar to those preceding. A calculation of this kind 
has been carried through by Th. von Karmdn^. 

(d) The following group of solutions is also worthy of note: Let 
a plane flow be assumed for which all the stream-lines are radii inter- 
secting in a point. Let the velocities on the various radii be different, 
and therefore a function of the polar angle. A radius along which the 
velocity is zero then represents a radial wall. Continuity is satisfied 
if the velocity along one and the same radius is made inversely pro- 
portional to the distance from the center. If u be the radial velocity, 

we must then have n f (0) 

A transformation of the Navier- Stokes’ equations to polar coordinates 
and introducing the previous assumption gives, as we may briefly ob- 
serve, the differential equation 

/2 + k 4- v (4/ + /") = 0 (10.8) 

which may be solved by elliptic integrals (k is a parameter connected 
with the pressure gradient). The solutions have been given by G. Hamel 2. 
Hamel incidentally shows that it is possible, without considerable 
additional difficulty, to calculate flows in whicli the stream-lines are 
logarithmic spirals. We shall not enter into a discussion of the details 
here. It may be observed however, that for flows directed toward 
the center, that is, accelerated flows, a reasonable solution can always 
be obtained. These motions are of such a nature that for small viscosity 
the flow in the interior of the field coincides with that for the simple 
case of flow towards a sink {u = const. Jr), but in the neighborhood of a 
radial wall becomes zero. On the other hand, for outward flow, which 
is of the retarded type, solutions capable of a practical interpretation 
can be given only for relatively narrow wedge-shaped channels with an 
angle of wedge of the order of magnitude yvjfmax- Here again the 

^ Zcitsohr. f. arigew. Math. u. Meoh., vol. I, p. 244, 1921. 

* Hamel, G., Jahresbericht der Deutsch. Mathematiker-Vereinigung, 25, 1916, 
also Tollmisn, Handbuoh d. Exp.-Phys. IV, 1, p. 267. 


6 * 
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phenomenon of the previous example reappears whereby practical 
solutions without restriction exist for one direction but not for the other. 

(e) As a last example we may discuss the dissolution of a vortex 
filament through fluid friction. The stream-lines are here concentric 
circles. This problem can be handled best by the aid of the heat- 
conduction analogy. A vortex-filament concentrated along a lino corre- 
sponds to a warm point in a conducting flat plane ; the constant circu- 
lation of the vortex corresj)onds therefore to a constant quantity of 
heat. The analogous problem can be stated as follows: At time ^ — 0 
a definite quantity of heat is brought to a point of the plane — e. g. by 
bringing a hot body into contact with it for a moment — and this quantity 
of heat now spreads through the sheet by conduction. The solution is 
known. Let (o be the element of rotation, r the distance from the axis 
of the vortex and t the time from the commencement of the rotation; 
the distribution of co is then given by 

(o = -^ e ’*!*•’* ( 10 . 9 ) ‘ 

The circulation around a circle of radius r, according to Stokes’ theorem, 
is equal to double the surface integral of co inside tlie circle. Putting 
the surface element equal to 2 nr dr , the circulation becomes 

r 

r = 4:71 f (or dr 

0 

The factor A can be expressed in terms of Fi == H nv A, the circulation 
around an infinitely large circle. The final result is 

r=r^(l—e~ (10.10) 

The velocity is however obtained from the circulation by dividing by 

2;;rr, sothat m = /’i- (1— (10.11) 

^71 r ' ' 


^ A verification of this solution can be made as follows: First 
2 d^o) d^(o 

^ + dy^ ’ 

is to be calculated on the assumption that w depends only on r = j/a;* + y*. This 

2 d^(a I do) 

V ««> = -5-4- H ^ 

or* r dr 


gives 

We must now have 
But we find 
and further 
Also 


do) 
dt 
d (o 
~dt 
dm 
dr 
d^m 

17* 


= V S7^(o, 

-(->■+ TO-)”-"'”' 


Ar 

2vf* 

A 




= I L A 


so that the differential equation is really satisfied. 
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The function tends to zero very rapidly for large arguments 

so that constant circulation, i. e. the usual circulatory motion with a 
potential is obtained. But in the region where is different 

from zero there are rotational motions and the velocities are smaller 
than in the potential flow. At different times the radial distance at 
which the velocity is some definite fraction of the velocity in the potential 
case, e. g. 80 per cent of the velocity, is therefore again proportional 
to |/r<, in accordance with the earlier discussion of the dimensions of 
the quantities involved. For small radial distances the exponential 
function can be expanded in a series 


e-rViyt^l — 

4vt 


, 1 r« 

2 ( 4 ^ 0 '** 


and so we obtain 




r3 

2 (4v /)2 



( 10 . 12 ) 


The velocity ther(‘fore tends to zero on approacliing the axis, as must 
be the case. On the axis, (10.9) gives 

A r, 

t H 71 V t 


and naturally for very small radii we must have u — coq r. We see from 
(10.12) that this is the case. Altogether we see from (10.11) that the 
circulatory motion at any radial dis- 
tance which is not too small remains “ 
unaltered until the diffusion of the I 
vortex core reaches the point in 
question, after which the velocity 
gradually becomes less. Fig. 15 gives 
the velocity as a function of the 
radial distance for various consecutive 
intervals of time. 

If the frictional forces are inves- 
tigated, the same constant moment 
of rotation is found in all cylindrical sections concentric with the axis, 
so long as the diffusion of the vortex core has not reached the cylinder. 
As the vortex core grows, the moment of momentum of those parts 
of the fluid which are affected by the change, decreases, and this decrease 
in the angular momentum per unit time is exactly equal to the moment 
of the frictional forces in the outer portions. 

11. Theory of Very Slow Motions. The exact solutions given in the 
preceding paragraph cover only a set of rather special cases; most of 
them deal with flow along a plane wall, or otherwise, the form of the 
stream-lines is given as some very simple curve. The majority of the 
problems which arise in practice cannot, at present, be solved in this 



Fig. 1 5. Dissolution of a vortex filament. 
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way, and must be attacked by approximate methods. Such approxi- 
mations are possible: 

1) In the case of a predominantly large viscosity where the effects 
of inertia can be entirely neglected. 

2) In the case of very small viscosities if the deviations from the 
motion of frictionless fluids are restricted to regions in the neighborhood 
of the wall or fixed body respectively, in which case the friction need 
be considered only in these limited regions, thus leading to certain 
simphfications in the calculations. 

In both cases it is fundamentally possible to obtain at a later stage 
approximate values for the quantities neglected in the first calculations, 
and hence to improve the approximation. This, however, makes the 
discussion in general so complicated that such refinements are commonly 
omitted. This method therefore leaves the whole of the middle region 
of the Reynolds numbers without solutions. When the flow drags 
particles of rotating fluid from the neighborhood of the wall or solid 
body into the interior of the fluid, as very often happens, we have no 
useful solutions, even for large Reynolds numbers, except for a few 
cases where this occurs in very regular fashion. 

For the very smallest Re3rnolds numbers (i, e. very small velocities 
and dimensions of the body or very great viscosities, respectively) the 
frictional terms outweigh the inertial terms in such degree that the latter 
can be completely neglected. In the case of steady flow this can be seen 
very simply from the Navier- Stokes’ equations. The inertial terms contain 
the velocities to the second order, the frictional terms to the first, so 
that as the velocity diminishes, the inertial terms decrease more rapidly 
than the frictional terms. Otherwise it is obvious that the frictional 
terms predominate if the viscosity increases sufficiently. If the terms 
in which the density q occurs are therefore removed, we obtain the 


following equations grad p — ^ V, 

div V = 0 


or, written in components 


dp 

d X 


HS7^u 


d p 
dy 
d p 
dz 


= fiS/^v 


( 11 . 1 ) 

(11.2) 


(11.1a) 


where, as before 


du i 

dx ' ‘ dz 


y2 ^ _i_ 

^ ax* ^ 


a* 

at/* 


+ 


0 

a 2*' 


(11.2a) 


Taking the divergence of (11.1) or, in other words, differentiating the 
first of (11.1a) with respect to x, the second with respect to y, and the 
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third with respect to 2 , and adding the three equations, it follows from 
(11.2a), since the operators and div can bo interchanged, that 

div grad p = \/^p = 0 (113) 

Functions of space coordinates whose derivative vanishes are studied 
in great detail in the theory of electrostatic and gravitational potential. 
There is a great number of such functions and appropriate choices can 
be taken as bases for calculating many types of flow. 

We shall here deal with the simplest of such cases — the passage of a 
sphere through a viscous fluid. The solution was given by Stokes^. 
It is to be expected that the pressure on the side where the fluid flows 
toward the sphere (negative x) will be greater, and on the side where 
it flows away from it, less, than the undisturbed pressure. The pressure 
disturbances must die away at infinity. The simplest function satisfying 
(11.3) and having the required properties is 


where ^ 


r = + 32 


We will now look foi* a flow of viscous fluid for which the pressure 
satisfies (11.4) thus furnishing certain information regarding 
and through the use of (11.1a). 


We have, 


— — 

\/^v ~ 

70 ^ 

V“ w ™ 




(11.5) 


We will first verify tht^ symmetry of the three velocity components 
which involves the symmetry of their derivatives. It can be seen 
from Fig. 16 that u, starting as the undisturbed velocity tends to zero 
as the sphere is reached, and then on the other side, starts at zero and 
increases to the undisturbed velocity. Hence u must be an even function 
of Xy and also of y and 2 , smee the flow must be symmetrical about the 
plane of yz and also about the axis of x. The velocity component v 
must be even in; 2 , but odd in x and y (for positive y it is positive on the 


^ Stokes, Camb. Trans., vol. IX, 1851, or Collected Papers, vol. Ill, p. 65. 
* The simplest solution of (11.3) corresponds to the electric potential of a 
point charge and is l/r. All partial differential coefficients of 1/r with respect 
to the coordinates are further solutions. If it is observed when differentiating that 

dr X 
dx ~ r 
d 


etc. 


it is found that 


d X 




X 

r3 


which corresponds to the above expression. 
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inflow side, negative on the outflow side, and exactly reversed ior nega- 
tive y). The same holds for except that y and z must be interchanged. 
It is seen that these requirements of symmetry are exactly satisfied 
by (II.5). 

We have now to integrate these equations. The most practical 
method is to experiment with the derivatives of several expressions 
having the required properties of symmetry. The number of suitable 

expressions is not at all extensive, if it 
be observed that the derivation 
changes the dimension of the expressions 
.X the same as division by r^. The ex- 
pressions in (11.5) are all of dimen- 
sion 1/r^. We must therefore consider 
expressions of dimension l/>. Tln^ ex- 
pression I/V cannot be used, since its 
derivative vanishes. The next simplest expression having the re- 
quired symmetry for the component u is x^jr^. This gives 

^ [r^ / ' 



and we at once find that this expression, when multiplied by — -4/2/i 
supplies exactly the V^u of (11.5). An expression with the symmetries 
required for v is xyjr^. Calculation gives 



6 X y 


Here too 'we must multiply by — to obtain the value of 
A corresponding result holds for V^m;. Wc must now fiirthf‘r demand 
of this solution, which with the expressions chosen satisfices (ll.l), that 
it satisfy also (11.2), and further, that on thee surface of a definite sphere 
all these velocity components vanish. The terms so far chosen will not 
do this and we must therefore add more terms in such a way that (11.1) 
will still be satisfied. This will be the case if we add terms whose 
derivatives vanish identically. Bearing in mind the symmetry of u we 
may add a constant for this component, and the following functions 
multiplied by certain constants: 


1 ^ 
r ’ 


and 


a* / 1 \ _ 3x2 _ 1 
a x2 \ r / ~ ' r® 


For V we may add the following function multiplied by a constant: 

/ 1 \ _ 3x1/ 
dxdy \ r ) 

and for w similarly J 

It happens that these functions are the same as those occurring in (11.5) 
and we therefore deduce that • V^u — 0, and similarly • V^v = 
V2 • V^w = 0. This is a relation which can be seen to hold in general 
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by writing out the derivatives of (11.1) or (11.1a), respectively. 
After these preliminaries we can write 


u : 


2 fi 


-j- Uq H + ^ “3~ 1 


2 fjL ' fS 

^ ^2 , n XZ 


( 11 . 6 ) 


The first term is in each case that which satisfies (11.5), the rest are 
the additions previously mentioned. 

We first evaluate a:, dvjdy, and add them together. This gives 


A X 

2]ir^ 


Bx 


+ (9C + iSD) [iryCx^ 4- 15Z) (y2 + .J)] 


0 . 


Putting D — C the last term simplifies to — 15 C xjr^ and cancels 
with the term previous to it. Further if B is put equal to — A/2 // the 
condition of continuity is satisfied for all values of x and r, and we 
have surely obtainenl a solution of the simplified Navier- Stokes’ equations. 
We must now make the velocities vanish for a given radius r = a. It 
is more convenient to consider the components r or iv before considering u. 
We see at once that r and iv both vanish for r = a if we put D — A fi 
and from above we get the same value for C. 

Inserting the values of B and C in the first of (11.6) and putting r 
equal to a, it is seen that the terms containing vanish identically. 
The terms not containing the factor supply the connection between 
the constant A, hitherto undetermined, and the velocity at infinity Wq- 

3 

For A we obtain A — ^ y 


We have in fact succeeded in this case in finding a solution for the sphere 
in a viscous fluid. Tlu^ velocity components and the pressure can now 
be written down (*xi)licitly, involving both the radius of the sphere and 
the velocity at infinity u^: 


'M-fi 


V U, 


3 aa;2 

4 r3 
3 ax y 

3 


w - 


u. 


04 r 

3 axz 
0 4 ^3 




J) 


3 ^u^ax 


(11.7) 


( 11 . 8 ) 


It is now jK)88iblc to calculate the resistance. This is a compound of 
the difference of pressure and the frictional forces. The pressure on the 

surface of the sphere is /? == 
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The pressure is respectively greatest and least at the points and Pg 
in Fig. 16 where x — ±a. At these points which we will call the “poles’’ 


There are no frictional forces at these two points since here, as can 

, du dv dw ^ 

easily be verified ^ — a = a “ 

^ d X d y d z 

(the other differential coefficients of the first order are already zero on 
the axis on account of symmetry). We do however obtain frictional 
forces at other points on the sphere. These are greatest at the “equator”, 
i. e. at X = 0. We will calculate dujdy for the point a; = 0, y = 


s = 0 (.4 in Fig. 16). 

We write x = < 

and obtain 

= 1^0 ^1 — 

so that 

du f 3 a 

S y - «0 1^-4 yi 


1 o3 \ 
'4 


+ 


3 a^\ 

4 tPl 


Putting y — a this gives dujdy — 3/2 uja and the shear at the equator 

3 f.1 'Up 
2 a 


is therefore 


T = 


This value is exactly equal to the surplus or deficit in pressure, resi)ec- 
tively, at the poles. An easy calculation shows that the resultant of 
the pressure differences relative to the pressure in the undisturbed fluid, 
and of the frictional forces, has the same magnitude at all other points 
on the surface and is always in the direction of the x axis. Hence the 
whole resistance is obtained by multiplying the given force p(‘r unit 
area of the surface of the sphere by 4 rr a^. This gives 

D — (ll'l) 

This formula is well-known as “Stokes’ Formula”. It may be noted 
that one third of this resistance arises from the difhjrences in pressure 
and two thirds from frictional forces. 

Corresponding calculations can be effected also for the ellipsoid. 
Instead of commencing with the potential function 1/r (potential of a 
sphere) we start with the gravitation potential of an ellipsoid of uniform 
mass. For the calculations, which are rather complicated, the reader 
may be referred to Lamb’s Hydrodynamics § 339. The case of a plane 
circular disc which is a special case of the ellipsoid is of great interest. 
The resistance in that case is, according to Oberbeck^ 

( 11 . 10 ) 

where a is the radius of the disc. 


^ Obebbeck, Uber stationare Flussigkeitsbewegungon mit Berucksichtigung 
der inneren Reibung. Crelles’ Journal, vol. 81, p. 62, 1876. 
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By going to the limit, the case of the infinitely long cylinder with 
axis perpendicular to the direction of flow can be derived from the 
ellipsoid. The flow is two-dimensional and can also be directly calculated 
as in the case of the sphere. It is necessary to start with the two- 
dimensional potential log r instead of l/r, where r = + 2 /^. The 

result for the pressure is here p — — ^ 


This gives the following formulae for the velocity when the cylinder 
A 


has a radius a, u == ^ 2log ^ + (l— — ^) 


V = 


A 

' 2 // 




( 11 . 11 ) 


The difficulty arises however that the velocity at a great distance 

A. T 

becomes log ^ (11.11a) 


i. fi., it is not constant but becomes logarithmically infinite for large 
distances, so that we are not in a position to connect the flow with a 
definite velocity of the undisturbed fluid. This is due to the fact that 
the frictional effects due to the infinitedy long cylinder also exert an 
influence infinitely far at right angles to the axis. The problem only 
becomes detcirminate when the fluid is bounded by a fixed wall or the like. 

The resistance can be calculated as for the sphere. Once again the 
shear r at the point A of Fig. 16 is as great as the excess or deficit 
respectively, of pressure at the points I\ and Pg? ^ 

of the cylinder of length I, the surface is equal to 2 n a I, and therefore 
the resistance, which is equal to the surface area times the force per 


unit area, can be writtem as D — 2 n Al 


(11.12) 


12, Oseen’s Improvement of the Preceding Theory. In order to improve 
the solution of the preceding section, the method of successive approxi- 
mation obviously suggests itself. Using the values of the velocities 
obtained, the neglected inertial terms can be calculated, thus giving 
the modifications of the velocities which are necessary in order to bring 
these inertial terms (small by hypothesis) into agreement with the 
pressures and viscosity forces. Such a refinement would be specially 
desirable in the case of the infinitely long cylinder where the results 
are not very satisfactory. It is found however, that the attempt to 
calculate these corrections fails because at some distance from the sphere 
or cylinder respectively the corrections become larger than the first 
approximations with which the process starts — in other words the 
process is divergent. This shows that something must be wrong with 
the theory so far developed. The cause of the trouble was discovered 
by Oseen who also gave a method for improving the theory. Briefly 
the situation is as follows: 
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If the orders of magnitude of the viscosity terms and the inertial 
terms at large distances from the disturbing object arc considered, the 

results are, for example for the sphere, of an order of magnitude // 

for the viscosity terms (of the type ^ u) and q for the inertial 

terms ^of type ^ w The ratio of the inertial terms to the viscosity 

terms, which in Stokes’ calculations was assumed to be negligibly small, 


qUqY u^r 

appears as ’ 

that is, it equals a Reynolds number containing the radius r. It is clear 
that for increasing r this ratio can become arbitrarily large, even though 
the Reynolds number of the sphere ajv is very small, so that in every 
case there is a distance at which the postulate of the theory, viz. that 
the inertial terms can be neglected in comparison with the viscosity 
terms, is no longer correct. The theory must therefore be completed 
by a development of the inverse kind, viz. a development which starts 
based on the preponderating effect of the inertial terms. This expansion 
then furnishes a different state of flow at large distances from the body 
and it will thus be possible to clear up completely the paradoxical 
behavior of the infinitely long cylinder. 

We must first establish the following facts: at a very great distance 
from the body, we have the undisturbed velocity at finite but large 
distances from the body, small disturbing velocities u\ v\ i// are added 
to Uq. The inertial terms u{bujdx), vidujdy), w (dujdz) after writing 
u — V = v\ tv — iv' can be split into two groups of different 

orders of magnitude. One group with the factor 'Mq, a.g. UQ(du'ldx) 
contains small velocities of the first order, the second group, c. g. 
u' {du'jbx) or v' {dv'Idy) etc,, contains small velocities in both factors, 
and is therefore of the second order. The idea of the approximation 
due to C. W. Oseen^ is to consider only terms of the first order, whereby 
a linear problem is obtained for which mathematical solutions are ready. 
The solutions obtained in this way are obviously approximations for 
a region far from the body where in fact the disturbing velocities due to 
the body are small compared with Uq. In the special case under con- 
sideration, where in the neighborhood of the body the viscosity terms 
predominate, and, at distances where this is not the case the velocities 
added to Uq are already sufficiently small, the result can be allowed 
to hold for the whole region. This is so since in the interior region the 
neglected inertial terms are of the second order relative to the viscosity 
terms, and in the exterior region they are small relative to the inertial 


^ Uber die Stokes’sohe Formel und liber eine venvandte Aufgabe in der 
Hydrodynamik. Arkiv fdr matematik, astronomi och fysik, Bd. 6, No. 29, 1910, 
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terms of the first order. The results so obtained can naturally be used 
only for Reynolds numbers uajv which are small relative to unity. The 
additions we have mentioned change (11.1a) as foUows: 


du' dp V72 ' 


dx 

dv' , 

+ 


d X 

dp 
d X ' dy 
dw' 




V2?/ 


the equation of continuity is as before 

dy'^dz ~~ 


( 12 . 1 ) 


( 12 . 2 ) 

Solutions of these equations can bo obtained by the following method 
due to H. Lamb 

The solution is composed of two parts 

U =U^+ Wg, 

V V2, 

tv Wi + w;2, 

where u^y are derived from a potential 


dtp dw dw 

Ui — , r, — = ~ 


. , M-o , ‘-i-p (12.3) 

d X ^ d y ^ ^ dz ' ' 

and are chosen so that they exactly balance the differences of pressure. 
By constructing the divergence of (12.1) and by using (12.2), we can 
show that here also, — 0. If we put 

(12.4) 

the frictional terms etc., vanish, and on the other hand 

(12.5) 


d w 


SO that V2p ~ 0, and equations (12.1) are therefore also satisfied. 

The portions U 2 , Vg, must now serve to balance the frictional 
terms etc. with the inertial forces qKq (dujdx). A solution is 

obtained by using the relations. 


u, 


2 


Vo = 




W 9 


dx' 

dy 

^X 

whore x satisfies the differential equation 

dx Wq ^ 

^ On the Uniform Motion of a Sphere Through a Viscous Fluid. Phil. Mag. 
(6) 2,p. 112, 1911. 


( 12 . 6 ) 


(12.7) 
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Substituting the values given by (12.6) into (12.2), we see that con- 
tinuity is satisfied on account of (12.7), and equations (12.1) are also 
satisfied if, as assumed, no pressure is involved in the flow Vg, 

We have now to find solutions for the function The simplest is 

= *=(•■-») ( 12 . 8 ) 

with r = y 

Differentiating we find ^ ^ ^ (r — x) — - j e“ ^ 

V* z = ^ \k (r-x)- -*-] c- *= <r - X) 

and hence, if (12.7) is to be satisfied, k — uJ2 v. The function x must 
be discussed somewhat more closely. First, what is the geometrical 
locus along which (r — x) is constant? We write r = x C and square, 
obtaining after simplification 

= 2Cx + 

or ^ 

This is a paraboloid of revolution with the x axis as axis of revolution, 
and focus at the origin of coordinates. (The point of intersection with 
the X axis is at ;r = — 1/2 C*, and the y, z plane cuts it in a circle of 
radius C.) The expression (r — x) therefore gives constant values 
on confocal paraboloids and these values become very small as soon 
as the argument becomes somewhat large. Outside a certain paraboloid 
therefore, the function x practically equal to zero and the velocities 
v^, derived from it also vanish. In the immediate neighborhood 
of the origin of coordinates (r — x) is very small and therefore e" * 
is practically equal to unity, so that here 

A 

X 

Hence for small r — — ^4 ^ • 

t’2 = — -4 . 

Wa = — ^ + . . . 

The flow, which according to the preceding remarks satisfies the con- 
ditions of continuity, has a sink at the origin which must be compensated 
by an equally strong source of the flow Hence the potential (p 

must contain a term — i4/r, and of course other terms in addition, to 
ensure fulfillment of the boundary conditions at the surface of the sphere. 
We must pass over the exact calculation. It can be found in Lamb’s 
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paper of 1911, and in § 340 of his textbook^. The result is that for 
Reynolds numbers u^ajp which are small compared to 1, the flow in 
the neighborhood of the sphere is almost exactly given by Stokes’ 
calculation and the same formula for the resistance is obtained. At 
great distances however, the velocity distribution is quite unlike that 
given by Stokes’ formula. Even for Uq rjv = 1 these velocities are already 
quite different. A paraboloidal domain of disturbance is found stretching 
behind the sphere where the velocity of flow falls off as the reciprocal 
of the distance. In this domain the fluid moves in a ‘"wake” behind 

the body. These are the particles 
which have been reached by the 
diffusion of the rotation produced 
by the body. Outside this region 


Fitf. 17. Osoen’s solution for the viscous Fig. 18. Stokes’s solution for the viscous 
flow around a moving sphere. flow around a moving sphere. 




th(*r(‘ is a flow as from a source, which appears to radiate from the body 
and to make place for the fluid which moves toward the body in the 
wake. Fig. 17 represents such a flow. For greater clarity a system 
of reference has been chosen in which the undisturbed fluid is at rest 
and the body is moving. The corresponding picture for the Stokes’ 
motion is reproduced in Fig. 18. For infinitely small Reynolds numbers 
the paraboloid given in Fig. 17 by the broken line would move toward 
infinity and Fig. 17 would in fact transform into Fig. 18. 

The calculations for the infinitely long cylinder were carried through 
by Lamb, see his paper of 1911 already mentioned, and his textbook 
§ 343. The function in this case is a more complicated expression 
which, for large values of the radius r, can bo represented by 


X = 


4- 

l/2A;r 


The circumstances are obviously very similar, apart from the different 
power of r which occurs. This knowledge will now allow us to arrive 


^ Fifth edition. 
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at an estimate for the resistance formula of a cylinder. We were not 
able to do this from the considerations of the preceding paragraph since 
we could give no definite velocity to the undisturbed flow corresponding 
to the actual flow considered. We can now say that the inertial forces 
produce, at a great distance, a flow of a different form corresponding 
to a constant velocity at infinity. As an approximation to the distance 
at which the Stokes’ solution passes over into the solution which replaces 
it, we may take the distance from the origin to the vertex of that parabola 
for which the exponent of e becomes equal to — 1. This is the case 
when hr = 1/2 or u^rlv — 1. Putting 



in accordance with formula (11.11a), and taking the above value for r, 
we obtain 


A j V 
2/i u^a 


and therefore 


V 


log 


from which with (11.12) the resistance can be written: 


hg - 

This formula is of course not very exact since it is based on a rough 
approximation. Lamb has however made the exact calculation and 
finds a formula which differs from the above only in having an additive 
term in the denominator. The correct formula is 


jj ^ 4 71 ft Up I 

where y, (0.577), is Euler’s constant. It may bo mentioned that Stokes’ 
formula for spheres and Lamb’s formula for cylinders have been well 
confirmed by experimental tests (the latter however only by extra- 
polation from larger Reynolds numbers). They can however be applied 
only for Reynolds numbers which are less than 1. Numerical calculations 
for cases of Reynolds numbers somewhat greater than 1 have been 
made by A. Thom^ and his students, and the results are in good agreement 
with experiment. An analytic representation of the results was however 
found to be impossible. 

13. Boundary Layers. The other extreme, of very small viscosities, 
or in other words of very large Reynolds numbers, may now bo discussed. 
The exposition in 9 and various examples in 10 have made it clear that 


^ Thom, A., Some Studies of the Flow Past Cylinders. Vortrage aus dem 
Gebiet der Aerodynamik und verwandten Gebieten, Aachen, 1929 (Julius Springer, 
Berlin 1930, p. 68). 
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the case very often arises where the flow is without rotation except 
for a thin layer in the neighborhood of the fixed surface, and can therefore 
be represented by a potential of the same kind as those which occur 
in the theory of ideal fluids. This state of affairs may be expected 
particularly when the flow commences from rest, or when some disturbing 
object enters a region previously at rest. We shall now investigate how 
the Navier- Stokes’ equations can be simplified in case it is previously 
known that the desired solution shows deviations from the potential flow 
only in a thin region in the neighborhood of a fixed surface. 

For the sake of clarity the problem will be formulated only for the 
two-dimensional flow (the so-called plane problem). We shall also assume 
at first that the fixed surface lies in the x z plane. The boundary condi- 
tions therefore are : When i/ = 0, — The peculiarity of the flow 

is that in accordance with the previous exposition, we have practically a 
potential flow until comparatively near to the fixed surface, which, in 
accordance with previous considerations, would slide with a finite velocity 
past the wall. The transition from this velocity to the zero velocity 
demanded by the boundary conditions takes place in a thin layer whose 
order of magnitude can be taken from the example already mentioned 
in 10. Wo introduce the dimension d as a measure of this thickness, 
and can at first take it to mean that distance from the wall at which 
the transition from zero velocity to the potential flow has been com- 
pleted, so that all friction effects take place inside a layer of thickness <5. 
The name “Boundary Layer” has been introduced for such layers. We 
will now see to what extent Navier- Stokes’ equations can be simplified 
on the basis of the above exposition. If the impressed forces X, Y are 
left out of consideration^, we have to deal with the following equations 
for the two-dimensional flows; 


Q 

Q 



u 


u 


d u 
d X 
dv 
d X 



du dv 
d x~^ d y 


= 0 


(13.1) 

(13.2) 


We next consider what takes place when the region in which the flow 
occurs has an extension much smaller in the y direction than in the 
X direction. We also introduce a characteristic length I for the .r direction, 
and, in order to obtain dimensionless coordinates, put 

x = y = d tj 


In order now to relate the orders of magnitude of the velocities ti and v, 


^ As previously noted, this only means the splitting away of a part of the 
pressure which is in equilibrium with qX and qY, 

Aerodynamic Theory III 


6 
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we integrate dvjdy, using the equation of continuity (13.2) and the 
boundary condition v = 0 for 1 / = 0, and obtain for y = d, 

d 



0 

If wo introduce f and t] into this formula we find 


1 



0 


But dujd^, and therefore also its integral from 0 to 1, are of normal 
order of magnitude. We therefore find that the order of magnitude 
of v is djl times the order of magnitude of or expressed in another 
way, (l/d) V has the same order of magnitude as We now write (13.1) 
in the new coordinates and find 


Q 

I 


^ dt 



+ 


1 dj) y d^u y d^u 


If we realize that the ordinate 7 ] ranges from 0 to 1 inside the region 
of friction, we find that the differential coefficients dujdr] and &uldri^ 
are in general of the same order of magnitude as u itself. Similarly, by 
suitable choice of the length I, f can be made to range in a region of 
order of magnitude 1, so that the differential coefficients of f are also 
of normal order of magnitude. We may also assume that duldt is at most 
of such an order of magnitude as to fit in suitably with the other accele- 
ration terms. This excludes states of affairs containing very sudden 
accelerations produced by shocks, which in themselves are possible, 
but will be assumed not to occur in the present problem. (Accelerations 
induced by shock or a sudden blow in such cases, would of course be 
decisive factors in the considerations of orders of magnitude.) It is 
easy to see what order of magnitude may be permitted to dujdt. Instead 
of t a new variable t can be introduced such that 


This means that time is related to the period taken to traverse the 
length I with a velocity I4 q, which is characteristic of the state of affairs. 
Instead of I {duldt) we have now Uq (duldx), an expression of the same 
form as u (dujd^). Our assumptions can therefore be expressed by the 
statement that du/dr must have an order of magnitude not greater than 
that of du/d^. 

The velocity component v occurs in the left hand factor, multiplied 
by IJd. This brings the order of magnitude of the term up to that of u. 
Hence all three terms in the bracket have the same order of magnitude. 

One of the terms multiplied by pt is divided by and the other is 
divided by d®. According to hypothesis the viscosity fi is very small. 
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Since is also very small may become finite again. It is clear 

however that in such case, is very small, so that the expression 

(d^ujdS^) is negligible. In what follows we shall, in fact, neglect 
this expression. Regarding the order of magnitude of d, the following 

statement can now be made. Evidently the terms ^ u and 

should be of the same order of magnitude. According to our discussion 
the two differential coefficients dujd^ and d^ujdrf are of the same order 
of magnitude and can therefore be cancelled on both sides for the pur- 
pose of the present estimate. If the variable^ velocity u be rej)resented 
by a suitably chosen value we find 

OUq 

which can also be written as ^ (13.3) 

I Y ^0^ 

Th(^ ratio of the boundary lay(*r thickness d to the length of the flow, 
measured along the wall, thus turns out to be inversely proportional 
to the square root of the R(‘ynolds number. This is in agreement with 
the results of the exact solutions of 10. We now consider the second 
equation of (13.1) in the same manner. We find first, 

y f dv . dv . I dv] . I d p a 'd^v , u d^v 

<5 + 

With the former assumptions as to the accelerations, the three terms 
in the bracket have the same order of magnitude. In accordance with 
the conditions regarding d, this is the same as that of the expression 

^2 Y ~^2 • The expression ^ L again small and can be cancelled in 

comparison with the other terms. The order of magnitude of the remaining 
terms is that of v, that is, equal to u^dlL Hence the order of magnitude 
of dpi dr] is qu^ Hence the variation of p in the region of the 

boundary layer is so small that it may be neglected. 

So far, the eejuations are concerned with a fixi‘d plane surface. The 
results obtained can however be exttnided to a curved surface. In this 
case a coordinate system can be chosen in which the arc-length along 
the fixed surface can be introduced as the x coordinate, and the per- 
pendicular distance from the surface as the y coordinate. The curvature 
now introduces a series of terms which are partly caused by the varying 
length of the coordinate x, and partly by the transverse accelerations. 
Since we here consider a region of small thickness 6, these first corrections 
can be forthwith neglected in the present approximate theory; further, 
if it be assumed that the smallest radii of curvature of the wall are of 
the order of magnitude of /, the corrections due to the transverse 
acceleration change the order of dpjdrj by one order d/l, so that these 
are now given by qu^ djL Nevertheleas dpldr] remains small to the first 


6 * 
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order and must be integrated between 0 and 1 in order to obtain p, so 
that the differences of p inside the boundary layer still remain of the 
order stated. In the following calculations we shall therefore take 
dpjdr) = 0 with the consequence that p is now only a function of 
We have now finished with the second^ equation of (13.1) and have 
obtained the final equations for a two-dimensional boundary layer flow as 


e(' 


d u 



d p 
d X 




( 13 . 4 ) 


du dv 
d x' dy 


= {) 


(13.5) 


In these equations the old coordinates x, y have been introduced once 
again, but care must naturally be taken that the application of these 
simplified equations is restricted to a region whose extension in the 
y direction is of the order of magnitude |/y//Wo- In order to satisfy the 
equation of continuity a stream function W is usually introduced from 
which the velocities u and v are derived by the equations 

dW 

cy^ dx 

Substitution shows at once that continuity is satisfied, and we now pass 
on to study various solutions of the boundary layer equation. 


14. The Flat Plate. One of the simplest examples is the flow along 
a thin flat plate (Fig. 19). Let the origin of coordinates be placed 

at the front edge of the plate, 
where the flow divides. Let the 
flow of the undisturbed fluid 
be in the direction of the x axis 
and have a constant velocity 
and, corresponding to this velo- 
city let there be a constant 
pressure which will also act on 
the boundary layer. We look now for an approximate solution for 
values of x for which the Reynolds number x u^jv is already very large. 
This is a necessary assumption for the application of the simplified 
equations (13.4) and (13.5). We shall naturally be unable to do com- 
plete justice to the state of affairs at the front edge of the plate. 

First of all, the following can \)e said from the vi(5wpoint of dimensions : 
In addition to the two lengths x, y, the length vjuQ is at our disposal 
for describing the state of affairs at any point (x, y). After our previous 
experiences with the Navier- Stokes’ equations we shall expect that the 
values of y here considered will have the order of magnitude j/v xjuQ , 
which can be interpreted as the geometric mean of x and vjuQ. (We can 



^ Subsequently this could be used to calculate the small value d pjd y if that 
were considered necessary. 
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also think of the formula j/v t previously mentioned, by putting t equal 
to xJuq that is, equal to the time taken by a particle of fluid to flow 
from the front edge of the plate to the point we are considering). It 
may be conjectured that the velocity will here be a function of the 
one variable rj = y\^x\u^. This is in fact the case. We introduce 
a stream function ^ which will insure this result, namely, 

S' = yva:Mo/(»y) (14.1) 

This gives M = If = “o /' (»y) (14.2) 

in accordance with requirements. In order that u should become equal 
to Wq for large values of r\^ we must have 

lira ]\r^) = 1 

T} (X) 

With respect to the value rj ~ co it must be noted that according to 
the meaning of the calculation, actually infinite distances rj cannot of 
course be considered. The limit value of rj simply is large — large enough 
to reach into the purely potential flow. As the graphical representation 
shows, the curves bend very quickly toward the asymptotes. So long 
as we are thinking, not of the actual flow, but only of the function of rj, 
the mathematical convention of speaking of the limiting values rj = co 
will be used. 

The velocity component v perpendicular to the wall becomes 

]/;; - 1 ]/- ■*■/(»/) 

(14.3) 

We now calculate u {dujdx) + v {dujdy) and v (d^tijdy^), and equate the 
two expressions, since the term due to the fall in pressure drops out. 

Wo obtain _ jl,y/7'+ ji(,y/'_/)/" = ,.. "l-r 

or, simplified //" + 2/'" — 0 (I*!-*!) 


The fact that the differential equation simplifies in this way is a sign 
of the correctness of our method of attack. Since we have a differential 
equation of the third order, three boundary conditions are necessary 
to determine the solution completely. One of them, /' 1 for = oo 

has already been mentioned. Further we must have u and v both zero 
for rj — 0. This gives /' — 0 and f — 0 for rj — 0. The way in which 
such problems are solved may be elucidated in rather more detail by 
this example. We may first ask for a simple solution. Of these we find 
only one which corresponds to the potential flow; it can however be useful 

and is / = 7 ^ -f constant. 
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As required, /' = 1. Since /" = = 0 the differential equation (14.4) 

is satisfied, but not the two boundary conditions for 7 / = 0. There are 
no other simple solutions. We will therefore write out a power series 
in order to represent the state of affairs for small and moderately large rj 
and try to obtain in addition an asymptotic representation for large rj. 
As far as the power series is concerned it is advisable to write it in the 
following form in order to simplify the differentiation: 

/ (,/) =^A, + A,r] + + 3? +■■■ 

We can at once satisfy the boundary conditions for ry — 0 by putting 
— = We now calculate 

/"= + A^rjA- 2 * ry* + . . . 

r=A^ + A,,i + ^f>,^ + ... 

and substitute these values in (14.4) and rearrange in powers of rj, Wv 
have a solution of the differential equation only if the coefficient of 
every power of r] vanishes by itself, since in this case the differential 
equation is satisfied for all values of rj. We now obtain the following: 

0 = 2^3 + ?; • 2/I4 + 21 ^ ^^5) + • •• 

We see at once that ^3 and A 4 must be zero, and also that A 5 = — \ ^ 

Since A 2 and A^ vanish, so do A^ and A^. The next coefficient whicli 
is not automatically zero is that of giving 

'l",(\\A^A, + 2A^) 
from which 


We must continue in this way till a sufficient number of terms havf^ 
been evaluated. We write the whole series as follows, where Ag, which 
represents a constant of integration is replaced by a 


n = CO 

n = U 


(- 1 ) 


» Cn a" + 1 
(3» + 2)l 


tS 71 "t* 2 


The first six coefficients have the following values 
(7o=l Ci = l ^2=11 

^3 = 375 ^4 == 27,897 = 3 , 817,137 

As the representation of the function / shows, the various other possible 
solutions differ among themselves only to the extent of a similitude 
transformation, as may be seen by the fact that the introduction of a 
new variable rj' = rj (a)^^® produces a series without a having a factor 
(a)''^ in front of the whole. 
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We must now look for the asymptotic solution. We already have a 
first approximation in the previous expression f = rj const. We denote 
the constant, which is negative, by — jS, thus obtaining 

(14.6) 

We take as a second approximation / = /^ -f /g where /g is to be con- 
sidered small relative to f^. Instead of / /" we now write as an 
approximation. This transforms (14.4) into 

(»y -/?)/;' + 2/;" = 0, 

f'" 1 

or 

which can be integrated giving 

fi “ 2 ^ constant. 

With an eye to what follows we write this constant equal to — j8^/4 + log y 
and take the exponential of both sides, so that 

This gives /^, in which the main interest lies, as 

ii — yj ( 14 - 7 ) 

oc 

The lower limit of the integral is so chosen that /', vanishes for rj = co . 
The numerical value of is therefore negative, that is, something is 
subtracted from the potential flow, as should be the case. We now 
obtain /g by one more integration, so that the asymptotic formula is 

/ = r/ — + y/ /e" 4 rj (14.8) 

00 oc 

This approximation can of course be refined still further by putting 

/ ~ /i + /2 + /sj 

where /g is to be small compared with /g, and proceeding as before. Since 
the power series converges comparatively rapidly, this third approxi- 
mation is not required in practice. 

The two solutions thus found must now be harmonized. We have in 
all three constants of integration, a, /S, and y. The constant a occurs 
in the power scries developed at ?/ = 0 for which there were two boundary 
conditions, and and y appear in the asymptotic solution where there 
was only one boundary condition, [The number of boundary conditions, 
and the number of constants of integration, each equal to 3, correspond 
to the order of (14.4)]. The two solutions must now be so combined 
that they both represent the same function. We satisfy this condition 
by demanding that at each place where both expansions are valid, the 
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values of /, /', /" must be the same for both. This gives three equations 
for the three unknowns a, and y. The solution of this problem is not 
in practice very convenient. It leads to the following values, 
a = 0.332, p = 1.73, y = 0.231. 

The above calculations are due to H. Blasius^. Since the solution 


beginning from y = 0 has only one constant of integration, denoting 
one similitude transformation, it is possible to calculate the function 
/' {rj) numerically from ?; = 0 by a step-by-step method. For any 

arbitrary value of a we arrive by this 


Table 1. 


V 

/'(>?) 



0 

0 



0.2 

0.0664 

3.2 

0.8761 

0.4 

0.1328 

3.4 

0.9018 

0.6 

0.1990 

3.6 

0.9233 

0.8 

0.2647 

3.8 

0.9411 

1.0 

0.3298 

4.0 

0.9556 

1.2 

0.3938 

4.2 

0.9670 

1.4 

0.4563 

4.4 

0.9759 

1.6 

i 0.5168 

4.6 

0.9827 

1.8 

i 0.5778 

4.8 

0.9878 

2.0 

0.6298 

5.0 

: 0.9916 

2.2 

0.6813 

5.2 

0.9943 

2.4 

0.7290 

5.4 

0.9962 

2.6 

0.7725 

5.6 

0.9976 

2.8 

0.8115 

5.8 

0.9984 

3.0 

i 0.8461 

6.0 

0.9990 


method at a horizontal asymptote whose 
height is initially unknown. The function 
can then bo altered by changing the 
measures of length of abscissa and or- 
dinate, so that the asymptotic value of /' 



Flgr. 20. Velocity distribution in the flow along 
a flat plate. 


becomes equal to unity. The problem in this form has been dealt 
with by C. Tdpfer The above table for /' (rj) has been calculated 
by interpolation from the material of Topfer’s paper. 

This function, which gives the velocity distribution is represented 
graphically in Fig. 20. 

In order to calculate the resistance of a plate of length I and width 
b the shear r = jbc (duldy)^ must be integrated. According to (14.2) 
u = (rj) and hence 


du 

dy 




d Yj 

sy 


Wo 



But the power series (14.5) gives 


/"(^y) = «- 


1 

2 3! 


so that 


/" (0) = a 


^ Grenzschichten in Flussigkeiten mit kleiner Reibung. Zeitschr. fur Mathematik 
und Physik, Bd. 66, p. 1, 1908. 

^ Short Extract in Zeitschr. fUr Mathematik und Physik, Bd. 60, p. 397, 1912. 
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Hence the resistance of one side of the plate is 

i 

^ j ^ = 2a6tto 

0 

since fi = v q. And also, since 4 a = 1.328^ the total resistance is 

Z)= \.Z2^b^piQlvl (14.9) 

We can construct a resistance coefficient ^z> by dividing the resistance 
by 1/2 p ul (the stagnation pressure) and the area of the surface. We 

thus obtain Cx) = 1 .328 (14.9 a) 

The slowing down of the flow has the effect that the main stream is 
tlirust a little away from the plate. We can easily calculate the amount 
of this displacement, which will be denoted by as follows : We must have 

Vt 

f udy = Uo(yi — 6*) 

0 

where is any point outside the boundary layer. This can also be 

written as J f (^o — (14.10) 

^0 J 

Vi *,i 

Furthermore, J (uq — u) dy — UqJ [1 — /' (?/)] d rj 

{) 0 

This formula acquires an exact interpretation if the limiting value for 
large 7^1 (?yi 00 ) is taken. For this however the first asymptotic 
approximation (14.6) / (rj) — rj — can be introduced, thus furnishing 
the measure of the displacement which is at the same time a measure 

of the boundary layer ~ P ^ (1*^11) 

All the exterior stream-lines are displaced by this amount from the 
plate as compared with the flow of the ideal frictionless fluid, for which 
the constant velocity would prevail up to the surface of the plate. The 
thickness of the layer affected by the friction is not exactly defined 
since the effect of the friction falls away asymptotically as we pass 
into the interior of the fluid. On account of the peculiar nature of the 
asymptotes it does not matter much whether the point is taken where, 
say 95 per cent of the full velocity is attained or the point where 99 per 
cent is attained. One does not go far wrong in practice by taking three 

^ Blasius gives 1.327. The more exact value 1.328 is due to Topfer. 
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times the measure of the displacement mentioned as the thickness of 
the boundary layer. We should arrive at exactly this factor 3 if we 
assumed the velocity to be distributed on a parabola touching the 
line u = const. ~ Uq at its vertex. Fig. 20 shows in fact that the 
full velocity is practically reached for r) — 3 X 1.73 = 5.19. We can 
therefore give an approximate formula for the thickness of the boundary 

layer: (14.12) 

The displacement of the stream-lines by the amount d* produces a 
slight alteration in the potential flow which was made the basis of the 
calculations. Instead of the simple parallel flow, the flow around a pa- 
rabolic C3"linder of thickness 2 d* should be introduced, which would 
slightly alter the pressure distribution. The above calculation would 
have to be repeated for this new pressure distribution and if necessary 
the process repeated on the basis of the new measure of displacement 
so obtained. Such calculations have so far not been ])erformed; they 
would, in a>ny case, make little difference in the regions where the 
calculations are usually applied in practice. They would however become 
necessary' if the transition to smaller Reynolds numbers Uq Ijv were 
attempted. The flows here calciilatcd have been tested experimentally 
by B. G. van der Hegge Zynen^ and also by M. Hansen^ confirming 
all the important details. 

16. Calculation of the Boundary Layer of the Steady Flow Around 
Cylinders. Separation of Flow from the Wall. The investigations of the 
preceding section have taught us that a flow of fluid along a body gives 
rise to a. frictional resistance, and this resistance was calculated for a 
ver^" special case. The fact that they explain these small frictional 
resistances in this way does not however exhaust the significance of 
the boundary layers. In less simple cases they also exhibit a behaviour 
which is responsible for the remaining portion of the total resistance, 
which is usually" much greater in magnitude. In the case of flows which 
are first accelerated and then retarded, there are regions of the boundary 
layer where a reverse flow appears in the direction opposite to that of 
the original flow. Reverse flows of this kind usually produce a complete 
change of the stream-line diagram, since the advancing flow separates 
from the body leaving a region usually filled with vortices of small 
velocity, see Fig. 21. In the next section we shall return to this pheno- 
menon of separation in order to study it in more detail. First, however, 
we shall examine the steady flow after the separation is completed, and 
may commence with the following purely descriptive statements. 

^ VAN DER Heooe Zynen, B. G., Thesis Delft, 1914; see also Burgers, 
J. M., Proc. of the First International Congress for Applied Mathematios, Delft, 
p. 113, 1924. 

* Hansen, M., Zeitschr. f. angew. Math. u. Mech. 8, p. 186, 1928. 
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If velocity.profiles, such as shown in Fig. 22, be produced by some 
suitable arrangement of pressures, a reverse flow occurs in a region of 
increasing extension situated to the right of (7, and the stream-lines 
are as drawn in the diagram. These lines are plotted by noting the 
fact that the amount of flow must be constant across all lines bounded 
by two such stream-lines. The diagram shows that at the point C, where 
the velocity profile touches the axis, one of the stream-lines branches 
and divides the fluid coming from the left and right respectively. If, 
for example, the fluid coming from the right hand side is colored, it 
would be found after some time that the color had spread over the 



Fi^r, ‘21. 



F 


Fig. ‘22. Velocity profiles in the vicinity o 
a separation point. 


region shaded in the diagram. By the differential equation of the boun- 
dary layer [see (13.4)], the curvature of the velocity-profile at y = 0, 

, ^ I dp 

where t; 0, IS 

This shows that curvatures of the kind shown in Fig. 22, that is, for 
which (c^uldy^)Q is positive, are associated with a positive pressure 
gradient dpjdx. Hence, increasing pressure is a necessary condition for 
flows where separation from the trail occurs. In the differential equations 
of the boundary layer, external forces (gravity, etc.) were neglected; this 
is always permissible for incompressible flows provided that p denotes 
the actual pressure minus the hydrostatic pressure due to gravity. Since 
the laws for frictionless fluids are applicable to the region outside 
the boundary layer, Bernoulli’s equation allows us to replace p by 

(const. — 2 ()«?). «i being the local velocity. We can therefore write 

• -QUi{dUildx) instead of dpjdx. A positive dpjdx, and a positive Mj, 
therefore correspond to a negative dujdx or in other words, a decrease 
of velocity in the direction of flow. Hence it is established that the 
state of affairs represented by Fig. 22 is possible only if the frictionless 
flow outside the boundary is retarded. If the stream accelerates, the cur- 
vature of the velocity -profile in the neighborhood of // == 0 has the 
opposite sign. In this case it is certain that no separation effects will occur. 

The magnitude of the retardation required to produce separation 
depends on the particular circumstances of each case and cannot be 
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determined in a general manner. It will therefore be necessary to study 
suitable examples of solutions of the differential equations. The first 
example chosen is that of the flow around a cylinder whoso contour is 
symmetrical with respect to the direction of flow. An approximate 
solution will be obtained in the form of a power series in x, where x 
is the length of arc from the front stagnation point. On account of 
the symmetry, the pressure p will then be an even function of .r, but 
the velocity component u, and the fall in pressure — dpjdx will be 
odd functions of x. The velocity of the potential flow is written as a 
series in the following form: 

= a^x + + a^x^ + •• • (1^1) 


Hence, by Bernoulli’s equation 

+ + (Gaitts + 3a|)ar5 ^ (I 5 2 ) 

To represent the flow in the boundary layer, the stream function ^ 
is again introduced, so that the equation of continuity is satisfied, and 

dW dW 

dy * dx 

W is again an odd function of x and may be written as 

^ = tp^x + + yja:® -i- . . . (15.3) 

By substituting in (13.4) and using the condition that the coefficient 
of each power of x must vanish identically, the following equations are 
obtained for ^g, . . . 

4 v's — 3 Vi n — Vi Va =P3 + v v-;" ^ 

— V5 — ViVo + =Vr,-rvxp,^ 


where p^, pg, pg are abbreviations for the coefficients of the series for 
— llQ{dpldx) given above (pj == aj, Pg = 4^1(13, etc.). The first of 
(15.4) is a quadratic differential equation for xpi. The remaining differen- 
tial equations are linear in xp with the highest subscript occurring in 
them. Any xp can therefore be calculated if the values of those which 
precede it are already known. All the equations are of the third order. 
The first of them is identical with that discussed in 10 c. As in that 
section the equation can be reduced to the form 

(15.5) 

by replacing y hy rj and xp by j/aj v h {rj). The boundary conditions 
are, as before, /j = /' = 0 for rj = 0 

and /j = 1 for = 00 
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Tho method of expansion in a power series can be applied for the solution 
of the present equation, as in the previous section. For further details 
reference can be made to Blasius^. Later, in order to obtain more exact 
numerical results Hiemenz used Kutta’s numerical method, in which 
the differential equation is solved by successive small steps, each con- 
sisting of power scries of degree four. This method left a constant of 
integration undetermined since only two boundary conditions are given 
at 2 / = 0, and a rather long calculation, requir- 
ing 30 steps of the independent variable of 
magnitude 0.1, had to be repeated several 
times for various values of this constant before 
the behavior of the system at ly = 3 was ob- 
tained (the asymptote is practically reached 
for tj — 3). In contrast to the solution discussed 


1.2 0.8468 1.2532 

1.4 0.8969 i 1.2280 

1.6 0.9325 i 1.1900 

1.8 i 0.9570 i 1.1484 

2.0 I 0.9734 ! 1.1104 

2.2 0.9841 I 1.0784 

2.4 0.9908 1.0532 

2.6 0.9950 ! 1.0348 

2.8 0.9975 I 1.0220 ^ 

3.0 0.9989 ' 1.0132 I'ivr. *23. Kuii< tions of tho steady boundary layer flow. 

in the })revi<)us paragraph, tluTO is no similitude transformation in the 
])resent case, on account of the numeral 1 in (15.5), so that the 
simplification which was given there cannot be used here. The 
distribution of /', the factor of the velocity ?/, is shown in Table 2. 
After has been determined, substitution of Ug fs (f]) f^r y)^ in 

the differential eciuation for the latter leads to 

4/;/;,-3/rA,-A/;,' = i+/.V' (is.e) 

Th(» boundary conditions are again 

fa = -= 0 for V 

and /;, = I for t] ~ co 

The solution can be obtained in a similar manner cither by expansion 
in a power series or by the Kutta method. The results obtained by 
Hiemenz with the second method are also shown in Table 2. Fig. 23 
shows the behavior of /' and which correspond to this table. 

These two terms already suffice for the calculation of flows which 
show the separation effect. It is only necessary to take the coefficient 

' loi\ cit. pp. 15 and 16. 



Table 2. 



0.2 0.2266 I 0.5004 

0.4 0.4145 I 0.8516 

0.6 0.5663 i 1.0752 

0.8 0.6860 ; 1.1988 

1.0 0.7779 1.2500 
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negative, thus obtaining a velocity-curve with a maximum, beyond which 
the velocity decreases again (see Fig. 24). It can easily bo seen by con- 
sidering Fig. 23 that a sequence of velocity profiles similar to Fig. 22 
are produced in this way. 

Hiemenz has measured the distribution of pressure for a circular 
cylinder in a stream of water Special precautions ensured that the 
turbulent region behind the cylinder remained as quiescent as possible 
and was not oscillating. This was effected by bounding the turbulent 
region from beneath by still water, which was drawn into the turbulent 
region. In this way the flow was almost exactly steady. Hiemenz sot 
himself the problem of obtaining, by means of the calculations described 
above, the boundary layer corresponding to the m(*asured distribution 
^ ✓ of pressure as exactly as possible. It 

appeared that the two terms already 

given were not enough. He also cal- 

ciliated y-. The solution for this term 
cannot be given in a general manner 

yT since, as the differential equation (14.4) 

^ shows, it depimds on the ratio of to 
Hiemt‘nz calculated by the same method 
from a knowledge of the functions for 
the pressure distribution and velocity of the potential flow in his 
particular case, and thus obtained the boundary layer profile. By intro- 
ducing color through apertures bored in the cylindi'r he was able to 
discover the point at which separation occurred and found that the 
measurements and calculations agreed to within about 1 d(»gree. It is 
of course not certain whether the series consisting of all the t(*rms up to 
and including \p^ represents the effect of the whole infinite series 
with sufficient accuracy. Experiment shows that to somi^ extent at 
least, this is the case. In order to improve the convergence; it is natural 
to think of the following type of process: A new power series is begun 
at some suitable intermediate point by taking the velocity profile ob- 
tained by the previous calculations as initial velocity profile and so the 
further development can be investigated. Peculiar difficulties arise in 
this process because any small deviations from the exact profile due to 
inexactitudes in the calculation produce singularities on continuation of 
the procedure. Dr. S. Goldstein ^ has succeeded in overcoming these 
difficulties, but his expansions show that calculations of this character 
are very laborious, and that the continuation can be performed only 

^ Die Grenzschioht an einem in den gleichfdrmigen Flussigkeitsstrom ein- 
getauchten geraden Kreiszylinder. (Dissertation Gottingen, 1911.) Dingl. Polyt. 
Journal, vol. 326, p. 321, 1911. 

* Goldstein, S., Concerning Some Solutions of the Boundary I^ayer Equations 
in Hydrodynamics. Proc. (Jamb. Phil. Soc., vol. XXVT, 1930. 
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in comparatively small steps. Nevertheless th(^ fundamental possibility 
remains, that any given boundary flow can at least be numerically 
followed to the point where separation occurs and even a little further. 

Unfortunately, the boundary layer calculations necessarily break 
down at some small distance beyond the separation point, since the 
assumption that the thickness of the layer influenced by friction is small 
in relation to the dimensions of the body can no longer be retained 
when the particles which have been set rotating by the friction move 
into the free fluid. Clearly, in this case, the width of the zone of rotation 
can no longer be taken as small. The consequence is that in practice 
the preceding calculations will describe the state of affairs only up to 
about the point where separation commences. From this point onwards 
the further effect of the friction can be left out of consideration as being 
of minor importance and the fluid may be considered as frictionless but 
containing vorticity. This ix)int of view has proved useful in the theory 
of the aerofoil. Conditions in the boundary layers for the flow around 
circular cylinders have also been tested by experiment. The work of 
A. Thom ^ and A. Fagc ^ may be referred to in this connection. An 
approximate tlieory of the steady boundary layer flow has been 
worked out by V. M. Falkner and S. W. Skan •*. 

16. Development of the Boundary Layer with Time. Only steady 
boundary layer flows havt^ been studied in the preceding sections. It 
is, however, also very instructive to study the development of boundary 
layers with respect to time. For example, we can choose the initial 
conditions that the system starts from rest and the fluid (or body) 
commenc(*s to move at the time < — 0. According to the simplest problem 
of this kind, already given under the exact solution of 10 b, boundary 
layers are obtained of increasing thickness proportional to y'v t. If the 
stream tends to separate from the body a flow in the opposite direction 
will set in after some time. This will also be shown by the calculations, 
originally due to Blasius, which follow below. But before proceeding 
to this, a discussion based on considerations of energy will give a good 
explanation of the phenomena them.selves. 

In the stream outside the boundary layer the Bernoulli equation 
holds with sufficient accuracy of approximation, and can be interpreted 
as meaning that the work done by the difference of pressure on a particle, 
equals the change in kinetic energy of the particle. If the theoretical 
potential flow around a cylinder be taken as the basis of consideration. 

^ Thom, A., The Boundary Laver of the Front Portion of a Cylinder. Br. A.R.C. 
R. and M. 1177, London, 1928. 

* Faqb, A., The Airflow Around a Circular Cylinder in the Region Where 
the Boundary Layer Separates from the Surface. Phil. Mag., vol. VII, p. 253, 1929. 

® Falkner, V. M., and Skan, Sylvia W., Some Approximate Solutions of 
the Boundary Layer Equations. Hr. A.R.C. R. and M. 1314, 1930. 
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and the state of affairs followed from the stagnation point A (Fig. 25) 
across the velocity maximum B to the second stagnation point C, 
it is found that a particle sliding along in the neighborhood of the 
cylinder, if uninfluenced by friction, is accelerated in the region of 
falling pressure A to J5, and retarded in the region of increasing pressure B 
to C. By the theory of frictionless fluids, the pressure at C is exactly 
equal to the pressure at -/4, so that by the time the particle reaches C it 
has lost exactly the kinetic energy acquired in going from A to B, We 
w^ill now consider a particle of fluid which is inside the boundary layer 
and consequently loses energy by friction. The fall of pressure between 

A and B takes place in the direction of flow 
so that even a particle which had lost all its 
kinetic energj^ would be set in motion again 
in the direction of the stream. The fall of 
pressure between B and C takes place in the 
opposite direction however, so that a particle 
at rest in that stretch would be set into motion in the direction C to B. 
We see therefore that a particle which stiU has a measurable kinetic 
energy at B would be unable to reach C if its kinetic energy were smaller 
than that of the frictionless stream, but would come to rest previously, 
since the full energy of the potential flow is necessary in order to reach C. 
The particles thus brought to rest will then be set into motion in the 
opposite direction and will move !mder the stream arriving from A. 
They thus alter the whole movement, including the pressure distribution 
on the body, until a steady motion again becomes possible. The first 
phases of this transformation process will be examined in more detail. 
The later phases have so far proved amenable only to experimental 
investigation. It is found that the transition from the potential flow, 
which actually does exist at the start, to the final flow, proceeds in such 
fashion that tho.se parts of the fluid flowing in opposite directions lock 
together into powerful whirlpools which grow until the transformation 
of the flow has been accomplished. 

Figs. 26 — 37 on Plates T — V at the end of this Division show 
examples of this. The first example is that of a circular cylinder, the 
second that of a rather more elongated body. The first series of pic- 
tures consists of separate photographs, the second is taken from a cine- 
matographic film so that the various pictures show successive stages of 
one and the same flow. The stream velocity was very small and the 
body very large, so that a relatively thick boundary layer was obtained. 
The various phases of the reverse flow, the formation of whirlpools 
(vortices) and separation of the forward flow from the body can easily 
be followed. It may be observed that after the formation of the first 
vortex, between the cylinder and the vortex the state of affairs along 
that part of the circumference of the cylinder is very similar to the state 
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along the whole circumference of the cylinder at the commencement 
of the flow. Here too the stream starts at a stagnation point, is 
accelerated between the body and the vortex, and is finally retarded 
again. A secondary reverse flow must set in, leading to the formation of 
a secondary vortex. This can be seen quite clearly in Figs. 29 and 35, 36. 

The analytic treatment of the commencement of the flow, as given 
by Blasius^, can bo summarized as follows: The differential equation 
of the boundary layer is. 


du . du . du . 1 dp d^u 

dt '^'^dx'^^dy'^Qdx ^ d 


(16.1) 


At the commencement of the motion the boundary layer is very thin, 
and change of velocity with respect to time, of particles inside the 
boundary layer, very large, so that the first and last terms of the equation 
strongly outweigh the remaining terms. A first approximation is therefore 


obtained by putting 


du d^u 

dt ^ d 


(16.2) 


Previous considerations have shown that it is advisable to introduce 
a non-dimensional distance (from the wall) by means of the equation 


y 


2}/v t 


(16.3) 


(The factor 2 is introduced for the sake of the special solution given 
later, but would be unnecessary otherwise.) The following relations must 
be noted in order to transform (16.2) in terms of the new variables rj and t : 


and 



The suffix attached to the differential coefficient indicates which quantity 
remains constant during the differentiation. Using 


and 


( - 
\ dt I y 

\dy li 


2t 

1 

2 t 


the following equation is obtained from (16.2) 


t . du ^ du . d^u 


dt 


(16.4) 


If it be assumed that the velocity of the whole stream, zero at the in- 
stant t ~ 0, increases as the power of t for < > 0, the velocity of 
the potential flow in the neighborhood of the wall can be given by a 

formula u\ (a:). 


^ /oc. ciL p. 20 et seq. 
Aorodynamio Theory III 
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The velocity in the boundary layer may therefore be written 

u = t^Wn (x) q> (y]) 

with (p (rj) satisfying the conditions q) = 0 when >/ == 0, and q? = 1 when 
rj CO, The abscissa x only occurs as a parameter in this first approxi- 
mation. The simplified equation (16.4) now gives the following relation 

involving qp, 4 n q? = 2 n q?' -f (16.5) 

With the above boundary conditions the solution is completely deter- 
mined. Using this first approximation for u the process can be con- 
tinued by calculating an approximate value for the expression u (du/dx) + 
v(duldy) and thence obtaining a better solution. The process can if 
necessary be continued and it is easy to prove that a power series in t 
is obtained, whose coefficients are functions of rj, again containing func- 
tions of X as parameters. The series so obtained is convergent for values 
of t which are not too large, and gives a solution of the problem. 
Blasius investigated two laws of acceleration in greater detail: 

(1) The case in which movement is generated very suddenly at the 
time t = 0, e. g. by shock, and the motion then continues constant with 
respect to time. This obviously corresponds to the case w = 0. 

(2) The case of a uniformly accelerated movement commencing at 
t = 0. Here n must be put equal to 1. 

A stream function W is again used to represent the complete motion 
which involves a velocity component v also. For the first case we write 

W = 2}/v t [v»o (a;i j;) + ty^i (Xit}) + . . .J (16.6) 

where the. following relations 

H>a = «1 fo in) • Vi = ^ A in) ( 16 . 7 ) 

are necessary in order to fit in with the potential flow outside the boundary 
layer. The boundary conditions are clearly: 

For7; = 0: /,=/;.= 0, /j = /; =r: 0 

For r]= CO : /; = 1, /', = 0 

Equation (16.5) already discussed above, is obtained for /<,, and therefore, 
since u — dtp/dy and n = 0, 4" + 2r/ /'' = 0 (16.8) 

The equation for h is: 

/;” + 2 - 4 /; = 4 - /„ /;' - - 1) (i6.9) 

The solution of (16.8) has already been discussed, in essentials, in 10, 
The result for /J,, in which our first interest lies, is 


( 16 . 10 ) 
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A solution can also be obtained for /', but it is very cumbersome. It 
may be found in the article by Blasius or in that by Tollmien^. 

For the second case (uniform acceleration) the series must be written 

^ = 2]/vt(ty)i(x,ri) + l^y>3(x,ri) (16.11) 

Writing the velocity in the potential flow as 

— t u\ {x) 

we have, (*> n) == “’i /i (»?)> and (x, ry) = /j (jy) (16.12) 

This reduces the differential equations for /j and to 
fi' + 2vfi- 4 /( = -4 

and n" + 2r,n' - 12 /' = 4 (/;*-/,/”- 1) 



Fit?. 38. Fimc-I.loiis of the acHJcloratod boundary layer flow. 


The boundary conditions are the same as in the first case. 


for f[ is 


/;=! + 




1] e"“ + (1 + 2 / e~ ^'dr] 


The solution 


As before /J can be obtained in the form of integrals, but the expression 
is quite unwieldy. It can be found in the article by Blasius The behavior 
of the four functions is shown in Fig. 38 ; the dotted curves refer to 
n - 1, and the full lines to n = 0. 

If only two terms of the series (16.6) and (16.11) respectively are 
taken, the separation effect is clearly seen in the case of a stream which 
is sufficiently retarded. The results obtained from these two-termed 
series will naturally be trustworthy only when t is small. It would be 
desirable to have more terms of the series but the requisite calculations 
for the succeeding terms are too lengthy. Comparison with Fig. 22 shows 
that the condition for the point at which separation occurs is 



^ Handbuoh der Experimentalphysik, Bd. IV, Part I, p. 277. 
* loc. cit. p. 29. 


7 * 
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We therefore have to find the values of etc. at y ~ 0 . The ex- 

pressions thus obtained, in the case of motion starting from rest, are 
very simple. When y ~ Oj wc get 



so that the following equation for the time required for separation 
to commence is obtained: 


+( 1 + 


and on inserting numerical values we have 

_ -^ 0.702 

® ~ dui 
d X 


Qualitatively, the relations are quite similar for the ease of uniformly 
accelerated motion. The corresponding calculation gives a time of sepa- 


ration where 


ta 


1.53 



In addition Blasius carried through a second approximation involving 
a quadratic equation for . For separation to occur at the hindermost 
point the final value obtained was 


t 


a 


1.445 



From this approximation it is seem that the time taken for the separation 
to occur is even smaller than that given by the first approximation, 
so that it may be taken as quite certain that this calculation ensures 
the reality of the separation effect. The formulae for the separation 
times in the two cases considered have this in common, that separation 
times only occur for negative dujdx and dwjdx respectively. The point 
where a reverse flow first occurs is characterized by a minimum value 
of tai obviously corresponding to the maximum of — du^jdx and dwjdx 
respectively. For circular cylinders and elliptic cylinders with the major 
axis parallel to the stream, this maximum occurs at the hindermost 
point. With elliptic cylinders whose major axes are ptuqK'ndicular to 
the direction of the stream and whose semi-axes satisfy the relation 
bja > 1/4/3, the separation begins at two points symmetrically situated 
with respect to the direction of the stream, which moves farther away 
from the rear point as the ellipse becomes flatter. For ellipses of constant 
major axis in a strcjam of constant velocity at infinity the separation 
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times becomes smaller as the ellipse becomes flatter. On proceeding 
to the limiting case of a plate placed at right angles to the stream, a 
separation time of zero is obtained, or in other words, the formation 
of vortices at the edge commences at the first instant of motion. For the 
rest, the separation times for very thin ellipses placed at right angles 
to the stream are already very small, being approximately proportional 
to the third power of the ratio ajb in the case of sudden generated motion 
with constant velocity. 

It may also be noted that E. Boltze, in his dissertation^, performed 
the corresponding calculations for the flow around bodies of revolution 
in the special case of sudden 
motion from rest. The cal- 
culations are more complic- 
ated, but the application of 
the results obtained to the 
movement of a sphere show 
exactly the same qualitative 
effects as have been de- 
scribed for the two-dimen- 
sional case. Boltze worked 
out the power series ex- 
pansion up to terms of the 

decree so that his results Fig. 39. Boundary layer thickness of a sphere 
^ , -r dei>oudiug on time (Boltze). 

are particularly reliable. He 

obtains a cubic equation for the time taken for the separation effect 
to reach a point lying at an angle from the foremost stagnation 

|)oint. Writing, for brevity, = c, 

the equation becomes 1 + 2.360 z cos jS 

— 22 (0M2cos^p-~ 0.180) 

+ 2 ^ (0.010 cos^ p — 0.017 cos p) = 0 

It is seen that the coefficient of is very small so that on neglecting 
this term we introduces no large error. The results can be summarized 
as follows: The separation begins at the rear point after a time 

~ 0.392 — — {a “ radius of sphere) 

The values of thes numerical factor for the occurrence of the backward 
flow at various values of p are, 

for P=m^ 140®, 120®, 110® 

factor - 0.407, 0.521, 0.853, 1.505 

' Grenzsohichteii an Rotationskorpern und Flusaigkeiten mit kleincr Reibung, 
Gottingen, 1908. 




102 


G. THE MECHANICS OF VISCOUS FLUIDS 


Boltze also computed the measure of displacement d*, and further the 
}K)sition of the stream-line W = 0 after the separation, obtaining the 
diagram which is reproduced in Fig. 39. A diagram of the velocity 
distribution, and of the stream-lines showing the conditions within the 
vortex forming at i — 0.6 aju^ is reproduced in Fig. 40. The radial 
measurements of the boundary layer have been much magnified in the 
diagram and the scale is the same as that of Fig. 39. It can be seen that 

the vortex, at this stage, 
exhibits only very small velo- 
cities and the highest values 
of rotation are found out- 
side it, approximately at a 
distance d*. 

In the succeeding stages 
which cannot be correctly 
given by the calculation 
without introducing higher 
j)owers of particles of fluid 
streaming in the n^verse 
direction pile up more and 
more in the space between 
the wall and the advancing 
fluid, so that the shapes of 
the exterior flow becomes 
changed. An analytic in- 
vestigation of theses occur- 
rences has so far not Injen 
attempted and would present 
very great difficulties. Never- 
theless something could Ix' 
achieved by approximate calculations. It is known from other hydro- 
dynamic considerations that two streams of fluid sliding over each 
other constitute in general an unstable configuration and tend to form 
individually well-marked vortices. The almost motionless body of fluid 
formed by the backward flow together with the more rapidly moving 
forward flow, constitutes such an unstable configuration. The gradual 
formation of vortices on account of this instability is shown by 
Figs. 34 to 37. 

17. Theorem of Momentum and Kdrmdn’s Approximate Theory. As 
the preceding paragraphs have shown, the mathematical methods for 
handling boundary flows analytically are rather complicated and difficult, 
and are insufficient to dispose of all the problems whose investigation 
is required. It is therefore desirable to estimate the required results 
by means of approximate methods. Such approximations can be obtained 



r 2 

Fig. 40. Velocity distribution and stream-lines in 
the bonndary layer of a sphere, after 
a time i =0.6 aju^ (Boltze). 
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by abandoning the attempt to satisfy the hydrodynamic differential 
equations for each particle and by choosing some plausible velocity 
distribution, merely taking care that the momentum relation obtained 
by integrating the differential equations, is satisfied. A simple example 
is the flow along a flat plate. Application of the theorem of momentum 
to a section A A (Fig. 41) will express the fact that the time rafe of 
decrease in the momentum in this cross-section, as compared with any 
cross-section in front of the plate, where all the particles of fluid have 
the undisturbed velocity Uq, is equal to the sum 
of the frictional resistances of the plate from 
its beginning to the position A A. The loss per 
second of momentum flowing across the sec- 
tion A A can be calculated as follows; For a 
surface element of width 1 and height dy, the 
mass of fluid crossing per second is equal to qudy. 

This mass had previously a velocity u^. Its 
velocity is now u. The loss of momentum per 
second is therefore qu(Uq — it) -which we shall 
call briefly the “momentum loss”. If Tq is the shearing force along 
the platt», the resistance per unit width of one side must be 

r 7 

2b 



FiBr.41. 


which, by the above theorem, must equal the loss of momentum 
h 

(Mo* This integral ought, strictly, to extend to oo but since 

the boundary layer has the property of vanishing completely for practical 
purposes within a distance which is some fairly small multiple of ]/vxIuq, 
a distance h of the same order of magnitude will suffice for the upper 
limit of the integral. The contributions of elements dy to the integral 
obviously vanish as soon as u becomes equal to Uq so that the exact 
value of h is not important. It must only be chosen sufficiently large 
for u to be practically equal to Uq, The relation obtained above can be 
differentiatc'd with respect to x in order to obtain the surface friction 


itself. This gives 


h 



0 


(17.1) 


We may regard h as being independent of x, but the result would be 
unchanged if h were to be variable, since the integrand vanishes for 
y =^h. If any suitable velocity-profUe be chosen for the boundary layer, 

say « = Mo/ [j) = «o/ (>i) (17-2) 

where 6, the thickness of the boundary layer, is to remain indetc^rminate 
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for the present, the value of the momentum integral can at once be 
calculated. It becomes 

h hid 

fQu(uo-u)dy^QKdf{f-r)dt] (17.3) 

0 0 

Hence, once the form of / has been established, the integral, which 
simply furnishes a numerical value, can be completely evaluated. This 
numerical value will be called a, so that the momentum loss becomes 
equal to a p 3. The surface friction at the wall is however 



" (Wr "y '■"*» 

r(o 

in- 


putting /'(0)=^jS, we have from (17.1) 

dd 




Hence the surface friction becomes 


or 

6 

di^ 




d X ~ 

OLUq 


This equation can be 

integrated, 

giving 

1 

2 

d* = 

Vp 
^ X 
a Wo 


or 

b 

.y 

^2v~fx 

a Wo 

(17.5) 

a/i fiQ'ul 
2 ’ a: 




(17.6) 


and 


fr^d X = ^2 qilP fiovi^x 


so that the resistance for both sides of the plate, taken together, is 
Z> = 2 6 l/2 a ^ /i Qufx (17.7) 


As a numerical example let us make the very crude assumption that 
the velocity distribution inside the boundary layer can be represented 
by a straight line: f (rj) — rj lor tj < I, and / (rj) ™ 1 for i] > I (see left 
hand diagram of Fig. 42). This gives 
1 

«=y (r] — ri^)d7i = 2 -j = J , 

0 


and p becomes equal to 1. Hence 

h = 2 y'3 1/~ = 3.464 


]/;*• 


/> = fji Q x .155 ]//i ^ wf) X 


and 
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It is also easy to use a function of the third degree, as represented by 
the right hand diagram of Fig. 42. Here can be written 

/(>?) = Iv— 

which must again be replaced by f (rj) — I for > 1 . The numerical 
calculation, which will be omitted here, gives 

d = 4M l/— 

Y ^0 

and D — 1.29 q x 

It is also of interest to obtain the amount of displacement ^1* which is 
given by the general expression 

hid 

0 


The value of the integral is 1/2 for the first example, and 3/8 for the 
second. Hence, in the first case 


and in the second 


d* - 1.732 ■j/]’?, 
<5* = 1.740 l/”- 


The exact value is 1.73 i/vx/mq, so that in spite of crude assumptions 
the value of the displacement has been obtained with astonishing exacti- 
tude, which must naturally be regarded as more or less accidental. 
The two examples give the values 1.155 
and 1.29 respectively for the numerical 
constant occurring in the resistance formula, 
instead of 1.328. Nevertheless, when the 
simplicity of the calculation is considered, 
the result must be considered very useful. 

Th. V. Karman^ has shown that this pro- 
cess can be extended to cover the general Fi*?. 4 . 3 . 

case of boundary flows with fall in pressure. 

The calculation can be performed in the following way : The momentuic 
relation is formulated at once in such a way as to correspond to (17.1;, 
that is, two surfaces separated by an infinitesimal distance d x are taken 
and the momenta flowing in and out of them are compared. The result could 
also be obtained by integrating the differential equations of the boundary 
layer with respect to y, but it is simpler to formulate the momentum 
condition in this way. We consider the region which is represented 
in detail in Fig. 43. The height h will again be so chosen that the particles 



^ KArmAn, Th. V., Zeitsohrift f. aiigew. Math. u. Mcch., vol. I, p. 236, 1921. 
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between y — Q and y include practically all those influenced by 
friction. Further, h is chosen so as to be independent of x and t so that 
when differentiating integrals between 0 and A, the limits need not be 
differentiated. 

The various contributions to the x component of “momentum loss”, 
that is to the change of momentum in the x direction, will now be 
described in turn. The interior of the parallelepiped of base area hdXy 
and unit width perpendicular to the plane of the diagram contributes 

h 

dxfg (dujdt) dy to the change in the momentum. The left side con- 
0 


h 

tributes j QV?dy, and on the right side an amount 
0 


h 


h 



h 


is carried away. The difference is therefore dx*(dldx) J QU^dx. In 

0 

conformity with the derivation of the momentum theorem, in which 
we fix our attention on a fluid surface composed of the same fluid 
particles, the momentum carried away is considered positive, and that 
brought in, negative. 

Turning now to the horizontal boundaries of length dx, nothing is 
introduced or removed at y = 0, but at y ^ A a mass Qvdx is removed, 
the X velocity being equal to the velocity of the potential flow (Wi), 
which, as before, can be taken independent of y in the small region A. 
The contribution at this place is accordingly qu^v dx. We wish further 
to here express the velocity v in terms of u. By the equation of 


continuity 


_ du 
dy d X 


and hence, since v = 0 at y = 0 


h 



0 


The time rate of change in the momentum in the x direction resulting 
from these contributions is now to be equated to the x component of 
the resulting force. Two sets of forces have to be taken into account: 

1) the differences of pressure on the sides. 

2) the frictional forces on the wall. 

The pressure will be taken as being independent of y inside the 
domain A, as before. There is therefore a contribution pA from the 
left hand side, acting in the positive direction of the x axis. From the 

right hand side there is + acting in the negative direction 
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of the X axis. The difference is accordingly ( — dp/dx)h dx. The surface 
friction at y ^ 0 gives a contribution Tq dx over the base of area {dx x 1). 
This force acts on the fluid in the negative direction of the x axis 
and is therefore to bo introduced with a negative sign. At the upper 
end (y ~ h) there is a potential flow, and the shear is practically zero. 
Hence, after division by dx the ‘'momentum relation” reduces to 
h h h 



0 0 0 



(17.8) 


On account of the invariance of h with respect to i and x the differential 
operators in the first and third terms of this equation can naturally 
bo taken outside the integral. It is however, advisable to replace the 
pressure p by the appropriate expression involving the velocity of the 
potential flow as given by the Bernoulli equation. Since there is no 
friction, and gravitational forces may be neglected (see the remarks 

in 7) this equation is + Q (y/ + 

[the term v {dujdy) can be neglected on account of the smallness of v 
in the neighborhood of the wall in the region considered]. If the value 
of dpjdx thus obtained be substituted in (17.8) it can be so arranged 
that the integrands of the three integrals vanish identically for y = h, 
which shows that the choice of the length h is unimportant provided that 
it is greater than the thickness of the region influenced by friction. In 
order to put the equations into the correct form, the term hu^ (duijdx) 
which must stand on the right hand side of (17.8) with a positive sign, 
must occur with a factor two in the second integral and be subtracted 
with a factor one in the third integral. This leads to the new equation 

h h h 

dtj ^ ’ die /p — (I"--’) 

0 0 0 

which is the required extension of (17.1). If a fixed velocity be sub- 
stituted for the velocity which varies with x and t, and in addition 
a steady flow be taken, (17.9) at once reduces to (17.1). 

The case of steady flow with a velocity Vr^ varying with respect to x 
[so that the first integral of (17.9) vanishes] can be interpreted as follows: 
Denote the “momentum loss” for the flat plate, in accordance with 
the considerations at the beginning of this section, by 3/, so that 

h 

M “ 0 / ^ (^1 — ^ y 

The integrand can be written as 

u (?fi - u) = It % - = (tt‘f — u^) — (Ui — u) 
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This makes 

h 

d M ^ d 
dx ~ d 


and hence 


0 0 


or, by introducing the displacement d*, [see (14.10)], 


dM . 

" = Tz- + e«: 


du^ 

d X 


( 5 * 


dM 

~d~x ^ dx 


(17.10a) 

(17.10b) 


Hence it is seen that in addition to the contribution given by (17.1) 
the fall in pressure acting on the displaced mass of fluid supplies an 
additional term. 

In order to interpret the magnitude M a special length can be intro- 
duced by the equation M = Qui 6** 

(d** is a measure of the momentum change, for example, for the straight 
line velocity profile in the approximate calculation for the flat plat(‘, 

^d=yd*). Introducing d** into (17.10a) it is easily found 
that r = ou//^(d* \-2d**)+ (17.11) 


Later use will be found for this equation. 

In accordance with a suggestion due to v. Karman, the theorem 
of momentum, written as in (17.8) or (17.9), is now used in conjunction 
with the boundary layer equation [see (13.4)] in which we put y = 0. 
Here, in the immediate neighborhood of the wall, the velocities n and r 
are both zero and the equation reduces to 


/d^u \ \ dp Wj f/wj 

^dy^/o fi dx V d X 


(17.12) 


Now let us choose some function suitable for representing the distribution 
of velocities in boundary layers. This function must satisfy the boundary 
condition u = 0, the equation just obtained, and must also permit the 
transition to the velocity given by the potential flow. The thickness 
of the boundary layer is left as an undetermined parameter. If now 
this first approximation towards a velocity profile is also made to satisfy 
Karmdn’s momentum condition, the following result is obtained; the 
hydrodynamic equations are satisfied in the immediate neighborhood 
of the wall and also outside the boundary layer, where a potential flow 
has been assumed. In the boundary layer itself the differential equation 
is not satisfied — but an integral of the equation is satisfied. It is therefore 



SECTION 17 


109 


to be expected that useful approximations can in general be obtained 
by this method. The usefulness depends on the suitability of the functions 
chosen to represent the velocity profile which actually occurs in the 
boundary layer. At v. Karman’s suggestion, K. Pohlhausen^ took a 
polynomial of the fourth degree as an approximation to the profile, 

a = ay + by^ + cy^ + dy^ (17.13) 

This already satisfies the boundary condition = 0 for y = 0. For 
y = 0, dujdy — a and hence ~ //a. Also from (17.12) 

, _ du^ 

2vdx 

The following are the conditions to be satisfied at y = d 


u ~ 


bu 

dy 




dy^ 


-0 


In this manner a very good transition to ttic constant velocity 
is obtained. The velocity profile passes over at a point of inflection into 
the line of constant velocity u^. 

The values of the quantities a, 6, c, d have now to be calculated. 
For simplicity, differentiations with respect to x will be denoted by 
])rimes (thus w' for du^dx, etc.). Pohlhausen introduces the non-dimen- 
sional magnitude A ~ u\ d'^jv and obtains 


a =--- 




(A2 -f_A) 
e d 


C 


— Ui 


(4-;.) 

2()^ 


h - 




( 6 -;.) 

{>fS‘ 


(17.14) 


A long calculation, here omitted, is required to produce the integrals 
ill the momentum theorem (17.9). As can be seen from (17.11) the 
differential coefficient db^'^jdx occurs, which naturally gives an ex- 
pression for d d/d X. The momentum theorem therefore supplies a diffe- 
rential equation of the first order in <5 by means of which 6 may Ix' 
obtained. This differential equation, according to Pohlhausen is 


1 / 

A A*] 


, 0.8 —9072 + 1670.4 A— ( 47.4 |- 4.8 

dz \ \ « 

dx^ «i[— 213.12 + 5.76 


(1 + - 




(17.15) 


where 


A 

w'l r 


Since A * u\ z this is a differential equation of the first order in z 
dependent on x, and can therefore in general only be solved numerically 


^ PoiiLUAUSKN, K., Zur iiahorungawciaeii Integration dor Differentialgleicliung 
der laminareii Grenzsohieht. Zeitschr. f. angew. Math. ii. Mech., Vol. I, p. 252, 1921. 
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or graphically if the velocity and its first two differential coefficients 
are given as functions of x. The most suitable is the so-called “isoclinic” 
method of solution, in which the curves dzjdx = constant are plotted 
and in which the direction of the integral curves is marked on these 
lines. This can be arranged by first calculating the value of 

z. — 

~ dx Q{'x,z) 

for a series of values of 2 , from which the lines k = constant can then 
be interpolated. Finally the directions tan ol ~ k can be marked on the 



Fig. 44. Integration of the approximate boundary layer differential equation after 

Pohihausen. 

curves. This was carried out by Pohlhausen for Hit^menz’s example 
of the flow of water around a circular cylinder (.see Fig. 44). Hiemenz’s 
measurements here give 

= 7.151 X - 0.04497 — 0.000330 

where the length x, measured along the arc, and are measured in 
cm. and cm. per sec, respectively. The kinematic viscosity is taken 
as 0.01 corresponding to water at 20® C. 

The following detailed comments may be made on the differential 
equation (17.15): At a stagnation point, that is, where = 0, dzjdx 
becomes equal to infinity, with the exception of those values of A for 
which the numerator of the fraction also vanishes. Thus dzjdx becomes 
indeterminate for the real roots of the cubic equation 

— 9072 + 1670.4 Ao — 47.4 ^ - A« = 0 
which gives Aq = 7.052 

As may be seen from Fig. 44, it is precisely the solution going through 
this singular point which is of interest. It is shown by the continuous 



SECTION 17 


111 


curve in Fig. 44. Two other solutions are indicated by dotted lines. Bear- 
ing in mind the interpretation of A, a boundary layer thickness is 
obtained at the stagnation point of 


^0 “• 



The point at which separation occurs was previously shown to be given 
by (duldy)Q — 0. With the polynomial of degree four at present under 
discussion this condition obviously implies that the coefficient a is zero. 
From the above discussion, this is the case for A ~ — 12. The curve 
for A - - 12 is drawn in Fig. 32. The results of the approximate 
calculation agree well with Hiemenz’s calculations for about three quarters 
of the way from the stagnation point to the separation 
point. For the last quarter of the way however, 
deviations arise, since the boundary layer thickness 
in Pohlhausen’s approximation increases more rapidly 
than in Hiemenz’s. The position of the point of 
separation however, agrees with that given by Hiemenz 
to within less than 1 per cent. 

Although the Karman-Pohlhausen calculations work 
very well in this, as in some other eases which have 
been tested, it may be pointed out that there are 
also cases in which the method fails. This occurs 
just in those cases in which physical considerations may lead us to 
expect that, concerning the further development of the boundary layer, 
all should be quite in order, as for instance when a boundary layer, 
developed over a long approach, suddenly receives a very strong acceler- 
ation in a short distance (flow toward an opening or something simi- 
lar). In this case the condition 




1 

V 


u\ 


in th(^ Pohlhausen polynomials produces velocity distributions similar 
to the dotted line of Fig. 45, whereas the actual boundary layer has the 
character of the continuous line of Fig. 45. In this case other functions 
must be introduced instead of the Pohlhausen polynominal. A suitable 
process has, however, not yet been found. 

The criterion for the failure of the Pohlhausen method is, as the 
foregoing shows, the occurrence of values of u such that I u j > If a 
Taylor expansion is taken at the point y = the terms with dufdy 
and d^ujdy^ vanish in accordance with the conventions agreed upon. 
Hence the sign of d’^u/dy^ is decisive in determining whether |wj is greater 
or less than jt^i;. If d^ujdy^ has the same sign as % then i w i < j%! for 
y < d. It is easy to verify that if this is to be the case A must be less than 
12. Equation (17.15) gives dzfdx = oo when A = 12 so that when 
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searching for the solution, attention is at once drawn to this condition 
of failure. 

Karman’s momentum method is, as (17.8) or (17.9) at once shows, 
also suited to non-steady flows. If the velocity of the potential flow 
Ui is given as some function of x and the method leads to a partial 
differential equation of the first order for the auxiliary quantity 2 , which 
can be solved by a suitable graphical process. In those cases where 
it can be assumed that the velocity becomes steady after a certain 
time, it is found that the boundary layers inside the region stretching 
up to the separation point tend towards this steady value. But 
beyond the separation point the thickness of the boundary layer is 
found to increase indefinitely. An investigation of this kind has been 
made by W. Tollmien but is as yet unpublished. Naturally the lack 
of agreement shown in Fig. 45 can also appear here, so that care must 
be taken in the investigation. The small regions where the method 
breaks down can often be bridged by some reasonable guess as to the 
variation of the thickness of the layer. 

18. Prevention of the Separation Effect. In practical cases of fluid 
motion the problem of passing from a low pressure to a higher one often 
arises. In such cases it is very desirable that the stream should not 
separate from the wall since that would interfere with the intended 
increase of pressure. The aerofoil is a good example of this state of 
affairs : In order to produce a lift on an aerofoil its upper side (the suction 
side) must be a surface of low pressure ; but passing along to the trailing 
edge, the pressure must there rise to that of the undisturbed pressure 
at the edge itself. Another example of the same nature is the motion 
in a canal of gradually increasing section, a flow, the purpose of which 
is to transform kinetic energy of the .stream into pressure. 

We may at first investigate how such increases of pressure are possible 
with ordinary boundary flows. The approximate method of Karman- 
Pohlhausen can here be applied. We first ask what retardation laws 
are permissible if no separation is to occur. We shall assume that the 
boundary layer moves with some velocity derived from a potential 
almost up to the separation point and that the form of the velocity- 
profile through the boundary layer remains constant from that point 
onward. This simply means that the parameter X remains constant 
from this point onward. The profile at the separation point corresponds 
to X ™ — 12. The profile of the boundary layer may, for example, be 
allowed to continue until X ~ — 10 and then be made to remain at 
this value. From a previous equation X is equal to u\ z, so that with X 
equal to — 10 we have z ~ — 10/w' , and hence 

(Iz 10 

dx ' u\" 
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If the factor is taken out of the denominator of (17.15) and put on 
the other side of the equation, we find with the above value of dzjdx 
that the expression ju^ appears on both sides of the equation. 

Writing o as an abbreviation for this expression and evaluating the 
various numbers, we find _ (— 23600 + 416 <y) 

10 a = (JTiTo:?) 

or a = 11.13 


In order to simplify the calculation, which after all is only an approxi- 
mate one, we put a equal to 11 and obtain 

^ 1 1 

u\ 

or, on integration, log u\ =11 log + log ( — C[) 
or /, = — 

which, when integrated, becomes 

10 + 

The constant (\ is so determined that at a; = 0, that is, at the point 
where the imposed condition shall begin, In that case, obviously 

1 






— 10 


2 - 10 -0 

and therefore, putting C\ = Cj, we have 

_ Mo 

■■ (1 + 

In order to calculate how the boundary layer thickness varies it may be 


(18.1) 


observed that 

/ = == — 10 

J' 

so that 

^=1 


Since 


CjM. 

(i+i6c,x)ii 

it follows that 

^“1 

|/;,»^_(i+ioc.*v 


(18.2) 

If the thickness of the boundary layer is put equal to for a: = 0, then 

10 V 


.55 


and we have the relation 

As a numerical example we may consider the case in which half the 
pressure at the stagnation point is to be regained. This is equivalent 

8 


(18.3) 


Aerodynamic Theory III 
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to stating that a velocity % = Mo/]/ 2 must be attained, 
denominator of (18.1) as (1 + p)** *, we have 

(1 + p)»» = l/2 

Hence p ~ 2® — 1 — 31 


This gives the required length 

31 

1 ““ lOOv 


= 0.31 do 


UqSq 

V 


Writing the 


This shows that the initial boundary layer thickness plays a very im- 
portant part. If it be doubled, is quadrupled. The thickness of the 
boundary layer at the end of the length x^ is also of interest, and ob- 
viously is equal to 

di = do (1 + = ^0 • 32‘» - - 6.72 do 


The thickness of the boundary layer has therefore increased almost seven 
fold. If on the other hand it is desired to use three-quarters (instead 
of a half) of the initial stagnation pressure, the same process must b(‘ 
continued under less favorable conditions — which are due to the ni^w 
value for do* We should then require a length 32 times as great as the 
one obtained, and the boundary layer thickness at the end of this length 


would be dg = 45.2 do 

This shows that in practice great increases of pressuri' are not to b(‘ 
obtained by this method. 

A good standard of comparison for possible increas(\s of pressure* is 
furnished. by the non-dimensional ratio of the increa.se of pr(*ssure over a 
length along the x axis equal to the boundary layer thiekne.ss, to the 
.stagnation pre.ssure produced by the velocity due to the potc»ntial flow 

just outside the boundary layer. The formula for this ratio is d ^ ^ 2 ^ 

which may also be written as [2du\lui] since dpjdx ~ — Q^i^\ 
Substituting the values of d, w, u' and using the value of the constant (\, 


we have 


6-p 

a X 




20 V 

<5o Un 


(1 + 10 Cj x) 


0.45 


This can also be written in a somewhat different form. It is easy to 
verify that the Reynolds number for the boundary layer at any jjoint x is 


Ri = (1 + 10 c\ xy>*^ 


from which the non-dimensional ratio is given as 



20 


(18.4) 
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This is a very simple and clear result^. The numerical factor 20 is 
naturally connected with the previous assumption that A = — 10. If 
instead we were to take the separation profile itself, i. e. A = — 12, 
almost the same numerical value is obtained for a, namely 11.09. Within 
the limits of accuracy here achieved the exponents therefore remain 
unaltered, but becomes equal to 12v/uQdf^, which may be explained 
as due to a somewhat larger (5o, other conditions being equal. The non- 
dimensional ratio now has the value 24/i?^ instead of that given by 
(18.4). Since values of of the order of magnitude 1,000 easily occur 
for fluids of slight viscosity, it can be seen how small is the capacity 
of laminar boundary layers to bear increases of pressure. If at some 
point the value of 3 does not produce the difference of pressure desired, 
then the increased value of <5 at a point farther along is still less favorable 
to its realization. 

It is very fortunate for technical applications that with higher Reynolds 
numbers the flow no longer remains as the previous calculations 
would indicate : instead, the phenomena denoted by the name turbulence, 
and consisting of an irregular mixing movement, appear. This mixing 
with the exterior flow results in momentum being continually brought 
to the wall and conversely, in the retarded liquid at the wall being 
carried away into the free fluid and there accelerated by mixture with 
surrounding particles. It is this phenomenon that makes possible the 
increases of pressure actually observed in technical application. This 
will be discussed in some detail in the following section. If the velocity 
of such a flow be continually reduced, the turbulence may disappear. 
If it docs, we are left with a flow of a kind that has been described above, 
a flow where v(Ty slight increases of pressure are possible and where 
the fluid very soon separates from the body. Turbulence, which may 
appear undesirable on account of the fact that it causes an increase 
of frictional resistance, is, however, useful from the point of view that 
it makes possible considerable increases of pressure, and is thus a very 
necessary phenomenon for many technical applications. 

A few methods will now be discussed, the purpose of which is to 
avoid the separation of the stream in the case of increase of pressure: 

1) By the special application of energy in a comparatively narrow 
boundary region, the velocity can be increased so that with the same 

increase of pressure the non-dimensional ratio ^ ^ ^ ^ ^ below 

the value given in (18.4). One means of producing such an increase 
is to allow a jet of fluid to flow out under pressure (Fig. 46). If the 
width of the jet of increased velocity be small the energy involved is 
unimportant. In practice the gain with this method is not large since 

^ Sc^e also Prandtl, L., On the Role of Turbulence in Technical Hydrodynamics. 
Proc. World’s Engineering Congress, vol. V, Tokyo, 1929. 

8» 
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the band of fluid having increased velocity produces an unstable flow 
and is therefore soon destroyed by the resulting vortices. 

2) Another method, specially applicable to aerofoils, but also to other 
types of flow, consists in arranging one or more slits in the body, as 
in Fig. 47 ; a flow which is practically unretarded can pass through these 
slits. The effect, in contrast with that of an unbroken surface (from A 
to Z) in Fig. 47), is that the boundary layer formed from ^ to ^ is 




brought into the free fluid before it separates from the body, and so 
becomes harmless. At C a new boundary layer is formed. This is however, 
very thin at first and can flow on to D without separating. If necessary 
it can be arranged that a new section of the aerofoil begins at D. 
This procedure has also proved successful with bodies of other forms, 
e. g. with the Townend Ring and the related N. A. C. A. Cowling. Very 
good deflections around blunt bodies are obtained by means of this 
method (see Fig. 48). Instructive experiments on this type of flow have 
been made by G, FliigeU. 

3) A third and very effective method capable of producing a further 
continuous increase of pressure (see Fig. 49) consists of sucking that 
part of the boundary layer retarded by friction, into the intijrior of the 




F\g. 48. 


FIgr. 49. 


body, at a point forward or slightly to the rear of the point of separation. 
No appreciable reverse flow can then occur because the boundary layer 
material is diverted, and a new boundary layer commences beyond this 
point, which again permits another pressure increase (see Fig. 49). If 
necessary, several slits can be arranged one behind the other. If the 
slit is made as in Fig. 50 so that the wall behind the slit is a continuation 
of the wall in front of it, and does not project as in Fig. 49, the result 
is to produce a disturbance in the external stream equal to that which 

^ Jahrbuch der Schiffbautechnischcn Gesellschaft, p. 87, 1930. 
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would be produced in the potential flow by a sink of appropriate strength 
situated at the slit. This, of course, somewhat alters the pressure 
distribution in the neighborhood of the slit and therefore also the 
boundary layer flow. There is a fall of pressure on the upstream side 
of the slit and a stagnation point immediately behind with higher pressure. 
It is seen that this local pressure distribution in the neighborhood of 
the slit favors very much a pressure increase without separation, especi- 
ally when the suction is rather strong. A pressure distribution produced 
by suction strong enough to cause parts of the potential flow to be 
drawn into the slit is shown in Fig. 50 
by the continuous line. If it be com- 
pared with the pressure distribution 
of a potential flow without suction it 
can be seen that a very considerable 
increase in pressure can be obtained 
as a result of the occurrence of the 
stagnation point P at the right edge 
of the hole. There is no danger of 
separation, since the body is touched 
at that point by a stream -line which 
until then has been quite uninfluenced 
by friction. No pressure disturbance of 
this kind occurs in the flow of Fig. 49 
if the suction strength is suitably 
chosen, and in accordance with the 
previous exposition a measurably favorable effect is to be expected also 
in this case, even when the suction is much weaker. But neglecting 
the greater difference of pressure required to produce the suction of 
the flow in Fig. 50 it can at once be seen that greater effects can be 
produced here by the pressure field than is the case in Fig. 49. 

A very considerable effect can also be obtained by making the wall 
porous over the whole surface and thus producing a weak but uniformly 
distributed suction. This can be verified by the following calculations: 

In order to make the problem as simple and as clear as possible it 
will be assumed that the suction is so powerful all over the region of 
increase of pressure that the boundary layer thickness d remains constant. 
In formulating the momentum relation in the manner shown in the 
previous paragraph, it must be noticed that in addition to the momenta 
there considered there is a further term in the present case corresponding 
to the fluid mass absorbed into the wall with velocity component u = 0, 
and replaced by an equal mass with velocity entering^the region under 
consideration at t/ — d. If the velocity of suction be denoted by c so 
that the mass of fluid absorbed per unit surface area is equal to q c, 
the additional momentum is g cu^. Instead of (17.11) the correct formula 
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is here To= (>cm, + + 2d**) . 

where t, = 

We will assume that the velocity profile throughout the system is that 
at the separation point (see Fig. 51), and therefore, in accordance with 
the previous paragraph, and because X — — 12, we 


(18.5) 



-“.K’l-Msr+’rj)' 


have u 
from which it follows that 
and 


d*=> d 
5 


d so that 




22 


35 


35 


b 


Since (cujdy)Q — 0, t vanishes ; and since it has 
been postulated that d should be constant dd**ldx 
vanishes, so that the momentum relation reduces to 


c ~ 


>’ig. 51. Separation 
profile after 
Pohlhauson. 


^ . i/m, 
35 ^ d X 


(18.6) 


In accordance with the Karman-Pohlhausen method 
we have yet to obtain the relation given by the 
differential equation of the boundary layer for y — 0. At this point 
u “ 0, and v — — r, so that 


o. 


dui 


I cl* u \ 


(1S.7) 


In the present case the first term vanishes since (duje^y)^ — 0. Furthc»r, 

12 m, 

UV 'o"" ^ 

which gives ^ = ]/-(dljdz) 

and from (18.6) and (18.8) 

c = 2 . 18 -|/-r^-“’ (!«■«) 

Formula (18.8) shows that these assumptions are particularly applic- 
able to an example for which — dujdx is constant (as for example 
in the neighborhood of a stagnation point). The formula shows clearly 
that, for example, in the case of flow around the rear stagnation point 
of a eylinder, freedom from separation ean be obtained by suction over 
the whole surface. 

If an arbitrary law be given for dujdx it would be necessary to revert 
to (18.5) and the solution could then be found by methods similar 
to those adopted in Pohlhausen’s example of the previous section. In 
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all cases it can be proved that an arbitrary potential flow can be generated 
by the use of suitable suction methods. This is of special importance 
in experimental investigations where such flows are required, 

4) For the sake of completeness another process for the elimination 
of separation must be mentioned, which though very effective can be 
applied only in rare cases. If the walls of the canal, or the surfaces 
of the rigid body as the case may be, are set into motion so that they 
move with the velocity of the potential flow, or with a somewhat greater 
velocity, the friction of the fluid nowhere decreases the kinetic energy 
below that of the potential flow. It follows then that there is no reverse 
flow and no separation. If, for example, two rotating cylinders, as 




Figr. 52. 


Figr. 53. 


represented in Fig. 52 are in a stream, all separation will be absent if 
the velocity of rotation is sufficiently great. The velocity of the cylinders 
in the neighborhood of the rear stagnation point produces a jet of fluid 
which is unstable in the remaining fluid and generates small vortices. 
If the flow could be correctly produced at the cylinders, a result difficult 
to achieve, it would exhibit no resistance, but rather furnish a shght 
forward thrust which nevertheless would only be a fraction of the effort 
involved in rotating the cylinders. When a stream flows around a single 
rotating cylinder, no separation occurs on the side of the cylinder moving 
in the same sense. A vortex therefore forms only on the other side, 
see Fig. 53. The flow around the cylinder thereby constitutes a circu- 
lation and gives rise to a corresponding lateral thrust. This phenomenon 
is called the Magnus^ effect, after its discoverer. 

The behavior of boundary layers in the case of rotating cylinders 
has been further studied by W. Tollmien^. 

19. The Facts about Turbulent Flow. Actual flows at high Reynolds 
numbers are characterized by a ptTuliar phenomenon that has been 

^ Maonus, Abhatuilungen d. Berliner Akad., 1852, or Pogg. Annalen, Vol. 88, 
1853, p. 1, and furtlier Prandtl, L., Maguuw'ffekt und Windkraftschiff. Natur- 
wisscmschafton, 13. Jahrg., Part d, p. 93, 1925. 

Also, Ackkret, Das Rotorschiff und seine physikalischenGrundlagen. Gottingen, 
1925. 

* See his dissertation, Gottingen 1924 (manuscript); further, Handbuoh der 
Experimentalphysik, vol. IV, part 1, p. 241. 
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named “Turbulence”. If we consider first of all a long straight tube with 
constant cross-section and smooth walls, the previous exposition gives 
a flow in which every particle of fluid advances uniformly and rectilinearly, 
the exterior layers moving more slowly than the interior ones on account 
of the viscosity of the fluid. In order to preserve the motion, a fall 
of pressure along the axis of the tube is required of magnitude given 
by the Hagen-Poiseuille formula. If flows of various maximum velocities 
are compared, the fall in pressure should be proportional to the first 
power of this velocity according to the formula. This however, as a rule, 
is not observed in practice. The fall of pressure is much more nearly 
proportional to the square of the velocity, and at any rate increases with 



Fifir. <54. Velocity distribution of the lAminar 
flow in a tube. 



Fit?- 55. Velocity distribution of the turbulent 
flow in a tube. 


increasing velocity much more rapidly than as indicated by the Hagen- 
Poiseuille formula. If the experiment be performed in a glass tube 
and some of the fluid particles are marked, e. g, by introducing color 
into the fluid, or by suspending small bodies, it is also found that the 
flow is by no means rectilinear. Instead of this, the suspended particles 
are whirled* about, and colored fluid, introduced through a small tube 
is tom into shreds and after a short distance is uniformly mixed with 
the whole fluid. If, however, the velocity is sufficiently small, or, to 
be more precise, the Reynolds number is sufficiently small, the results 
of the Hagen-Poiseuille equation are completely verified and the sus- 
pended particles or colored fluid introduced show a rectilinear flow. 
We conclude that the increased resistances are fundamentally connected 
with the confused movement which is observed. If the fluid particles 
are mixed the momenta are averaged out since each particle tak(‘s 
its own momentum with it. Hence it is not surprising that the velocity 
is more uniformly distributed in the tube where turbulent motion occurs 
than in the case of motion without mixture (laminar motion). The 
velocity distributions for the two types of flow, as given by observations, 
are reproduced in Figs. 54 and 55 (both figures are drawn for the same 
amount of fluid flowing past per second). It can immediately be seen 
that the shearing forces at the wall become considerably greater when 
the velocities near the wall are increased. It can therefore be understood 
why the pressure gradient along a tube with turbulent flow is so much 
greater than that with laminar flow with the same mass of fluid per unit 
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time. The first experiments on the resistances to flow in tubes were 
all concerned with the turbulent state. Especially well known are those 
of Darcy carried out in connection with the design of a large water 
supply for the city of Paris. The first quantitative observations of the 
laminar state that are known are those of Hagen 2 . He also described 
the transition from the laminar to the turbulent state. The first 
systematic investigation of the phenomenon was however that of Osborne 
Reynolds® in his famous paper of 1883. Reynolds observed the relation 
between the decrease of pressure in the tube and the mass of fluid passing 
through it, and established the details of the transition from one state 
to the other as exactly as posHible. He also attacked the problem from 
the theoretical standpoint and in this connection formulated the law 
of similitude which bears his name. He found that for tubes of various 
diameters the transition from one state to the other always occurred 
at approximately the same value of the Reynolds number udjv. The 
actual numerical values were in the neighborhood of 2,000. They were, 
however, materially higher if the water in the supply tank was kept 
calm and if the tube had a well-rounded inlet. Ekman^ later repeated 
the (experiments with Reynolds original apparatus, and was able to 
obtain laminar motion up to Reynolds numbers udjv = 24,000, by allow- 
ing the supply of water to remain undisturbed for several hours before 
the experiments were performed. For technical applications however, 
interest is more or less concentrated on the lowest values, which are 
obtained when arbitrary disturbances are produced, whether by irregu- 
larities in the inflowing stream or by vortices forming at an insuffi- 
ciently rounded inlet. 

Reynolds also experimented with the introduction of colored fluid, 
and was able to show that in the laminar state a straight thread of 
colored fluid passes through the entire tube. When turbulent flow 
occurred, however, the thread of fluid could be recognized only for a 
short distance and then quickly became mixed with the rest of the fluid. 
In the transition region, turbulent mixture and laminar movement 
alternated more or less regularly. 

Reynolds found that for a turbulent flow the resistance was pro- 
portional to the 1.73 power of the mean velocity. 

In recent times it has been discovered that the flow along the surface 
of a body, a flow which we have thus far known as boundary layer 
flow, may also become turbulent. First of all it was found that 

^ Darcy, M6moire8 des Savants Strangers. Vol. XV, 1868. 

* Pogg. Ann., vol. 46, p. 423, 1839. 

* Reynolds, Osborne, Philos. Trans. Roy. Soo., 1883, or Collected Papers, 
vol. II, p. 61. 

* Ekman, W. V., Arkiv. f6r Math. Astr. ooh. Fys, vol. VI, No. 12, 1911. 
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calculations of the frictional forces in laminar boundary layers^ do not 
agree, either in value or in the index with observations, e. g, those of 
Fronde The theory gave the 1.5 power of the velocity, but experiments 
showed roughly the 1.85 power, so that the assumption of turbulence 
was suggested. A clear decision was given by Eiffel’s discovery (1913)* 
in connection with the behavior of the air-resistance of spheres. It 
appeared that instead of the air-resistance of spheres increasing con- 
tinuously with increase in velocity, the value fell off suddenly at a 
certain {M)int, so that the resistance coefficient (air-resistance divided 
by (1/2) times the projection of the surface area) dt^creascd to 2/5 
and less, of its earlier value. The explanation was found in 1914 by 
Prandtl^ who showed that the phenomenon is connected with the fact 
that the laminar boundary layer becomes turbulent forward of the 
point of separation, so that the region where separation occurs is shifted 
backward and the whole vortex region becomes very much smaller. 
The experimental proof was as follows: A ring of wire 1 mm. in diameter 
was put around a sphere about 28 cm. in diameter, with the result that 
the reduced value of the resistance occurred at still smaller velocities. 
The wire ring was attached to the sphere at a short distance in front 
of the separation point for laminar motion, so that vortices must be 
formed as a result of this slight obstacle to the boundary layer, which 
was also approximately 1 mm. thick. The effect was, as alrt^ady men- 
tioned, that approximately the same small resistance coefficient was 
obtained as appeared of itself at the higher velocities. That the point 
of separation is shifted backward can be seen from the fact that, through 
the mixing, fluid with greater velocity is mixed with the more slowly 
moving flow near the wall and accelerates it. Hence, only much farther 
to the rear of the body, a backflow occurs and, corresponding to the 
smaller vortex region, there is a smaller resistance. As already explained 
in the previous section, the phenomenon of the turbulence of boundary 
layers is of great importance for all cases where a flow with a continuous 
increase of pressure is required. The critical Reynolds numbers vljv 
(v — velocity, I — length of the l)Oundary flow) are of the order of 
magnitude 300,000 for very steady (undisturbed) flows, and correspond- 
ingly smaller values are obtained for violently disturbed fluids. These 
numbers should not be compared directly with the K(*ynolds numbers 
of the tube, but rather the magnitudes for comparison arcs for the tube, 
the radius r, and for the submerged body, the thickne^ss d of the boundary 

' pRANDTL, L., Verhandlungen des III. intern. Mathematiker-Kongresses zu 
Heidelberg, 1904, Leipzig, 1905. 

* Feoude, Experiments on the Surface Friction. Brit. Ass. Rep., 1872. 

* Eiffel, G., Compt. Rend., vol. 165, p. 1597, 1912. 

^ Peandtl, L., Ober den Luftwiderstand von Kugeln. Gdttingpr Nachriohten, 
p. 177, 1914. 
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layer before the development of turbulence. Taking for example a plate 
in a stream in which the flow is parallel to the plane of the plate, the 
thickness of the boundary layer, by previous results is 


and hence 


]/l* 

-r-5 1/ - 

V y V 


Taking vljv -- 250,000, this becomes 

=r 5 X 500 = 2,500 

V 


This number is to be compared with rjv, or the number djv 

which, on account of the paraboloidal distribution of pressure (w,yican ~ 
1/2 and d = 2r) equals r/r. Hence for purposes of com- 
parison we must put = 2,500 

For a state of flow through a tube corresponding to the above state of 
flow around a plate, the Reynolds number udjv would be slightly higher, 
but the results agree to the order of magnitude considered. 

Note: The above results for the value of the critical number vljv 
for a flat plate can be used with good approximation to determine the 
length measured from the inlet (assumed to be well-rounded) traversed 
by the flow inside the tube before turbulence appears. If I is this length 
and u the mean velocity, ullv can in this case be put equal to 300,000, 
providing that non-turbulent inflow can be assumed. This would, for 
examj)le, give a length / — 20 d for a Reynolds number udjv — 15,000, 
but only 0.2 rf for udjv ~ 1,500,000. 

20. Older Theories of Turlnilenee. The first detailed theoretical 
investigations of turbulence are due to O. Reynolds. In connection 
with this work there are several questions which must be cleared up. 
On the one hand we have to show by considering the hydrodynamic 
differential equations, that the spatial and temporal oscillations of the 
velocity occurring in the mixing movement affect the average motion 
in the sense of a resistance to deformation, that is, they have an effect 
like an internal friction. A second group of theoretical considerations 
is coniicrned with the investigation of the conditions under which a 
disturbing movement, such as occurs in turbulent motion, can increase 
with time. Starting from small initial disturbances, whose temporal 
growth or decline is studied, a kind of stability theory was obtained, 
which it was hoped would yield the value of the critical Reynolds numbers. 
It soon appeared however, that the mathematical development of this 
problem led to very complicated calculations and could in many cases 
give no practical result. Quite lately however, calculations have been 
successfully performed with comparatively satisfying results. These 
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theories regarding the formation of turbulence will be described in 26. 
Certain other considerations, which deal with developed turbulence will 
be briefly explained here. 

In accordance with experimental facts, the motion subject to fluctu- 
ations in space and time is resolved into a mean value which is assumed 
constant with respect to time, and with oscillations about this mean. 
Various authors differ in the choice of this mean value. Some consider a 
spatial mean, that is values averaged over a certain definite space of 
moderate extension; others a temporal mean, that is, values averaged 
for a single point of space over a long time, and finally, also mixed spatial- 
temporal mean values have been used. In the following only temporal 
mean values will be employed. The velocity components, pressure, 
etc., will be resolved into their temporal mean values (care being observed 
that the average is taken over a sufficiently long period of time at th(^ 
point of space considered) and into fluctuations about these mean values. 
If, for example, the velocity component in the x direction is m, th(‘ 
mean value u is constructed as follows 

<,+ T 

u = udt 

I. 

The time T is taken so large that u is independent of T and (q (strictly 
the limit for T co should be taken). Motions for which such a mean 
value independent of time exists will be called motions steady at the 
mean values. 

The fluctuation about the mean value is obviously u — u which will 
be denoted by u\ By definition, the mean value of u' is zero, or, more 
explicitly 

U ^ T u ^ T ^ + r 

yJ u'dt — udt— J dt = M — w = 0 

i. I, I. 


The velocity components m, v, w are therefore compounded of the mean 
values and the fluctuations, and we write 


u — u + w' 
V — V + v' 

w — w w' 


( 20 . 1 ) 


The corresponding expression for the pressure is 

V = V+ V* 


These values can now be introduced into the Navier- Stokes’ equation 
and into the equation of continuity in order to construct the mean 
values of the expressions which occur in them. The terms which in 
this way come to contain only “barred” members (c. gr., u) remain 
unaltered when the mean value is taken since ail such members are 
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constant with respect to time. Where a fluctuation member, alone 
or in conjunction with an expression constant with respect to time, 
occurs, it vanishes by definition when the mean value is taken. The 
quadratic terms of the Navier- Stokes’ equations however, give rise to 
terms containing two fluctuations multiplied together. These products 
in general do not vanish identically when the mean value is taken and 
it is these terms which in fact produce the frictional effect of the mixing 
movement. 

Instead of performing this process on the hydrodynamic differential 
(equations, for which reference may be made to Reynolds ^ or also to 
a very elegant account by H. A. Lorentz*^, we may here consider the result 
obtained from the momentum theorem. Some plane surface is taken, 
its normal being chosen as the x axis, and two axes in the plane as 
y and z axes. The corresponding velocities are taken as u, v, w. The 
amount of fluid passing in any small time dt through the surface of 
area dA is (dA • q - u - dt). The x component of the momentum trans- 
j3orted is then dA • g • • dt. The y and 2 components are dA • guv • dt 

and dA • gu%i> • dt. The mean values can now be obtained by finding the 
T r T 

values ^dA J gu^dt\ ^dA Jguvdt; ^dA J guwdt\ 

(» u 0 

where for simplicity the arbitrary Iq has been put equal to zero. The 
(expressions of (20.1) are now introduced, bearing in mind that 
u, r, w are constant, and that for T sufficiently large expressions like 
1 

I u* dt are approximately zero with an accuracy which increases 
^ 0 

as T increases. If the last mentioned expression be neglected, then since 
(ii 4- u')^ ~ v/^ -t- 2 u u' j- u'2 
the X component becomes 



Writing the last mean value as gu'^, the x component of the rate of 
change of momentum on the surface dA becomes^ dA (gii^ -j- gti'^}. 
Similarly the y and z components are dA (guv-rgu' v') and dA (guw-j- 
gu' m/). The formulae are written for the case of an incompressible 
fluid. When variations of density occur the average must be taken 

^ Reynolds, 0., Phil.Trans. Roy. Soc., 1895 or, Collected Papers, vol. II, p. 355. 

* Lorbntz, H. a., Abhandl. uber theoret. Physik, vol. 1, pp. 43 — 71, 1907. 

® u'* is the mean of the squawks of u' and not the square of the mean u' which 
would be indicated by u'*. They are not the same thing, the latter being zero 
according to the statements made above. 
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also over the variations in density. This complicates matters, since 
terms which are linear in the velocities alone, when combined with the 
densities, no longer vanish. This case however is quite definitely to 
be excluded and we may therefore restrict the entire considerations 
to fluids of constant density. In this simpler case, however, it must 
be noted that the components of momentum change contain terms 
which are made up of products and squares of the fluctuations in 
addition to those which come from the mean values of the velocities. 
The latter terms (those to the left in the above expressions) are exactly 
the same as those obtained by applying the theorem of momentum to 
the ordinary case of steady motion. The terms due to the fluctuations 
(those to the right in the above expressions) are now terms introduced 
by the turbulence. The above expressions for momentum change have 
the dimensions of force acting on the element dA, Dividing by dA 
therefore gives force per unit area, or stresses. The term q corre- 
sponds to a normal stress. The terms q u' v* and q xC tv' denote tangen- 
tial stresses in the xj and in the z directions. It can therefore be 
clearly seen that the temporal mean values of the velocities hav(‘ 
exactly the same effect as stresses in solid bodies or in strongly viscous 
fluids. With respect to the sign of the terms it must be verified that 
the amounts written out above do actually denote the time rate of 
momentum transport. A time rate of momentum transi)ort can always 
be interpreted as a force acting from the surroundings on the mass 
system considered. In this view, however, we must reverse the signs. 
The following ''apparent stresses’^ are then obtained, acting on the cross- 


Ox — — Q 

section considered : ^xy~ — qu' v' 


( 20 . 2 ) 


Tj.. — — qxi' tv' I 

These apparent stresse.s, are to be treated in exactly th(* manner pre- 
scribed in the general theory of stress of 3. 

Exactly similar expressions are obtained for surface (dements in the 
directions of the other axes, and it is superfluous to write them down 
here. The stresses on surface elements which make some angle with 
the axes can also be immediately obtained by using the general rules 
for compounding forces, but these details will also be omitted. 

The above relations are very valuable as an explanation of the 
existence of apparent stresses in a turbulent flow, but since the magnitiide 
of the fluctuations and above all, the magnitude of the mean values 
of the products in question are unknown, it is at first not possible 
to utilize them. In order to overcome this difficulty it is assumed, 
following Boussinesq^, that the mixing movement is simply equivalent 


* Boussinssq, T. V., Mem. pres. par. div. Sav., vol. XXIII Paris, 1877, Th^orie 
des I’^oulement tourbillant, Paris, 1897. 
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to an increase in the viscosity effect, so that the viscosity to be taken 
into account is much greater and may vary from case to case. The 
magnitude which corresponds to the kinematic viscosity is considered 
as a measure of the turbulence and is denoted by e. The magnitude 
corresponding to the viscosity fi is then equal to qe. Hence we put 



How large £ is to be taken, in any individual case, is to be decided by 
experiment. In more exact discussions e has been assumed to vary 
with the space coordinates. Since this makes the calculations very 
difficult however, most writers content themselves with introducing 
a mean value supposed constant with respect to location. 

It may be noted at this point that the mixing movement also produces 
other effects. Thus in a flow exhibiting differences of temperature be- 
tween its parts, these differences are equalised. Differences in chemical 
composition or in the concentration of mixtures are also evened out 
by th(^ turbulent flow. The assumption that the magnitude e which 
occurs in the expression for the turbulent apparent friction etc.) 

also determines the increased heat conductivity or diffusion, has also 
been applied with some success. For further consideration of these 
(piestions, in so far as they affect interchanges in a free atmosphere, 
reference may be made to the text by Wilhelm Schmidts 

Further results as to the connection of the quantity e with the 
velocities of the mean flow u, v^w will be found in the following section. 

21. Newer Theory. Mixing Length and Velocity Distribution. In order 
to proceed further from Boussinesq’s starting point (replacement of the 
kinematic viscosity v by turbulence strength e) it is necessary to connect 
the (piantity f with the values occurring in the mean flow. The dis- 
cussion which follows, starts from the case in which the mean flow has 
the same direction at all points but different values on different stream- 
lines, a case which because of its simplicity is of special interest for us. 
Taking the direction of flow as the x axis and the direction of greatest 
difference of velocity as the y axis, the equations in the simplest case are 

u = u (y), V = w? = 0 

Only one component of the apparent stresses now appears, and is 

ft dti' 

rxy== — QUv = Qe^- ( 21 . 1 ) 

which will be called apparent friction and denoted for brevity by r without 

' Schmidt, W., Dor Massenaustausoh in froier Atmosphare und verwandte 
Ersoheinungen. Hamburg, 1925. 
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suffixes. The formula shows that |t|/^ is the square of a velocity, which 
will be denoted by Hence 

v* = j/® = V (21.2) 

It follows that the turbulence strength e must have the dimensions 
(length X velocity). If the velocity be regulated, e, g. put equal to 
say, it is always possible by choice of some length, I say, to obtain all 
values for the turbulence strength. Replacing t by qv% and e hy I 

(21.1) becomes v^= (21.3) 

an equation which will occur again in an intuitive derivation of the 
apparent friction. Equation (21.3) now gives 

The only unknown quantity which remains is the length I which, by 
comparison with similar considerations in the kinetic theory of gases, 

may be supposed to be something like a 
mean “free path” length. This is in fact 
the kernel of the whole matter; but I can 
also be considered as a gross dimension of 
what may be called “bodies” of fluid having 
a common velocity at any time. We will 
temporarily denote the diameter of such a 
body of fluid by d and ask what distance /, 
such a body, having relative to the rest of 
the fluid, some velocity v' say, must traverse, 
before its kinetic energy is practically destroyed. We may assume that 
the resistance to this body’s movement is similar to the resistance to 
a solid body, that is, that it is proportional to the cross-section and to 
the stagnation pressure (1/2) The work done by the resistance is 
then equal to (number) cP • (^ v'^12) • I and the kinetic energy to be 
disposed of is (number) Qd^ (t^'^/2). Equating these two quantities gives 
I — (number) d as was asserted. 

We will now try to realize in more detail what happens when such 
a body of fluid travels along a distance perpendicular to the direction 
of flow. Let the velocity increase as y increases. We will assume that 
as a result of circumstances whose nature is of no further interest in 
this connection, a body of fluid which originally belonged to a layer 
y — Zj and which had a velocity equal to the mean velocity of 
this layer, is set moving at right angles to the general direction of motion 
and reaches the layer y^ (see Fig. 56). Assuming that the body has lost 
none of its velocity in the x direction, it will be moving more slowly 
than the mean velocity of flow in the new layer, by an amount 

— m', =«(yi) — M(yi — ij) 
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Conversely a body of fluid coming from the layer y = + will have 

a greater velocity than the mean at If it loses no part of this excess 
velocity on the way it will show a deviation 

7/2 = -S (1/1 + Zi) — u (1/1) 


Expanding u (y — and ^ (y + ^i) in Taylor series and neglecting 
terms of order higher than the second, it is easily found that the mean 
value of the amounts u\ and Wg i® given by 




(21.5) 


This now gives an interpretation of the meaning of the length which 
however we do not wish to identify completely with the length I previ- 
ously mentioned. The length will denote the distance which a particle 
of fluid having the mean velocity of the layer it belongs to must move 
perpendicular to the direction of flow in order that the difference between 
its velocity and the mean velocity of the new layer should equal the 
mean deviation of velocity in the turbulent flow. It is left open in this 
definition whether particles entering a new layer from layers above or 
below it at a distance actually had the mean velocities of their previous 
layers or whether the state of affairs was such that they had travelled 
much greater distances and acquired some part of the velocity of the 
layers through which they had passed. It might be assumed for example 
that such a particle travels through all the layers, its velocity, if it comes 
from the region of smaller velocities, being at any instant less than the 
mean velocity of the layer in which it happens to be by an amount 
of the order of magnitude and conversely, that the velocity of particles 
j)roceeding from a region of higher velocities exceeds the mean velocity 
of the layer in which they happen to be by the same amount. This 
alternative representation of the circumstances is permissible provided 
nothing further is known concerning the actual mechanism of turbulence. 
Nevertheless ( 21 . 5 ) above remains here applicable; from the second 
standpoint however, is merely a quantity reprCvsenting the connection 
between the mean value of u'\ and the gradient of the mean velocity 
duldy. The first standpoint naturally gives a more intuitive represen- 
tation. 

Information concerning the mean value of v' is now required. The 
following remarks will supply this. We assume that two bodies of fluid 
coming from the layers + /j and y^ — respectively meet at the 
layer in such a way that one body stands in the line of flow of the 
other one. If the faster one is behind, it will approach the other with 
a velocity 2 u' ; if the slower one is behind, the two will separate with 
the same velocity. In both cases the fluid between them will be set 
into motion in a perpendicular direction, in the first case away from 
the layer y^ and in the second case, towards y^. The transverse velocities 

9 
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may perhaps be smaller than the velocities u* but will at any rate be 
of the same order of magnitude, so that we may write 

v'l = (number) \ u'\~ (number) (21. b) 


In order to get back to (21.1) it is necessary to consider the mean value 
of u'v' in more detail. After the previous discussion it can easily be 
seen that for the particles arriving at the layer with a positive velo- 
city v\ (i. €. particles which come from below in Fig. 56), the velocity u' 
is negative. The product u'v* is then negative. The particles coming 
from above have v' negative and u' positive so that the product is again 
negative. Hence the mean value of the product is different from zero 
and negative. Since in practice the mechanism is probably rather more 
complicated than here assumed, the mean value of the product will 
be put equal to, not simply the product of two mean values, but this 
value multiplied by a numerical factor, which is naturally less than 
one if values of opposite sign occur in the product u'v\ Hence 

u'V' = — (number) \u'\ • Iv'l 


which in conjunction with (21.5) and (21.6) gives 
u' v'= — (number) If ( 


(21.7) 


where the second ‘‘number’* differs from the first. Comparison with 
(21.1) and (21.4) gives however 



(21.S) 


from which the connection between I and the length used in the 
previous discussion follows. The two lengths are in fact proportional. 
Since the number occurring in (21.7) is not known, only (21.8) will be 
used. The following relation obviously follows from this equation. 


r = 



If it be observed that the sign of dujdy must change as the sign of t 
changes, this formula can be more correctly written 


T — 



d u 
dy 


(21.9) 


A name will now be introduced for 1. We shall call it the mixing-length, 
observing however that this name would be even more appropriat(i to 
the length 

It may be asked what has been gained by these considerations since I 
is again an unknown quantity — and apparently no actual progress 
beyond (21.1) has been made. 

The following may serve as an answer: If certain secondary effects 
of viscosity may be neglected, the turbulent apparent friction is, like 
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all hydraulic resistances, proportional to the square of the velocity. 
Formula (21.9) is so constructed that this quadratic dependency on the 
velocity is obtained by taking a mixing length I independent of the 
velocity. A length however, can be more easily imagined than for 
example, a turbulence strength e, and can in a rather intuitive fashion 
be brought into relation with the lengths which characterize each indi- 
vidual problem (diameter, distance from the wall, etc.). It can therefore 
be expected that application of experimental results will give com- 
paratively simple laws of distribution of the length i as a function of 
position, and that arguments by analogy from flows already known, 
should enable us to obtain with fair accuracy the value of the mixing 
length for each point of a flow as yet uninvestigated. In specially simple 
cases, where the problem contains only a single length measurement 
which can be brought into connection with the length Z, we shall be 
entitled on the basis of dimensional analysis, to consider these two 
lengths proportional. It can at once be seen in connection with the 
distribution of values of I in the neighborhood of the wall, that I must 
tend to zero as we approach a smooth wall, but towards a relatively 
small finite value if the wall is somewhat rough. The limiting value 
in the second case is of the same order of magnitude as the roughness 
grain of the rough wall. This is so because the paths of the particles 
transverse to the flow are bounded by the wall and tend to zero in 
the neighborhood of a smooth wall, while they will be of the order of 
magnitude of the depths of the irregularities in a rough wall. 

It would be very important if a rule could be given showing how 
long the mixing length must be at every point for any given case. A \eT\ 
elegant advance in this direction, which nevertheless does not seem to 
represent the final solution, has been obtained by considerations due 
to Th. V. Karman' who assumes that the internal mechanism of the 
turbulence at any two places differs only to the extent of a change of 
the units of length and time. Karman takes as his starting point the 
differential equation of turbulent motion, but the essential result may 
be obtained by a simple application of dimensional analysis. Instead 
of units of length and time we can obviously choose units of length and 
velocity. As far as velocity is concerned the correct unit is already given 
by the velocity of formula (21.2). The unit of length must still be 
found. This will give us the magnitude of the mixing length /. Kdrman 
develops the velocity ^ u ~ u (if) in a Taylors series and ends it at the 

Hccond term : m = m (y,) + (»/ — i/j) ( + 2 )i 

' KArmAn, Th. V., Meohanisohe Ahnlichkeit und Turbulenz. Naohr. d. (tcs. 
d. Wiss. zu Gdttingon, Math.-Phys. Klasse, p. 58, 1930. 

* For sake of simplicity we will now omit the bar of so that u mean.s the 
temporal mean at the point y, 

!)♦ 



132 


(1. THE MECHANICS OF VISCOUS FLUIDS 


The velocity at the point is without importance in finding the value 
of 1 since by Newton’s relativity relation the addition of a constant 
velocity is without influence on the motion of a system, i. e. the amount 
of the mean velocity can have no effect on the value of 1. Hence only 
the terms (duldy)i and (d^uldy\ remain as characteristic data for the 
velocity distribution and as of essential influence in the mechanism of 
turbulence. The only length which can be constructed from these two 

quantities is the quotient 2 which must now be proportional to 

the mixing length. We write, in accordance with Kdrman’s notation 


, du j d^u 

- ^ dJI ~dy» 


( 21 . 10 ) 


It is clear that continuing the Taylor series by another term would 
furnish a second length, viz, so that the mixing length could 

be treated as a suitable function of these two lengths. This shows that 
the proceedings are not free from an arbitrary element. This can be 
avoided by the following alternative procedure, the field of application 
of which is however much more restricted. 

Strict similarity of the circumstances at the various points of a tur- 
bulent flow, as assumed above, can only be expected when the main 
flow itself obeys the same conditions, that is, the main flow, apart 
from an additional uniform velocity, must differ at various points only 
to an extent removable by a different choice of the units of length and 
time. This can be formulated in the following way: If u == / (?/) then 


we must have t (V + o) b f (cy) d 


Here b is the factor by which the unit of velocity must be alt(Ted, c the 
factor for altering the unit of length and d the alteration of the system 
of reference. It is easy to see that this condition can be satisfied only 
by functions of the form 

f(y)^A(y + Br +C ( 21 . 11 ) 


If consideration is restricted to velocities that satisfy this relation, the 
characteristic length of the problem is the length y + /i, that is, the 
distance from the axis of similarity, and it must Ix^ expected that th(‘ 
mixing length I is somehow proportional to this length. In fact we have 


du I d^u 1 , , r>\ 

Ay l ~dy^ ~ T + ^) > 

, d^u td^u i / I 

dy*l dy» ~ n — 

SO that the Karman definition and the definition arbitrarily added 
furnish no new length for reference, but only the distance from the 
axis of similarity multiplied by an arbitrary numerical factor. If the 
axis of similarity is chosen as the x axis, B == 0 and hence 

I = Xi2/ 


( 21 . 12 ) 
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We will now consider the special case where the shear is constant 
throughout the whole region. Then, by (21.2), the velocity is also 
constant. Connecting (21.3) and (21.12) we have 

du 

du 

dy ~~ 

u ~ log y + constant (21.13) 

Xi 

This form of the velocity distribution in no way contradicts (21.11). 
It is on the contrary the well known limiting value obtained by making 
n tend to zero, ^ to oo, and C to — co, in (21.11). Equation (21.13) 

du / d^u 

now gives dy‘ dy^^~y 

SO that (21.10) and (21.12) give exactly the same result, and 

We can now attack the practical problem of what law is to be found 
if regard be given to the viscosity effective in a narrow region along 
the wall. There will be a laminar layer directly next the wall and further, 
at small distances from it, a turbulence “mechanism” influenced by the 
viscosity. From the standpoint of dimensions the two influences can 
be expressed by stating that in addition to the length y measured from 
the centre of similarity, an additional length vjv^ comes into conside- 
ration (v has the dimensions [length x velocity], so that has the 
dimensions of a length). It is only natural to take as the velocity 
of reference when we start with the assumption that the shear t is con- 
stant over the region under consideration. 

So far as we do not attempt to express the deviations in the velocity 
ilistribution produced by the influence of the viscosity on the turbulence, 
we may use formula (21.13) and shall have simply to determine the 
constant of integration in such manner that the viscosity effect is 
included. It can easily be seen from (21.13) that when y ~ 0, that is 
on the axis of similarity, u becomes equal to — oo. The axis of simi- 
larity must therefore lie on the other side of the wall. Let the distance 
of the axis from the wall be called y^, then the velocity u must equal 
zero for y ~ y^. Hence, from (21.13) 

u = ’-* (log y — log y^) (21 .13a) 

We now put y^ (so far undetermined) as proportional to the length 

thus P I 

’ ♦ 


or 

Hence by integration 


from which 


(21.14) 
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This equation contains two empirical constants x and ^ which may be 
adjusted to experimental results. This will be examined more closely 
in the sequel. For the present it may be observed that this formula 
has proved very useful for large Reynolds numbers. The value of the 
particularly important numerical factor x is given by the best experiments 
as 0.40. Fig. 57 gives a graphical representation of the behavior of 
the function defined by (21.14). 

For smaller Reynolds numbers — not far beyond the critical value a 

less summary consideration of the effect of viscosity is desirable. A general 

formulation of the problem can be obtained 
quite simply. We may start from the 
mixing length. We shall then be able to 
retain formula (21.12) but x^ must now be 
a function of the ratio of the two lengths // 

and r/ that is, I y • / ( ) (21.15) 

It is seen that formula (21.15) represents 
the most general method of constructing 
a third length from two given lengths. PVom 
(21.3) we have 



Fig. 57. 


Logarithmic 

distribution. 


velocity 


dy 


I 




and hence, again for — const.. 


J »'(«•) 


(21.16) 


Vo 


where ha.s the same meaning as before. The function / can l)e so 
arranged that it formally includes the usual viscosity effect*, and then 
the lower limit of the integral can Ixj put y„ 0. If this is not desire<l, 
the previous result for y^, but with an altered /?, may be used. 

The formulae (21.14) to (21.16) suggest writing the relations in non- 
dimensional form. One of these non-dimensional quantities is v^yjv — tj 
whieh can now lie called a “dimensionless distance” from the wail. 
It is obviously a kind of Reynolds number. Another non-dimensional 
quantity is ujv^ which may be called a “dimensionless velocity”, and 
a third is liy — f [r)). We may now replace dyjy by drijt) in (21.16), 

v:=/,77&) (21-17) 


HO 


^ It is only necessary to put / (r/) = l//y for very small y 
flow is laminar, giving u ~ (vJA) V " (t//^) y. 


V where the 
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This shows that for the case of constant internal shear, dimensional 
analysis lead to the result that the non-dimensional velocity ujv^ can 
be represented as a function of the non-dimensional distance from the 
wall 7] = yjv. The form of cp (rj) which is determined by observation 
will be discussed in greater detail in the following section, on the basis 
of experimental results. For the present it may be observed that the 
form of (p {rj) obtained for large Reynolds number (that is, large rj) in 

(21.14) can now be written (p (rj) = A log rj {- B (21.18) 

We shall likewise obtain a very useful formula for smaller Re 3 niolds 
numbers in the form q) (rj) = Crj'*^ (21.19) 


22. The Laws of Surface Friction from Experiments on Flows in Tubes. 
Resistance Formulas. Effect of Roughness. The relations for the shear 
inside a straight tube of circular cross-section have already been dis- 
cussed in 2. The equilibrium between a difference of pressure (p^ — P 2 ) 
and the shearing forces on the enclosing cylindrical surface of radius y 
was considered and a relation obtained which will here be taken as 
a jK)int of departure for further development. Formula (2.3) gave the 

shear as r — - ^ ^*'1 (22.1) 


This formula can be used, as it stands, for turbulent flows. The only 
difference is that t no longer represents the ‘"true shear” due to the 
viscosity of the fluid, but the sum of the true shear and the ‘'apparent 
shear”, the latter being determined by the turbulent interchange. The 
part played by the true shear, except in layers directly next the wall, 
is small enough to be neglected in comparison with the apparent shear, 
so that in essentials only the latter need be considered. Two results 
of different natures may be deduced from the above formula. On the 
one hand, that in the same cross-section, t is proportional to the distance y 
from the axis of the tube: and, on the other hand, that its value can 
be determined by experimental observation of the pressure difference 
(Vi — P 2 ) between two sections distant L from each other. Considering 
in particular the shear Tq at the boundary, where y = r. 


2L 


( 22 . 2 ) 


This permits us to test experimentally the statements of the previous 
paragraph in an approximate manner (only approximately because the 
shear in the region near to the wall of the tube is not exactly constant, 
but linear in the distance from the wall, in accordance with (21.1). 

Many formulae for the decrease of pressure in a tube have been 
published in the course of time. Since however the calculation of the 
flow in a tube is not an end in itself, so far as we are here concerned, 
we shall apply only some few formulae of the more recent literature 
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on the subject which have been tested with special thoroughness. In 
addition it should be noted that only these more recent formulae satisfy 
the Reynolds similarity conditions. One well-known formula of this 
kind is due to Blasius^ but can only be used for Reynolds numbers 
udjv < 100,000. 

If a resistance coefficient A for the flow in tubes be defined by the 

equation ^ “ d T (-^••1) 

where d is the diameter of the tube and u the mean velocity ^ in the tube, 

Blasius gives A as A = 0.3164 (“) (22.4) 

Comparing (22.2) and (22.3) and using d = 2/-, we have the following 
equation for the shear at the wall: 


and therefore on taking (22.4) into account, 

To = 0.03955 Q u V d 

Since we require a formula using the radius r instead of th(j diameter, 
the above number must be divided by (2)'^^ — 1.19, giving 

To = 0.03325 Q r — o vj (22.6) 


In this formula the velocity known to us from the previous paragraph 
has again been introduced. In the succeeding account will always 
be supposed to be connected with the surface friction Tq. If v'i be split 
into two factors it is easily found that 


or 



0.03325 \ V I 



(22.7) 


This equation is very similar in construction to (21.19). Howcjver, a mean 
velocity stands on the left hand side, and the radius of the tube' instead 
of a distance from the wall, on the right hand side. If we realize that 
in turbulent flows the increase in velocity is chiefly concentrated in 
the parts near the wall, whereas the differences of velocity are small 
in the interior of the tube, it is evident that the behavior of layers near 
the wall is most important. We can therefore see from the construction 
of (22.4) or (22.6), and (22.7) which was derived from it, that they depend 
almost entirely on the state of affairs in the neighborhood of the wall. 
We shall therefore have mastered the main features of this flow if we 
can find a law exhibiting these characteristic features of the behavior 


^ Blasius, H., Forschungsheft 131 des Vereins Deutacher Ing., 1911. 

* This notation differs from that in 20 and 21, in so far that here u denotes not 
the temporal mean at any point, but the mean value for any cross-section of the tube. 
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near the wall. In this region however, as previously mentioned, the 
shear is approximately constant and equals Tq, so that the relations 
at the end of the last section may be applied as approximations. In 
order to obtain a result it will now be assumed that a power formula 
of the form given in (21.19) holds from the wall to the middle of the tube. 
It is certain that this will not be exact for the middle portions of the 
tube, but as already seen, this does not matter very much. First of 
all the transition may be made from the mean velocity u to the velocity 
at the axis of the tube w,, by putting u equal to 0.8 thus giving 



Now this formula must hold for all distances from the wall, in accordance 
with what has been said above, so that 

(22.8) 
(22.8a) 

Hence, starting from a law for the fall in pressure given by (22.4) we have 
obtained a relation for the velocity distribution, by assuming that the 
spc^cific character of the pressure law is produced entirely by the velocity 
distribution and does not depend on other factors. The result obtained 
is that the velocity at different distances y is proportional to the 7^^ 
root of the distance from the wall. In accordance with a remark made 
at the commencement of this paragraph the Blasius formula holds only 
for a limited range of Reynolds numbers. It is however to be regarded, 
for this domain, as a very good and reliable inti^rpolation formula. 
The derived formulae (22.8) and (22.8a) are valid only for the corre- 
sponding region, that is up to rj -- 700 but have proved to be very useful 
for representing the results of experiments in this region. In order to 
prove this, the 7^*^ power of the velocity can be plotted as a function 
of ?/, the distance from the wall, and an almost straight line is usually 
obtained. It is surprising to find that points near the middle of the tube 
also fit very well to this line, which however only shows that the in- 
fluence of the weakened shear toward the center is compensated by some 
other influences. According to our reasoning we should have expected 
the regularity described to hold only in the neighborhood of the wall, 
but it is naturally very convenient to know that formula (22.8) can be 
employed even to the middle of the tube. If be calculated backwards 
from formula (22.8), the result is 

V* = 0.150 u y '* (22.9) 

To =={?»• = 0.0225 Qu'"* (y )* 



(p =r= 8.74 r] 


which gives 


( 22 . 10 ) 
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This formula which naturally agrees very closely in its construction 
with formula (22.6), from which we started, has proved very useful 
for a series of problems, as for example, the calculation of the frictional 
resistance of a plate (see the following sections). If we take Reynolds 
numbers outside the limits mentioned, it is found that the 7^^ power 
no longer gives a straight line, but that the or, for even higher 
Reynolds numbers, the 9^^ or power must be taken. This agrees 
with the statements that the resistance numbers A now deviate from 



Figr. 58. DimeriHionless velocity in a tube as a function of the (iimenslonless distance from 
the wall; after NikiiradHc. 


the Blasius formula, or in other words, they decrease more slowly with 
increasing Reynolds numbers and remain higher than as given by (22.4). 
A number of formulae have been proposed which, for the most part, 
have the same construction, and only differ in the numerical values. 
The results of experiments including the most recent ones of Nikuradse^ 
and of Schiller and Hermann ^ agree best with a formula which in 

our notation is A == 0.00540 + 0.397 j ^ (22.11) 

The problem of deducing a formula for the velocity distribution from 
the above resistance law could be performed exactly as in the example 

^ Vortrage aus dem Gebiete der Aerodynamik, p. 63, Aachen, 1929. 

* Schiller, L., Vortrage aus dem Gebiete der Aerodynamik, p. 69, Aachen, 
1929. — Hermann, Dissertation, Leipzig, 1930. There A, 0.0027 -f- 0.161 
(vr/v) referred to the radius. 
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of the Blasius law. The difficulty arises however that it is not possible 
to invert in a finite form the function occurring in (22. 1 1 ) so that a graphical 
representation or table of values would have to be used. It is therefore 
more expedient, since direct measurements of the velocity distribution 
have been obtained, to obtain a function q) = q) (rj) directly from ex- 
periment, by plotting the quantity ujv^ on yjv for various points, 
after the values of Tq and hence calculated. This has been 

done by Nikuradse^. It can naturally only be expected that the points 



Flff. 59. Lo^Hrithinlc re presen t-at Ion of Fije. 58. The straight lines represent, formula 
(22.12) ( ) and (22.13) ( ). 


near tht‘ wall will give a .satisfactory curve. The result, represented 
in the ordinary manner in Fig. 58, and with the logarithms of y^v 
as abscissa in Fig. 59, shows however that even the points lying near 
to the middle of the tube do not lie too far from the curve given by 
points near the wall: so that we again have the advantage of being 
able to apply the law for the particles near the wall with approximate 
accuracy up to the middle of the tube. 

The representation with logarithmic abscissae furnishes the very note- 
worthy result that the points, excluding the smallest values of /y, (less 
than 10) lie almost exactly on a line. A line like this has however already 
been obtained by the considerations of similitude in (21.14), (21.18). 
We are now obviously in a position to supply numerical values in (21.18). 

‘ Nikuradsk, J., Forschungsheft 356 des Vereins Deutscher Iiigenieure. 1932. 
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If the points near the wall, for which the law is supposed to hold accur- 
ately, be taken, we obtain^ (p ~ 2Alogr] + 5.8 (22.12) 

If, however, an approximate formula is desired, which is to be applicable 
over the whole region from the neighborhood of the wall to the middle, 
a straight line can be so arranged among the experimental points that 
for small values of it represents the state near the wall and for large r} 
the state near the center. The line so obtained can be expressed in 

round figures as ^ = 2.5 logrj + 5.5 (22.13) 


Comparison with (21.14) 
shows first of all that 
Karmdn's universal con- 
stant K of (21.10) which 
is identical with of 
(21.12), has the following 
numerical values: 

Equation (21.12) abov(^ 
gives X ^ 0.417 : (22.13) 
gives X -- 0.4(X). It should 
\)e mentioned thatKarman 
himself, on the basis of 
experimental results of a 
different kind found x to 
lie between 0.37 and 0.38. 
Of further interest is the 
quantity^ of (21.14). Its 
value is given by (22.12) as ^ 0.089 and by (22.13) as /S 0.111. 



A more exact analysis of tubular flow based on exptTim(*ntal det('r- 
minations can be undertaken by calculating the mixing length I for 
various distances from the wall and attempting to bring the results 
into one system. The non-dimensional quantities which we consider 
to be of importance are the ratios ?//r, and v^rjv or It is 

immaterial which of the two latter quantities is chosen since v^yjr^ 
iyl^) so that the alternative choice only changes the analytic 

form of the function. As the behavior of the portions near to the wall 
already indicate, the viscosity influences vanish for large Reynolds 
numbers, that is, large which implies that v no longer occurs 

in the formulae. Hence in this case a function of yjr alone is to be 
expected. Experiments by Nikuradse do in fact show this result. The 
function Ijr for these high Reynolds numbers is represented in Fig. 60. 


^ It may be noticed that in (22.12) and (22.13) “log” means the logarithm to 
the base e. 
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It can be expressed with good approximation by the following equation: 

^ =0.14 — 0.08 — — 0.06 — (22.14) 

where y always denotes the distance from the wall, and r the radius 
of the tube. Developing Z as a series, the first terms are 

1 = 0.4j/ — 0.44*'* + . .. (22.15) 

Hence for i}OsitionH near the wall (21.12) is satisfied with x == 0.4. This 
equation can be applied with good approximation from rj = yjv — 2,500 
onward. Rather higher 
values for I are found 
with lower values of tj, 
s(;e Fig. 61. 

The foregoing shows 
that on closer examin- 
ation the circumstan- 
ces are considerably 
more complicated than 

(22.13) appt^ars to in- 
dicate. It should be 
noted first of all that 
in accordance with the 
arguments leading to 

(21.14) , this equation, 
and hence also (22.12) 
above, only hold for 
the region where the 
viscosity effects are restricted to a thin layer at the wall, so that they 
no longer appear in the equation for 1. According to the previous 
argument this would have been the case for r} 2,5(X), and according 
to the same arguments (22.12) and (21.14) do not hold for layers 
near the wall. It is however a particularly fortunate circumstance 
that as the result of the combination of effects, the nature of which 
is unknown up to the present time, (22.12) is also applicable for 
values of 7 / which are one hundred times smaller than was expected, 
and (22.13) which differs only slightly, can be used right up to the 
middle of the tube. 

In determining I it was necessary to differentiate an empirical curve. 
In calculating the velocity distribution from the behavior of I we had 
to perform an integration [see (21.16)]. It is known that small irregu- 
larities in a curve represent considerable deviations in the differential 
coefficient while conversely, considerable variations of a curve to be 
integrated, provided that they balance one another somewhat, lead only 
to minor differences in the integral curve. Hence it can be understood 
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why the very different statements as to the mixing length obtained 
on the one hand from (22.14), and on the other by differentiating (22.13), 
can produce final velocity distributions varying so slightly. The most 
important practical result is that (22.13) gives an approximate represen- 
tation of the velocity distribution in the turbulent state, dependent on 
the shear at the wall. 

Since the value of I is independent of the viscosity for large values 
of tj and is then a function of yjr alone, it follows that the value of 
(Umax — u) is then a function only of the shearing force at th(^ wall that 
is, of and of y. The equation is 

“max — « = (- 7 ) (22.16) 

Although it had already been enunciated in the same sense by 
Darcy', the first research worker to measure the velocity distribution, 
this relation was soon forgotten. It was rediscovered by von Karmdn in 

19292. 

With the help of the approximate formula (22.13) above it can be 
written n^ax — w = 2.5 v* log ^ (22.17) 

When the function F in (22.16) is known it is possible to obtain 
the mean velocity u by calculating the mean value ol u (y) for the cross- 
section. Using the value of F in (22.17) in this fashion, the formula 
obtained as a first approximation is 

U = Utnnx — 3.7o (22. IH) 

If more strict regard is paid to the form of the function F it is found 
that more accurate values are given by® 

= u,nax — 4.07 V* (22.19) 

Equations (22.17) and (22.18), which are mutually consistent, should 
be used in conjunction with each other, while the more exact equation 
(22.19) is to be preferred for application to experiments in which 
is measured. 

Equations (22.17) and (22.18) furnish a method for finding an approxi- 
mate value of A, the usual resi.stance coefficient. It is customary to write 

dj> ___ A ou^ 
dx d 2 

From (22.2) we have — ~ ^ q v% 

* Darcy, M^moires des Savants etrangers., Vol. XV, p. 14), 1858. 

* KArbiAn, Th. v., Nachr. d. Ges. d. Wise, zu Gottingen, Math.-Phys. Kl., 
p. 58, 1930. 

® Nikuradse, J., V.D.I.-Forschungsheft 356, Berlin, 1932. 
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and since d = 2r we find by equating these two values, 

A = (22.20) 

Also, from (22.13) ^max = + 5.5 1 

which, in conjunction with (22.18) leads to 

(2.5Zoir ~ + 1.75 ) (22.21) 


It is now possible to introduce the Reynolds number udjv by writing 

r \ lid |// ud 

V ~ 2 V u ~ 4]/2 ^ 

This gives, with reference to (22.20) and (22.21), 


8 

2.5 % ( 1/7. ) — 2.5 to? 4 ]/ 2 + 1.75 j* 


On simplifying this equation and transforming the logarithms to base 10 


we get 





035 fcg,o(~l/7)— 0.9l|* 


( 22 . 22 ) 


This formula shows that the graph of 1/]/A as a function of 
log (udiv)]/}. is a straight line. Measurements by Nikuradse have 
verified the linearity of this relationship very accurately. This property 
is found to hold with good approximation for small Reynolds numbers, 
5d/r, beyond the range where the theory can properly be applied, 
sec Fig. 62. The following empirical equation has been deduced from 
exj)eriment8 on the resistance in pipes and holds with fair accuracy for 


the entire domain: = 2.0 log ^ |/A j — 0.8 (22.23) 

so that the numerical coefficients obtained in practice differ only 
slightly from those obtained in the above theory. The value of A for 
any measured value of udjv can always be obtained by successive approxi- 
mation thus: first substitute any convenient value for j/A in the right 
hand side of (22.22) or (22.23) and calculate a first approximation to 
the value of A ; use this value to repeat the procedure if the initial value 
substituted for A differs too greatly from the first approximation. 

The calculations in the theory described above arc related in certain 
respects to similar calculations in the paper by Professor von Karmiin 
already quoted, and owe their inspiration to that paper. 

A few remarks on rough walls may be conveniently inserted at this 
point. It has already been pointed out that account can be taken of 
any degree of roughness by choosing a suitable value for i/q in (21.13a). 
As a first approximation can be regarded as proportional to the 
diameter of the grain of roughness. 
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Hence putting y^ — oik we get 

M= — 

The corresponding equation obtained as the result of a series of 
experiments at Gottingen in which roughness was produced by attaching 
grains of sand to the inner tubular surface was 


It = ( 2.5 log ^ + 8.5 J (22.24) 

giving a = 1/30. 



Fig. 62. Logarithmic representation of the coefficient of resistance for smooth tubes. 
The straight lino represents formula (22.23). 


Since (22.17) and (22.18) refer to the state of affairs in the interior of 
the tube they can be immediately applied to the case of the rough tulx'. 
The coefficient of resistance for the rough tube can therefore be obtained 
by repeating the corresponding calculations, as explained above, for 
the case of smooth tubes. It must be observed however that in their 
present form these equations are only correct if the Reynolds number 
is sufficiently large. The effect of the deviations from these equations 
when the Reynolds number is too small is that the resistance of the rough 
tube approaches the value for the smooth tube, and these values coincide 
for roughness sufficiently small. Naturally similar conditions prevail 
for the Velocity distribution. Hence the constant — log ol must be replaced 
by a variable magnitude, and it is easy to see the quantities upon which 
this variable must depend. We must construct a Reynolds number 
from the magnitudes which characterize the flow at the wall, i, e, k. 
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the diameter of the grain of roughness must be taken as the length 
and the velocity of shear, as the necessary velocity. The expression 
{u/v^ — 2.5 log y/k) has the value 8.5 for the completely developed flow 
with roughness. Let this expression which is equal to — 2,6 log ol be 
introduced as a new variable This value gives a very simple expression 
for the smooth tube. Using (22.13) we have 

% = 2.5 ^ 

which is, as expected, a function of the kind of Reynolds number as required. 



Experimental values obtained from various rough tubes and plotted 
to show y as a function of log (r* kjv) do in fact show^ this state of affairs 
(see Fig. 03). Thus the variable y has the value 8.5 for large v^kjv, 
coincides with the above function for small values and has a characteristic 
transition curve for intermediate values. A value of y, dependent on 
log kjv, can also be obtained from the measurements of pipe resistance. 
The distribution of these values agrees very well with those obtained 
from the velocity profiles. Fig. 04 shows the manner in which the 
coefficients of resistance of rough and smooth tubes depend on the 
Reynolds numbers. 

23. Turbulent Flow Along a Wall with Special Reference to the Fric- 
tional Resistance of Plates. With the help of the facts established in the 
preceding paragraphs, turbulent flows along a wall can now be treated 
in the same manner as the laminar boundary layers of 16 and 17. Since 
a solution involving the differential equations is not possible, the methods 
to be used can only supply approximations to the required values, as 
in the laminar case of 17. 

The first flow to be discussed will be the comparatively simple ease 
in which the pressure is constant; this is approximately true for a flow' 
past a thin plate set parallel to the direction of the stream. 
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As in the laminar case it is necessary to distinguish between two 
portions of the flow: an essentially linear flow at some distance from 
the plate and having the given velocity and a retarded boundary 
layer in the immediate neighborhood of the plate. Under the cumulative 
action of friction at the wall the boundary layer which commences with 
practically zero thickness continually increases in thickness as the 



distance from the leading edge increases. Here again it is j)ossible to 
use the theorem of momentum: the loss of momentum at a distance z 
from the leading edge is equal to the resistance produced by the surface 
friction from the leading edge to the point distant z from it. If this 
resistance is measured for unit width the appropriate formula is therefore 

d 

D{z) = Q f u{ui — u)dy (23.1) 

0 

In order to simplify the calculation of the momentum integral let it 
be assumed that the velocity distribution in the boundary layer is of 
the same kind as in the case of tubular flow. Since we have only to find 
the total momentum no serious error will bo introduced when using 
the velocity distributions characterized by (22.8) and (22.13) respectively, 
if the transition from boundary layer to undisturbed flow is contrived 
by simply connecting the undisturbed flow and the velocity profile of 
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(22.8) or (22.13). This produces a slight discontinuity (see Fig. 65) which 
will of course be rounded off in reality. Since this modification cannot 
alter the total momentum in any signifieant degree, the approximation 
is reliable. 

The assumption that the velocity, inside the boundary layer is pro- 
portional to the seventh root of the distance from the wall, y, [see (22.8)] 
is found to give a good approximation for moderate Reynolds numbers. 
A simple integration of the momentum integral shows that its value 
is then (7/72) qu\ 6. This can bo connected with the 
shearing force by using the fact that the shearing 
force T is equal to the increase in drag per unit 
length, i. e. t = dDIdx. Thus substituting the value 
of D obtained above we have 

(23.21 

On the other hand, from (22.10) 

T -= 0.0225 QuV^ (vld)^^^ (23.3) 

Integrating the differential equation obtained by equating these two 

values of r givx*s t | ) 0.0225 ( j • x 

and thence, solving for d 

A -0.37(^ (23.4) 

Substituting this value in D = (7/72) pWj d gives 

D = 0.036 o a: ^ J ^ j 

A coefficient of friction for plates Cf is obtained by dividing this value 
of D by the stagnation pressure (1/2) Quj, and by the area of the plate, 
which in this case equals x, on account of the unit width assumed. In 
terms of a Reynolds number defined by 





X 


X 

V 


the value of Cf is therefore, 

Cf - 0.072 (23.5) 

For larger Reynolds numbers it is advisable to use the logarithmic law 
of velocity distribution as expressed in (22.13). The calculations are 
considerably more involved, for the total momentum of the boundary 
layer cannot be expressed as simply as in the other case. The procedure 
will be clearer if the law of velocity distribution is first used in a gene- 
ralized form. Let us put (p = (p {t]) where, as before, 

w = — and t] 


10 * 
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Let 7 } — //i and q? = (f^ when u = u^. From (p^ = it follows that 
= ujtpiy and hence we have the following equation for the general 

velocity u — v^(p 


Substituting the above value for in t] ~ v^^yjv gives 
and hence it may be noted in passing, 


d y 






The next stage is to write 


dl) 
d X 


and to substitute qv'^ for r, and the expression of (23.1) for I). Since 
and dy and hence also 7 ]^ which equals v^dlvy are functions of x, djdx 
can be replaced by (d t]T^ld a*) (d 'd /;j). 

Hence, after cancelling a number of factors 


»h 

Wi dfii d I'l 

fi dx-d,„Jvi 

0 



(23.6) 


In differentiating the integral it is n<‘ce.ssarv to diff(*rentiate once with 
respect to the up|xjr limit; but this obviously gives zero, since cp — (p^y 
for 7 ] “ r/i. Next, in differentiating within the sign of integration, it 
should be observed that (p^ is a function of Jh whereas (p is constant 
during the differentiation. Hence the derivative of the integrand is 
' d (pjd 7 ]i, To abbreviate the notation it is convenient to write 

0 

SO that the following relation holds 

If it is assumed that this formula holds from the leading edge of th(‘ 
plate (a: = 0) and that here tji ~ 0, then by integration we have 

uj ^ ^ ( 23 . 7 ) 

0 


If however this assumption is unjustified the j)re8ence of an initial 
laminar region will necessitate adding a suitable constant of intc^gration. 
This will not be taken into account for the present. It may be observed 
that the method by which 0 (i^g) obtained shows it to be a function 
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of zero dimension. It can be seen that the remaining quantities occurring 
in (23.7) can also combine to form a non-dimensional quantity, i?a.= 
xlv which has already been encountered. The final result is therefore 






(23.8) 


It still remains to calculate the resistance either by using (23.1) or by 
means of the relation D ^ J rdx, where 

Q uf 

r — G vi = 

As a result of either method 


•li 

D — Qvu'i dri^ — Q V Mj W (rji) (23.9) 

J ri 
0 


wher<^ (//g) ia another non-dimensional function. The Reynolds number 
c and th(>! resistance D in this exposition are functions of the parameter 
// 2 , which denotes the dimensionless thickness of the frictional layer at 
the point x. If x is taken as the entire length of the plate, so that D is 
now the total resistance per unit width of one side of the plate, the following 
valu<‘ for Cy, the coefficient of frictional resistance, is easily obtained 


r - A. 

\liQU\x 




The next stage consists in replacing the function (p in its undetermined 
form by one of the special values given in the last section. If the power 
formula (22.8) is taken as a starting point, (23.4) and (23.5) reappear. 

On the other hand, the logarithmic formula (22.13) used in its present 
form gives the velocity zero — not where rj “ 0, but at a small positive 
distance* away. For when y " 0 

=„ 2.2 

so that rj ~ e - - 


It is therefore advisable^ to transform the coordinates in such a way 
that 9 ^ — 0 when rj ~ 0, This can obviously be achieved by writing 

(f = 2.5 log {I 9 Yj) 

This formula is practically identical witli the previous one for all 
sufficiently large values of ?/. The numerical coefficients in this equation 
are approximations, so that the following generalized form of the 
equation may be written: 

(p siz, a log (1 4 - b Yj) 
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If (p {rj) is assumed to be of this form and {I brj) is replaced by z 
to abbreviate the notation, integration furnishes the following values 

F(rj) = a® {log^z- 2logz + 2 — , 

0 {rj) = (2 log^ z — 4zlogz — 2logz + 6z — 6 ), 


l ( z + i 


2 ( 2 - 1 )\ 
logz ) 


Sets of numerical values have been calculated for a = 2.495 and 
6 = 8.93, values which differ only slightly from those above. The 
following table is taken from the “Ergebnisse der Aerodynamischen 
Versuchsanstalt”, Part IV, p. 25. 



0.500 I 0.337 1 5.65 

1.00 I 0.8201 4.75 

2.00 i 1.96 4.05 

3.00 3.25 ! 3.71 

5.00 6.10 ; 3.34 

12.0 17.7 2.81 

20.0 32.5 2.57 

60.0 96.5 i 2.20 

100. 217.5 : 1.96 

500. i 1401. 1.55 


Since the relation between Cf and Rj. 
furnished by the above set of formulae is 
inconvenient for calculations, it is advisable 
to use some interpolation formula which 
agrees sufficiently well with the tabulated 
values for the range occurring in practice. 
It has been found by Dr. H. Schlichting 
that this can be achieved satisfactorily by 
using the formula 


It should be mentioned that calculations 


very similar to the above have been made 
by von Karman. His results are in good agreement with those given 
above. They were announced by him in a lecture at the International 
Congress for Applied Mechanics, Stockholm, 1930, and are given in 
detail in the printed proceedings of that congress^ and in a report ^ 
at the Conference on Hydromechanical Problems (Connected with tlu^ 
Propulsion of Ships, Hamburg, 1932®. 

Fig. 66 shows several sets of values. It shows the numbers given 
in tabular form above, which in practice differ very little from those 
calculated from the approximate formula, together with the values 
obtained from (23.5) and also some values obtained experimentally. 
Wieselsberger’s experiments^ were performed on plates with blunted 
leading edges in the wind tunnel and consequently turbulence began 


^ Verhandlungen des III. Internationalen Kongresscs fiir Technische Meohanik, 
p. 85, Stockholm, 1931. 

* See Kemff and Foerster, Hydromechanisohe Problemc des Sohiffsantriebs, 
Hambuig, 1932. 

* K&nn4n*8 oaloulations have the advantage of priority over those of the 
present writer, but so far his articles contain no tables of numerical values for 
practical applications. 

* „Ergebni83e der Aerod 3 mami 8 chen Versuchsanstalt**, Pt. I., pp. 121 — 126. 
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quite near to the leading edge; Gebers^ on the other hand used weD 
sharpened plates in the water tank thus producing a laminar flow near 
the edge. 

Kempf’s experiments 2 which were also carried out in the water tank 
involve such large Reynolds numbers that the laminar portion of the 
flow has practically no influence on the calculations. 

Allowance can be made for the laminar flow at the leading edge 
of a flat plate by comparing the states of affairs in two flows: (1) when 
the flow commences by being laminar and becomes turbulent only after 



Fiff. 66. Coefficient of frictional resistance of smooth plates. 

The lines of the diatrram correspond with the folio wingr equations: 

( 1 ), ( 23 . 11 ); ( 2 ). ( 23 . 14 ); ( 3 ). ( 23 . 15 ); ( 4 ), ( 23 . 16 ); ( 5 ), ( 23 . 17 ); ( 6 ), ( 23 . 18 ). 


a definite Reynolds number Ej. is reached, and (2) when turbulent flow 
occurs immediately at the leading edge. For the purpose of such a com- 
parison the plate in (1) is taken to be longer than the plate in (2) by 
a length I just sufficient to ensure the same value for the resistance in 
each case. Since the resistances are equal, it follows from the theorem 
of momentum that d, the final thickness of the frictional layer, is the 
same in both cases, and hence that the state of affairs throughout 
the two entire turbulent portions can be compared. Hence a plate 
of length X with initial laminar flow has the resistance of a plate of 
length X - — / as calculated from the formulae so far obtained. If sjTn- 
bols referring to the case of turbulent flow beginning from the leading 
edge are distinguished for convenience by an asterisk, it follows that 

» .,Sohiffbau“, Vol. IX, 1908. 

* Werft, Reederei, Hafen, p. 234 and p. 247, 1929. The values given refer to 
the looal ooeffioient of friction and have been integrated by the present writer. 
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And also, D = Y ^ wf a; • 0/ 

^ I 

from which it follows that Cf — C** ~ 


This relation can be put into a slightly different form by multiplying 
both terms of the fraction by Wj/r. For u^xlv = and u^llv is a Reynolds 
number characterizing the initial laminar flow and may be denoted 
by i?Q. The final relation is therefore 

0 = (23.12) 

This relation can naturally be applied to (23.5) as well as to (23.10) 
and (23.11). In such a connection it must be remembered that (23.12) 
is based upon the assumption that at some definite point the laminar 
profile suddenly transforms into the turbulent profile. In actual fact 
the transition is accomplished in a region of appreciable length and 
moreover experiments show that the position of the point when tur- 
bulence commences oscillates with time. These two facts somewhat 
lengthen the transition between the laminar and turbulent flows. If 
the transition is not complete by the time the end of the plate is reached 
the above formula cannot bo expected to agree with experimental r(‘sults 
and in such a case Cy will in reality be somewhat higher. In tlu^ domain 
where transition occurs, the formula 

= — (23.13) 

has proved to be closer to the facts but it is not possible to deduce it 
from theoretical considerations. The same formula can also be applitHl 
beyond the transition domain since the correction is of little account 
when large Reynolds numbers are involved. The Reynolds number 
in (23.12) as well as the constant in (23.13) naturally depend on the 
sharpness of the plate. They also depend on the degree of freedom from 
turbulence of the approaching flow, or otherwise on the smoothness of 
the plate’s motion, as the case may be. In Gebers’ expcTiments 
can be taken as 500,000 and the constant of (23.13) as 1,7(X). 

The numerical coefficients of (23.5) and (23.11) were deduced from 
measurements on tubular flows. Since the velocity profile for a flow 
past a plate is not completely identical with that for a tubular flow 
it is advisable to improve the numerical values in accordance with the 
results of experiments on plates. If (23.13) is applied to the results 
of Gebers’ and Kempf’s experiments, sufficient information is obtained 
to determine the numerical coefficient of (23.11). This becomes thus 
reduced to 0.455. When compared with the results of experiments 
however, the values obtained from (23.5) are systematically too low 
when the Reynolds numbers are large; this can be compensated to 
some extent by increasing the coefficient of that formula to 0.074. 
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Hence the following can be taken as practical formulae for calculating 
the resistance for a turbulent flow with friction 



Cf = 0.074 

(23.14) 

and 

MOO 

= 0.074 (ii^) 

(23.16) 

respectively. 

for Rj. < 10,000,000 or, 



,, 0.455 

(23.16) 

arul 

,, 0.455 1700 

f - ^hg Bxyi-5» 'Rx 

(23.17) 


for the cntirti domain. The number 1700 characterizes a state of affairs 
in which there is little or no disturbance in the fluid, as in Gebers’ 
experiments, and it must be altered correspondingly for other cases. 
It is often m^eessary to use numbers rather smaller than 1700. It will 
be useful to insert here the formula for the laminar flow, to be applied 
for values of Rj. which are less than 500,000 

C/- 1.328 /e, (23.18) 

(see 14). Clark B. Millikan^ has extended the above theory to the case 
of a long body with a form of revolution (airship form). 

With the help of th(‘ results at the end of 22, calculations corn^- 
sponding exactly to the above can also be performed for the case of 
rough plates. All that is necessary is to replace the dimensionless quantity 
' by another dimensionless quantity 0 = yjk. The calculations 
proceed in the sanu* fashion as in the ease of smooth plates though the 
integrals which occur in place of (23,8) and (23.9) are somewhat less 
simple. Similar calculations can also be performed for the transition from 
the completely rough plate to one which though rough is still hydrau- 
lically smooth. Finally, to complete the discussion for the entire domain 
these various solutions must be suitably combined. These calculations 
will be omitted here, but Fig, 67 shows the relation between the shearing 
stress, the Reynolds number and the roughness of the wall, as obtained 
from these calculations. The diagram shows the relation between 
ip ::=rz r 1 112 Qui and Rj.\ the curves of constant relative roughness kjx 
and the curves of ecpial R(*ynolds numbers for the roughness u^kjv 
are also shown. 

These curves have the following obvious interpretations : if the velocity 
is changed at some definite })osition on the plate, kjx remains constant 
at that point; if, on the other hand, x is changed, the plate being 

^ Millikan, Clark B., The Boundary Layer and Skin Friction for Figure of 
Revolution. Transactions American Sooiety of Mechanical Engineers, Applied 
Mechanics Section, Vol. 54, No. 2, p. 29, January 30, 1932. 
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uniformly rough and the velocity constant, u^klv is constant for all points 
on the plate. The coefficient of friction Cf is obtained by integrating y) 



along the plate and subsequently dividing by the length, i. e. by finding 
the mean value of y> along the plate. This is represented in similar 



fashion in Fig. 68, on the assumption that the flow is turbulent from 
the leading edge onwards L 

' The neoessary oaloulations were made by H. Sohliohting. 
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24. Turbulent Friction Layers in Accelerated and Retarded Flows. 
In addition to the comparatively simple cases already discussed the 
study of turbulent friction layers in more complicated flows, subject 
to considerable accelerations and retardations is of great practical im- 
portance. The necessary numerical calculations and values for such 
conditions not only furnish important information in such cases as the 
frictional drag of an airfoil or the frictional losses in the vanes of a turbine, 
but also make it possible to determine whether or not a given velocity 
and pressure distri- 
bution is possible with- 
out separation of the 
boundary layer. Cer- 
tain very promising at- 
tempts , now to be 
briefly described, have 
already been made on 
these lines. 

It will be convenient 
first to note the facts 
which have been brought 
to light by experimental 
investigations. Experi- 
ments on gently con- 
verging or diverging 
canals carried out by 
Donch and Nikuradsc^ 
using, air and water re- 
8j)ectively, have shown 
that the velocity profiles 
depend, to a very marked degree, on the extent to which accelerations or 
retardations occur. Some of the velocity profiles from Nikuradse’s paper 
are reproduced in Fig. 69. The Reynolds number also appears to have 
some influence and for the shearing force at the wall a formula along 
the lines of (22.6) is indicated. In the converging canal the r of this 
formula must be replaced by the thickness b of the frictional layer; 
in the diverging canal, the frictional layer reaches to the middle, so 
that r can be replaced by half the width of the canal. If the Reynolds 
number Wjd/v is kept constant the form of the relation between the velo- 
city profile and the pressure gradient along the wall, and hence also 

^ Donch, F., Divergente und konvorgente turbulente Str6mungon mit kleinen 
Offnungswinkeln. Gldttingen Dissertation 1925, Forsohungsarbeiten des V.D.I., 
Heft 292, 1926. - Nikuradss, J., Untersuohungen liber die Strdmungen desWassers 
in konvergenten und divergenton Kanalen. Forsohungsarbeiten des V.D.I., Heft 289, 
1929. 



Fig. 69. Velocity distributions in accelerated and 
retarded turbulent flow, after Nikuradse. 
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between the velocity profile and the angle of convergence or divergence, 
is found to be conveniently expressed in terms of a parameter defined by 

/i (ip 

(0 ~ — 

Qul ax 


It represents the fall in pressure along a length equal to the thickness 
of the frictional layer, reduced to zero dimensions by division by qu^. 


Since 


lip 

tlx 


— (?«i 


du^ 

d X 


the parameter o) can also be written in the form 


(0 — 


<5 


du^ 
d X 


Comparisons between experiments performed by Dcinch and Nikuradse 
involving various Reynolds numbers appear to show that it is advisable 
to replace io by the following parameter in the region for which the powcu* 

Ml d X \ V ' 


formula holds 


r 


O) --- 


Although the experiments mentioned have not provided a complete* 
basis for the introduction of this parameter I\ it will nev(‘rtheless be 
used in the present discussion, since it materially simplifies the calculations 
which follow. The formula for F was based on the considerations that 
the shear at the wall, Tq, is proportional to (nid/v)~^'* and that multi- 
plication by (u^d/vy^^ eliminates the dependence on the Reynolds 
number. Analysis of the experiments by Ddnch and Nikuradse did, 
in fact, show that F, as above, was a suitable 'form param(‘ter” ; that is, 
a constant value of F always produced the same type of v(*Iocity profile. 

We return now to the particular problem of connecting with (17.11) 
which was derived from the theorem of momentum. This formula is, 

’’o = + 2d**j + pwf (24.1) 


where d* denotes the measure of the displaccm(*nt and d** the measure 
of the momentum. This equation can be used in the following manner 
in order to obtain approximate valuers of the desired quantities L Using 
the power formula and replacing d by S** for reasons which will })ecom(‘ 
apparent later, the shear Tq can be expn*ssed as 

w /Vid** , ’ /.n rtv 


On account of the use of d** in this equation, the numerical v^alue ; 
will not be the same as that of (22.6) but will in this case depend on 
the shape of the velocity profile. Hence if the results obtained from the 
experiments with converging and diverging canals can be applied to 


‘ These calculations were made by Herr A. Buri at the suggestion of the present 
writer. See his Zurich dissertation „Eine Berechnungsgrundlage fur die turbulente 
Grcnzschicht bei beschleunigter und verzdgcrter Grundstromung**. Zurich, 193 J. 
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the present case, f will be a function of F, the parameter of form. The 
experiments of Donch and Nikuradse mentioned above show that C 
does not vary very much. Substitution of the value of Tq from (24.2) 
in (24.1) leads to the equation 




On multiplying by (%d**/r)^^^, adding (1/5) (6**/%) (duijdx) {Uid**lv) to 
both sides and rearranging, we obtain 


d** / 9 b* V 

'' d X \ V ) \ 5 ^<>** / 

dd** 

d x \ 

1 6**dui/uid**\^<^ 

V 1 r) Vi d X \ V 1 

_ 4 (i 

5 dx 



(24.3) 


One of the expressions on the left hand side of the equation can be 
recognized as the form parameter l\ altered by the substitution of d**, 
the measure of momentum for d. This parameter will therefore be 
called J\. If y j is a form parameter as in the previous and simpler case 
of convergent and div(Tgent canals, the ratio d*ld** must be a function 
of / j. Hence the whole of the left hand side of (24.3) is a function of F^, 
the form of which must now be determined from experimental results. 
Herr Buri was able to show that a gra])h of this function based on the 
Nikuradse results is nearly a straight line. Hence, if this function is 
denoted by y) (/\), we may write 

yi {1\) ^ a — hj\ 


On substituting tlu* abbreviation 


= == d** ( 




(24.4) 


in (24.3), it follows that 


b dui 
III d X 


dz 

dx 


(24.5) 


This is a differential equation of the first order in z whose solution can 
easily be obtained, and is. 

Hence if Ui is given as a function of Xy z and hence can both be 
easily evaluated. Finally from /\ the form of the velocity profile can 
be obtained. From Nikuradse’s cxjx'riments it is found that a = 0.017 ; 
the value of b can bo taken as 4.75 for accelerated flows (/\ positive) 
and 5.15 for retarded flows (Fi negative). Since only approximate values 
are desired the more convenient value 6 = 5 for both cases is sufficiently 
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accurate^. The important question of when separation may be expected 
reduces simply to the determination of the corresponding values of Fj. 
According to Nikuradse’s experiments this value is found about — 0.07 . 
It should be mentioned however that determinations of the separation 
based on various other series of experiments lie within a rather large 
range of variations bounded approximately by — 0.05 and — 0.09. 

Buri’s calculations, it has been seen, are based on the assumption 
that the same profile occurs for the same value of i. e, for the same 
relative increase of velocity along a length in the direction of flow equal 
to the thickness of the frictional layer. When interpreted quite strictly 
this assumption is not valid, for each velocity profile develops in some 
regular manner from the velocity profiles situated farther upstream, 
i. e. the shape of the velocity profile depends absolutely on the previous 
history of the portion of fluid considered. No account of this factor 
is taken in Buri’s calculations. If however, the transition of the velocity 
profiles proceeds very slowly and over a long distance, this factor has 
little influence and it is permissible to use the results of experiments 
such as those of Donch and Nikuradse when the form of the velocity 
profiles at all parts of the flow varies but little. The errors which 
may be produced by neglecting the variation of the velocity profiles 
may produce uncertainty as to the values of F^ which correspond to 
some definite profile. Nevertheless, Buri's system of equations are 
valuable, especially for the consideration of the qualitative features of 
a flow. 

More accurate calculations have since been performed by Dr. K. 
Gruschwitz^. In addition to an equation similar to (24.5) he uses a 
second differential equation in terms of another form parameter, thus 
forming a system of two simultaneous equations of the first order. The 
empirical functions which occur in these equations are determined by a 
series of experiments in which widely differing states of acceleration 
and retardation are produced. On calculating the thickness of the 
frictional layer with the help of these equations, very satisfactory agree- 
ment was found both with the varying thickness of the frictional layer 

^ Buri finds as the result of his own experiments, which were however confined 
to the case of accelerated motion, that a ~ 0.015 and 6 — 4. The difference may 
possibly arise from the fact that in Buries experiments the flow started from rest 
and possibly did not have completely developed turbulence in the stretch under 
observation. Nikuradse's experiments involved flow emerging from a pipe which 
was certainly turbulent from the very beginning. Where states of affairs similar 
to that of Buries experiments are under consideration, his numerical values will 
naturally be preferred to those of Nikuradse. 

* Gbusohwitz, E., Die turbulente Beibungsschicht in ebener StrOmung bei 
Druckabfall und Druckanstieg. Ingenieur-Archiv, Vol. II, p. 321, 1931. 

A shorter account appeared under the title of **0ber den AblOsungsvorgang 
in der turbulenten Beibungsschicht” in the Zeitschrift flir Flugteohnik und Motor- 
luftschiffahrt, Vol. XXHI, p. 308, 1932. 
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and with the series of values of the form parameter which determines the 
velocity profile. For this the calculations are however rather more involved 
than those given above. Buri’s calculations may serve here as an example 
and the reader may be referred to the original papers for further details. 

A very important relation can be discovered from the condition for 
separation obtained in Buri’s approximations, i. e. from the equation 


( 5 ** dui ^ z 

dx \ V I Ui dx 


— 0.07 


(24.7) 


For this equation shows that the point at which separation occurs depends 
chiefly on the percentage change in velocity over a stretch of length d** 
measured along the wall. And it may be noted that the reintroduction 
of dy the thickness of the frictional layer, in place of d**, the measure 
of momentum, will only affect the factor of proportionality; for d is 
proportional to 6** for any definite shape of profile and will therefore 
be proportional to d** for the separation profile. Hence, if separation 
is to be avoided, the smaller the thickness d of the frictional layer the 
greater the percentage decrease in velocity, and hence also increase in 
pressure for a given distance along the wall. This shows clearly inter 
alia that roughness of the surface, which naturally increases the thickness 
of the frictional layer, increases the danger of separation, whereas di- 
minution of the thickness by suction of part of the frictional layer into 
the interior of the body diminishes the danger of separation, and hence 
permits of greater increases of pressure. In accordance with a previous 
remark^ the Reynolds number has no effect on the appearance of 
separation. This can now be verified by calculating the value of z for 
the case of flow past a straight plate as previously discussed. Here 
is a constant and l\ — 0 and hence in accordance with (24.6) 


z ~ a X 


This equation can also be applied as an approximation for other frictional 
layers, different numbers being substituted in place of a in accordance 
with the different requirements of each case. If such a value is sub- 
stituted for z in (24.7) it is seen that 

jy X 

^ u^dx 

i. e. the form chosen for the initial assumption does in fact eliminate 
the influence of the Reynolds number, and the point where separation 
occurs is independent of the Reynolds number in the region where the 
power formula is valid. For this to be the case however, the same 
condition as for the validity of (23.4) is necessary, viz, that turbulence 
begins directly at the front of the body. Very often, however, the flow 
commences with a laminar portion in that region and in such cases, 
since the frictional drag is smaller in the laminar case than in the case 


^ When r was introduced on p. 156. 
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of turbulence, there will be a thinner frictional layer at the front of the 
body than in completely turbulent motion. Hence in accordance with 
(24.7) the thinner frictional layer produces less tendency towards sepa- 
ration. Various observations on the diag of spheres, cylinders, etc., 
having turbulent frictional layers, confirm the existence of such pheno- 
mena. If the place where turbulence begins shifts farther forward as 
the Reynolds number increases, then, on account of the thickening 
of the frictional layer, the point of separation also moves forward with 
consequent increase of drag. This increase of resistance or drag as the 
Reynolds number increases has been observed in experiments on spheres. 
Similar features are present in flows past thick airfoils with well-rounded 
leading edges. In the neighborhood of the stagnation point there is 
a laminar portion of the flow of an extent which diminishes as the 
Reynolds number increases and, as in the other cases mentioned, thickens 
the frictional layer. The effect of this is that the maximum angle of 
incidence for which the stream is still continuous along the airfoil, and 
hence also the maximum lift, diminishes somewhat as the Reynolds 
number increases. This phenomenon also has been observed experi- 
mentally now for some considerable time. The preceding explanations 
are due to Gruschwitz. Compare also the discussion in 26 on the question 
of the commencement of turbulence. 

The above account of flows along walls, accelerated in the direction 
of motion, may be supplemented by a few remarks on flows with 
accelerations transverse to the direction of motion. Two distinct cases 
must be considered : transverse acceleration parallel to and perpendicular 
to the wall respectively. In the first case there are curved stream-lines 
lying in surfaces of flow which may or may not be plane, but which 
will lie nearly parallel to the wall. The flow in such a path experiences 
a fall of pressure toward the center of curvature of magnitude QU^Jr 
where u is the velocity of flow and r the radius of curvature of the path. 
Since the frictional layer by the wall has smaller velocities than the 
layers farther from the wall but receives its pressure from them, it has 
the same pressure gradient, and hence its stream-lines have smaller 
radii of curvature if they commence with the same initial directions 
as the remaining stream-lines. Hence the frictional layer is diverted 
away from the main direction of flow in the direction of decreased 
pressure and there is a difference of velocity between the main flow 
and the diverted portion. This calls frictional forces into play between 
the diverted portion and the main body of the fluid, the magnitude 
of which depends on the difference in velocity between the two portions. 
These and the corresponding component of the friction at the wall 
compensate the fall in pressure to some extent so that the deflection 
of the fluid does not increase beyond a certain amount. The whole of 
this phenomenon is termed “secondary flow”. 
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Secondary flow can be observed, for example, in a flow through 
a curved pipe; it has the effect of superimposing upon the velocities 
in the direction of the curved axis of the pipe, additional velocities at 
the walls which are directed toward the center of curvature, and which 
in turn compel the rest of the fluid, by continuity, to stream slowly 
toward the outer waU (see Fig. 70). Another example is given by the 
flow around a curved airfoil to which is attached a surface perpen- 
dicular to its axis. Secondary flow is produced on the suction side 
of the attached surface: it is directed toward the foil, collects in the 
angle between surface and foil, 
and thereby produces a con- 
siderable increase of drag and 
tendency toward separation. 

The secondary flow on the 
other side of the attached sur- 
face moves away from the 
foil and has no detrimental 
action. 

The second of the two cases referred to above, acceleration normal 
to the wall, occurs when the wall is curved in the direction of flow. The 
resulting state of affairs depends on whether the Avail is convex or concave. 
The curvature of the path taken by particles in layers near to the wall 
is prac^tically determined by the curvature of the wall. Let the radius 
of curvature of the wall be r: the centrifugal force induced in particles 
of fluid has then the value q u^It per unit volume and is therefore greater 
for quickly moAung particles than for relatively slow particles. Hence 
for a flow past a wall with concave cuiwature, the fast moving particles 
of the unretarded fluid press toward the wall more strongly than those 
parti c;les which arc near to the wall and are already retarded by friction. 
The consequence is that the faster portion of the fluid moves toward 
the wall Avhile tlie more slowly moving portion is thrust into the interior 
of the fluid. These phenomena have some similarity to the state of 
affairs in the flow over a horizontal warm plate in which the particles 
near to the platt^ arc retarded by friction and are warmed by the plate, 
with resultant decrease of density. The particles rise and are replaced 
by others moving with the uiu-etarded velocity. In both cases the friction 
at the wall is considerably increased. 

At a convex wall, the particles retarded by friction at the wall will 
have relatively smaller centrifugal forces acting upon them and Avill 
therefore show less tendency to leave the wall than the more swiftly 
moving flow in the interior of the fluid. This produces a stabilizing 
effect on the flow similar to the effect of the streaming of air over 
a cooled horizontal plate. In this latter case, the particles already near 
the plate tend to remain in position on account of their greater density. 

Aerodynamic Theory III 11 



Fig. 70. Flow in curved pipes, with secondary flow. 
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This stabilizing effect considerably reduces the tendency toward inter- 
mixture of the fluid, and a very marked decrease in friction at the wall 
is to be expected. 

The results of experiments recently performed, or about to be per- 
formed, should, after some time, permit the definite quantitative deter- 
mination of the magnitudes involved in the phenomena just described. 
For the theory of these phenomena the reader may be referred to a 
lecture delivered by the present writer at the Aerodynamical Conference 
at Aachen^. Some experimental results on the same topic may also 
be found in a lecture by A. Betz on the same occasion^. 

It appears to be true that in a flow over the upper (or suction) side 
of an airfoil the curvature is sufficient to produce a slight diminution 
of the friction in certain cases, but the observations which have been 
made up to the present time are not quite sufficient to settle this point. 
In curved channels, the increase in friction on the wall concave to the 
flow more than balances the diminution of friction on the convex wall 
so that frictional losses are on the whole considerably greater than in 
a straight channel. The secondary flow also increases the amount of 
loss by removing fluid from the already thin frictional layer at the 
concave wall and transferring it to the passive layers on the other side. 


26. Spread of Turbulence. In addition to turbulent flows past fixed 
walls, it is now necessary to consider cases involving turbulence without 
fixed boundaries. These include cases of gradual breaking up of free 
fluid jets through the formation of vortices resulting from instability 
of flow; and likewise the phenomena in the wake of a moving body. 
For such phenomena it has likewise proved useful to assume the existence 
of an apparent shearing force of magnitude 




du 


du 


(25.1) 


which simultaneously reduces the mean velocity and increases the width 
of the jet as the flow proceeds. The increasing width is produced by 
the mixture of the fluid composing the jet and the surrounding fluid 
as a result of which more and more of the latter is gradually entrained 
into the motion. G. I. Taylor^ has pointed out that this type of turbulence 
is different in character from the turbulence at boundary walls. This 


^ PRANDTL, L., EinfluO stabilisicrender Krafte auf die Turbulenz. Gilles- 
Hopf-v. KArman: Vortrage aus dem Gebiete der Aerodynamik und verwandter 
Gebiete, p. 1, Aachen, 1929, Berlin, 1930. 

* Betz, A., Uber turbulente Ecibungssohiohten an gekrummten Wanden. 
foe. cU, p. 10, see alsoH. Wilcken, Turbulente Gnmzschichten an gewolbten Flaohen. 
Ing.-Arch., Vol. I, p. 357, 1930. 

* Taylor, G. I., The Transport of Vorticity and Heat Through Fluids in Tur- 
bulent Motion. With an appendix by A. Fage and V. M. Falkner. Proo. Roy. Soc. 
A. 136, p. 686 and p. 702, 1932. 
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results from the fact that the propagation of temperature differences 
ill a flow along a boundary follows the same law as for a difference of 
velocities, while with the propagations here considered, the spread of 
temperature differences follows a law different from that of the velocities, 
and according to which the turbulent exchange of difference of the 
mean rotation in the stream corresponds to that of the temperature 
differences. This different behavior can be given a theoretical explanation 
by assuming that vortices with axes parallel to the direction of flow 
predominate in flows past boundary walls, while the predominating 
direction of vortex axes in the spread of fluid jets is perpendicular 
both to the direction of flow and to the direction of the greatest change 
of velocity. 

If all the vortices in the turbulent motion are arranged in the latter 
fashion, a two-dimensional flow results. If then viscosity is neglected, 
Helmholtz’s vortex theorem shows that the angular velocity of every 
particle of fluid in this case remains constant with respect to time. It 
follows that where mixing occurs the mean value of the angular velocity 
of the particles follows the laws of mixture in somewhat the same way 
as in the case of heat-content, that is, proportional to the temperature. 
As the result of considerations which are reproduced in an appendix 
to this paragraph, G. I. Taylor obtains a relation which, in the sym- 
bolism of this Division, can be written as follows 

dr du b^u 

It can be assumed in general for all such investigations of spread that 
the mixing length ^ in a direction perpendicular to the dirt^ction of flow 
is constant ; the relation then integrates into 




d u 
by 


d u 

^y 


(25.2) 


This formula only differs from the jjrevious one in having 1/2 in place 
of Z^. This simply means that the mixing length according to Taylor 


is y2 times as great as that assumed in (25.1). The heat convection 
CQ P I dujdy IdOjdy (c specific heat, 0 temperature), which has the same 
formula according to both tlieories is, for equal amounts of spread of 
momentum in both cases, twice as large in the case of the spread of 
a jet as in the case of spread in the flow past a wall. 

It is now necessary to consider the actual details of the flow. The 
first important question concerns the magnitude of the mixing length. 
The following rule has been verified in most cases: the rate of increase 
of the width of the mixing zone b with respect to time is comparable 
with v\ the disturbance velocity across the flow. On writing v' = I (duldy) 
as before, the mean value of dufdy, as a first approximation, can be 


replaced by (Number) x 


11 * 
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Hence the alteration Dbjdt in width of a given portion of fluid (differen- 
tiation following the motion of the fluid) is such that 


Db I 


(25.3) 


It has also proved permissible to take the ratio l/b as constant in any 
given case, but it is found that the numerical value of this ratio is 
different in various cases; thus, for example approximately 0.15 for the 
spread of a jet and 0.3 for that of a wake, respectively, b being half 
the diameter of the mixing zone. This may be connected with the 
fact that in the latter case the moving body produces, from the very 
beginning, more powerful vorticity than the uniformly spreading jet. 

A number of important conclusions 
can be drawn from (25.3). Consider 
for example a jet emerging from a 
small opening (.see Fig. 71). The re- 
lation between the velocity and x, 

^ ^Wr the distance of the (;ross-section from 
the opening, is not yet known, but 
the momentum of the jet (i. e. / QU^dS 
Fig. 71 . over the cross-section) must have th(‘ 

same value for every cross -st^ction. 
On writing the momentum M in the form 

M — (Number) < 



it follow, time 

On the other hand the following substitution can be made in (25.3) 

Db , db 

-- (Number) - 

whence ~ (Number), 

CL X 

i. e. b — (Numlx'r) • a; ( const. 


This result could also have been obtained by recognizing that in this 
type of motion the initial diameter and velocity of the jet are unimportant, 
and that the fundamental quantity is the amount of momentum containetl 
in the jet. If this is assumed to be true, the only length which is availabk^ 
to determine b is the distance from the opening (or, to be more exact, 
the distance from the point at which the jet, in accordance with the 
law of spreading which holds for considerable distances from the mouth, 
would have zero cross-section). 

The relations in the wake of a moving body are somewhat different 
since the momentum must be calculated rather differently. In accordance 
with the above considerations it would be necessary to form the integral 
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qJ f u (u^ — u) dS where is the velocity of the undisturbed flow, u the 
velocity in the wake, both referred to a stationary body. At considerable 
distances from the body however, the difference of velocity u* = — u) 
is very small so that as a first approximation for either of the expressions 

u (u^ — u) (% — u') u' 


we can write u^u'. The calculations differ somewhat according as to 
whether the body has a form of revolution (sphere, airship-hull, etc.) or 
otherwise that of a long body lying across the flow (airfoil, strut, etc.). 
In the first case, the wake can be assumed to be circular in cross-section 
and therefore of area n where 2 6 is the diameter of the wake at distance 
X, In the second case, the cross-section of the wake is 2b I for a body 
of length I across the direction of flow. On writing the momentum of 
the wake as equal to the drag [(1/2) q u\ S where Cjj — coefficient of 
resistance and S ~ cross-section of the body] the following formula is 
obtained in the case of symmetry about the axis of flow 

Ui u' * 6^ ~ ui • Cd S 


u' OnS 

- 

Wj 7t 62 


(25.4) 


Since 

(25.3) now gives 


dt 

db 

^dx 


~ U 


db 
^dx 

iih' 


which in conjunction with (25.4) and l/b — leads to 


62 


db (i 
dx :i 


Cd 


S 


or, after integration 


b^ypCDSx 


(25.5) 


in the case of a body lying across the direction of flow, i. e. for a plane 
flow, the initial relation is 


i. e. 

and hence 
and therefore 


b I Ilf Cd I d 

w' Cnd 
~ 2 6 

ypCodx 


(25.6) 


(26.7) 


If (25.4) and (25.6) are borne in mind the following relations now hold 
for the velocity in the wake 


u ~ 


u ~ 


71 


(CDdy* 

[~px) 


(25.8) 

(26.9) 


and 
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It has therefore been shown that in the case of symmetry about the 
axis the diameter of the wake varies directly as the cube root of the 
distance x and the velocity inversely as the cube root of x^ \ while in 
the case of two-dimensional flow the width varies directly as the square 
root of X and the velocity inversely as the square root of x. 

The characterizing featiurcs of the motions considered are indicated 
very well by the above approximate relationships ; it is however possible 
to go further and to obtain the velocity profile by integration of the 
hydrodynamic differential equations using the general friction theorem 
stated above. The flows which can be discussed most simply are those 
which depend on time and in which the field velocity of flow in the 
X direction at any given instant is a function of y only, and there 
are no velocities in other directions. For such flows therefore 

u — u (y, t ) ; V = w -- 0 

The ‘'field'* velocity denotes the velocity obtained by subtracting the 
turbulent fluctuations from the actual velocity; it can bo obtained in 
this case by suitable methods of forming mean values. The following 
special assumption may be here made 

(25.10) 


This means that we assume the velocity profile to remain “affine”^ 
for all time, and consequently the ratio of the velocities at corresponding 
points to vary as (/) and the width of the mixing region at any time 
to be 2b\t), On making the further assumption for the mixing length, 




and observing that Du/dt reduces to dujdt on account of the simplicity 
of the case considered, the following equation is obtained, according 
to Taylor’s assumption which is valid for this kind of fluid motion. 


du I dr „ 

dl ■“ Q dy ““ d~y dy^ 


(25.11) 


In order to specialize the problem we now put 

(25.12) 

b = (25.13) 


and 


y 

b 




^ An ^'affine’* transformation of a geometrical figure is one in which all parallel 
straight lines are transformed into parallel straight lines, whence it follows that 
all dimensions in a given direction remain proportional as between the original 
and the transformed figure. Thus a circle may transform into an ellipse wherein 
two diameters at right angles will transform into conjugate diameters of the ellipse. 



SECTION 26 


167 


On substituting in (25.11) and performing the differentiations the equation 
obtained is 


(Pi (V) = 


(25.14) 


The power of t must be a factor throughout this equation so that 
(p — 1) must be equal to (2p — q) i.e. g = p + 1. 

Two cases will now be considered: 

1) Let there be a given surface of separation, and let the initial 
velocities be constant and equal to on the one side, and constant 
and equal to U 2 on the other. It is required to find the details of the 
turbulent mixing phenomena which are characterized by the gradual 
transition between the velocities in a zone of increasing width. Since 
the velocities at the boundaries of the mixing zone remain constant 
with respect to time the index p must be equated to zero and hence 
from the above equation q must equal 1. On writing u in the following 


form M = J (f/, + b\) + I (f7, - U^) / (»?) (25.15) 


the condition that u should have the values and t/g respectively 
at the two edges of the mixing zone is satisfied if / (rj) has the values 
+ 1 and — 1 respectively at these two boundaries. Hence, in (25.12), 
A — (1/2) (Ui-~ It follows that the differential equation for this 

case is f T f f' ~ 0 (25. 1 6) 


One solution of this equation is /' — 0, i.e. f = constant. If however 
/' is not zero, dividing the equation by /' leads to 

and hence / (rj) ~ T ^ 

If it is postulated that f {rj) ^ 0 when i; = 0, the constant vanishes 
and the solution is / (tj) ^0^1]’^ + C\ 7] 

where ^ o T ^ 

Further, it has already been stated that / (ij) = 1 and /' (}]) = 0 when 
y — b, i.e. when rj ~ 1. This condition yields two equations for Cq 

and Co + Cl = 1 

3Co + Cl - 0 

from which it follows that 
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Hence B = 3A and, finally substituting the known value for the 
width of the mixing zone has the value 

(25.17) 

while the distribution of velocity is given by 

n = ^{U^+ u,) + I (l\ - U,) [I I - I ( J-)*] (25.18) 

This function is represented in Fig. 72. It is 
a striking fact that the mixing zone ends with 
a discontinuity of d^ufdy^ and then acquires 
the undisturbed velocity, but this is a general 
feature of solutions involving a turbulent fric- 
tion term. 

2) The second case to be considered is that 
of a mass of fluid in which a thin layer is set 
into motion parallel to its own plane while 
the rest of the fluid remains at rest. The 
momentum of the layer remains constant with 
Fig. 72. respect to time since there are no frictional 

forces outside the layer, and no differences of 
pressure arise. If Uq is the velocity in the middle of the zone where 
mixing occurs and 6 the half width of the zone (i, e. from the middle 
to the edge) it follows that 

b 

J ud y = constant 
0 

and hence in accordance with the postulate expressed by (25.10) 

u^b — constant 

On referring to (25.12) and (25.13) where the indices p and q show the 
variation of Uq and b with respect to time, it is seen that in the present 
case, p + g = 0. In conjunction with the equation g — p + 1 this 
entails p == — 1/2, g = + 1/2. The general differential equation (25.14) 

now takes the form f + vf — T ^ ^ ^ f f" 

which can be integrated at once into 

V f ~ ^ ^ ^ constant (25.19) 

Since the maximum velocity occurs at ~ 0, /' - 0 at rj 0 and 
obviously the constant of integration is zero. For real solutions, the 
plus sign must be taken when rj is positive and the minus sign when Tq is 
negative. The square root of both sides of the equation can now be 



taken. The result is 
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where 

and, on integration, 


_ 1 

B "" 

2 ]// — ± ^ constant 


The condition / — 0 for = 1 necessitates the value =F (2/3) K for the 
constant and hence 9 — /y3^2)2 


The following conditions still remain to be satisfied: /' — 0 when rj = I, 
f — 0 when rj > 1 and / = 1 when ^ = 0. The first two are already 
satisfied by the differential equation, the last requires ~ 9, 

i. e. B ~ Ap)^, Tn order to make the problem completely determinate 

some postulate is needed as to the total momentum contained in a portion 
of fluid of unit length in the direction of motion and unit width perpen- 
dicular to the plane of the figure. If this quantity is denoted by Jlf, then 

f h 

M ^ Q Judy 

— b 

On writing n ~ At 1^2 j 

and dy — bdtj == B d rj 

+ 1 

we have M = oAB f f (y) d t] 

1 

The integration is easy to perform and gives the numerical value 0.9. 
Hence, using the above value for B 

M - SAqA'^P^ 

.4 can be found from this equation and so finally 

0.351 -,/ 3 / [, ( 

nml 6 = 3.16/»l/^‘ (25.21) 

The problem is therefore solved except for the value of p which can only 
be determined empirically. The velocity distribution corresponding to 
(25.20) is represented in Fig. 73. The above calculations also give a first 
approximation for the problem of the plane wake behind a moving 
body. It is only necessary to replace t in the equations used above by 
xjU where x denotes the distance of the point under consideration behind 
the body, and U is the velocity of the body. Experimental information 
is available as to the magnitude of p in the case of the wake produced 
by cylindrical rods. Schlichting^ found p = 0.293. His experimental 


^ (25.20) 


^ SoHLiCHTiNG, H., tJber das ebene Windsohattenproblem. Ingenieur-Arohiv. 
Vol. I, p. 633, 1930. 
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results agree very well with the relations, b proportional to ]/a; and u 
inversely proportional to j/a:, deduced from theoretical considerations, 
provided that x is measured not from the center of the body but from 
another point whose position depends on the shape of the cross-section. 
This is easily accounted for by the fact that the suppositions made in 
obtaining these formulae do not hold for the immediate neighborhood 
of the body. 

In addition to the cases just discussed, certain steady flows have 
yielded exact solutions. Several of these have been found by W. Tollmien^ 
and one of the simplest of his calculations will 
now be reproduced in some detail. The case in- 
vestigated is that of the emergence from a nozzle 


Fl^r. 73. Velocity distribution 
in a wake. 

of a parallel stream of air of constant velocity U (see Fig. 74), which 
then proceeds to mix with the surrounding undisturbed air. The mixing 
begins at the very edge of the nozzle and is sufficiently marked to deserve 
attention in wind channels of the open jet type. The first step is to use 
(25.3) in order to obtain approximate information concerning the 

(varying) width. Hence ~ U ~ y (7 

If the ratio Ijb is assumed to be constant and equal to /S as before, then 
dbjdx ^ p and hence b — (const.) x x 

Here again a quantity rj is introduced which is to be proportional to 
yjb but since b is not yet known the definition of is written 



And since the mixing length is to be proportional to 6 it is written 
Z = cx. The premise of our calculations can therefore be stated as 

U = u f(r)) 

with the reservation that the values of / {rj) range from 0 in the un- 
disturbed air to 1 in the undisturbed parallel stream. 

^ Tollmien, W., Bereohnung turbulenter Ausbreitungsvorg&nge. Zeitsohrift 
fUr angewandte Mathematik und Meohanik, Vol. IV, p. 468, 1926. 



Fifir. 74. 
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Besides u there is a velocity component v connected with u by con- 
tinuity. The conditions of continuity can be conveniently satisfied by 
introducing a stream function 

W^fudy 

Then with dy = xdtj, can be written in the form 

y = Ux J f {rj)dYi ~ UxF (rj) 

Hence u = U F' (ri) , 

dy ' " ’ 

=^U[rir—F] 


Experimental determinations show that the pressure is practically 
constant in the mixing zone. This can also be seen by observing that 
the velocity v is everywhere small compared with U so that it is possible 
to neglect dpjdy, the fall of pressure in the y direction, the value of which 
depends on that of Dvjdt, Since p ~ const., the first of Euler’s 


equations is 


where 


du , bu 1 bx 
u „ - V - — o 

by o by 


b X 




But 
so that 


b u 
b X 


XJ «// b % U 

- rjF and = -F 
X * b y X 


and ^-qc^U^F"F"' 

by .r 

Moreover « g ^ “ = V [— P' V P” + P) P''] 

^^FF" 

X 


This gives the differential equation 

FF” + c2 F'F”' = 0 (25.22) 

which again splits into two factorsso that either or + 

The first relation means that F' = const., i. e, u = const., while the 
second gives rise to a function which occurs in the theory of damped 
oscillations. The equation is of the third order; the solution contains 
three constants of integration and is 

F = CiC— “ + C 2 e" cos oLtj + a ry (25.23) 


where 


a = c 


2/3 
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The following conditions must now be satisfied by F: 

1) At the boundary between the mixing zone and the flow from the 
nozzle, u~U and v — 0 , and also duldy == 0 , on account of the con- 
tinuous transition of the velocity profiles. Denoting this boundary 
by rji, these conditions can be expressed as 

(ry)i - 1 , F (7^,) rj,, and F" (rj,) ^ 0 . 


2) At the other boundary of the mixing zone, i. e. between it and 
the still air it is necessary that = 0 and dujdy — 0. It may however 
be noticed that v is not zero at this boundary, and indeed there is a 



the adjacent air. 

Altogether’ five conditions have now been obtained and are sufficient 
to determine the five unknowns Cj, Cg, C/ 3 , and if^. The necessary 
numerical calculations, which will not be reproduced in this account, 
are somewhat complicated and involve the solution of a transcendental 
equation for The values obtained are 

a = 0.981 ; — 2.04 ; C\ - - 0.(X)62 ; 

(72 = 0.987; Cg = 0.577. 

The shapes of the graphs for F' {rj) ~ ulU and a (tjFi — F) — oLvjU 
in the mixing region are shown in Fig. 75. Fig. 76 is a diagram of the 
calculated mean stream-lines. The degree to which these calculations 
agree with the observed values is shown in Fig. 77 by comparing the 
values of the calculated stagnation or total head pressures with the 
corresponding values observed at the jet of the large Gottingen wind 
tunnel. The value c = 0.0246, corresponding to a = 11.8 has been 
found from this and other experiments. The total width of the mixing 
zone now becomes 

* = * iVi — V*) = 0 0846 X . (3.02) = 0.266 * 
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Also 6', the width of that part of the emergent stream which is dragged 
into the zone of turbulent mixing is given by 

6' =. * = 0.083 X 

For comparison with previous results it may be added that the value 
of Ijb in this case - 0.0246/0.255 — 0.0963. It is remarkable that this 
numerical value is so much smaller than that obtained in the case of 
the wake produced by a moving body. In searching for a possible 
explanation it must be remembered that the numerical values in the 
two cases arc, of course, not strictly comparable. For whereas in both 
cases the distance is measured from where u ~ point where 



n 0, 6 d(^n()t(‘s different magnitudes — the whole width of the mixing 
zone in the? present case, half the width in the previous case. And apart 
from this it is very possible that in the large Gottingen wind tunnel, 
Ijb is unusually small on account of the exceptional degree of freedom 
from turbulence in that tunnel. If this is so, larger values of c and of 
lib might be expected to occur in other wind tunnels and the flows 
produced by effluxes from jets in general. 

Witli the help of the above solution it is also possible to calculate 
the diff(Tences of pressure in the mixing zone and hence for example, 
to obtain the magnitude of such difference between the interior of a jet 
of air and the undisturbed air surrounding it— a determination of im- 
portance in conn(‘ction with experiments on such flows. The present 
discussion will be limited to some consideration of this pressure difference. 
Purely qualitative considerations indicate that the pressure inside the 
jet must be somewhat greater than the pressure outside, for the air 
which is sucked into the jet arrives with a velocity directed toward it and, 
as the stream-line diagram in Fig. 76 shows, the air is then carried for- 
ward and outward at a small inclination. This means that there is a 
retardation of air j^articles moving toward the interior, and their sub- 
sequent acceleration toward the exterior is naturally only possible with 
an increase of pr(»ssure in the mixing zone. The magnitude of this in- 
crease of pressure can bo conveniently found by using the theorem 
of momentum in the region bounded by the rectangle A BCD shown 
in Fig. 74. The procedure is tf> compare the pressure forces in the 
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y direction with the frictional forces and the component of momentum 
in the same direction. It is only necessary to consider the pressures 
across BC and AD since the pressures on the other two sides are parallel 
to the X axis; frictional forces occur only on the side CD, There is no 
flow between A and 0 ; the direction of flow between 0 and B is exactly 
horizontal and hence gives no contribution to the momentum, while 
the flow is also horizontal along BC, Hence it is only necessary to take 
into account the momentum values at the sides AD and CD. If all 
quantities are calculated for unit thickness of the layer perpendicular 
to the plane of the rectangle, the area of the surface AD ‘\^ equal to 
X and therefore the amount of momentum transported through is 
Q rj X, and its sense such as to be equivalent to a positive force, i.e. 
a force in the upward direction. Let the pressure on A D he p^.] the force 
due to pressure is then x. If the pressure on -BC is p,*, the corre- 
sponding force is in the negative direction of the y axis and of magnitude 
— PiX. There remain the momenta and frictional forces on CD. In 
a layer of height dy a, mass of qudy per second is transported across 

the surface bringing with it a velocity v. The amount of 1" momentum 

c 

transported across CD per second is therefore q fuvdy, and since 

j) 

outflowing across the boundary, the corresponding force must be con- 
sidered as negative. There is also the apparent friction f r dy directed 
upward and therefore positive. On equating these various terms with 
due regard to signs, we have 

c a 

Pi — Pe = Qvl — -lJ uvdy + xdy 
D D 

The calculation to be performed involves quantities which are determined 
by the previous solutions. Omitting the details of this calculation, the 
result may be briefly stated as, 

Vi -- Pc = 0.090 ^ J (25.24) 

which becomes, on substituting the value of b in the Gottingen wind 

o 

tunnel {b = 0.255 x) Pi - Pe ~ 0,00585 - g” 

The smallness of this value gives good justification of the assumption 
p — const, made in the previous approximation and the calculation 
of velocity corrections becomes superfluous. At a great distance from 
the jet which emerges from the nozzle the pressure is greater than p^ 
by the stagnation pressure of the suction velocity Vq. Denoting the 
pressure of the air which is at rest by po it follows that 

Pi~Po = Pi-~Pc+^Qi^ = 0.074 j* (26.25) 
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or, for the special value h = 0.255 a?, 

Pi -Po = 0.0048-^ 

This formula is very valuable in studying instruments for measuring the 
static pressure in air-flows. Such an instrument can be tested by placing 
it in the central part of a jet of air emerging from a large nozzle, e. 
in air which is not yet part of the mixing zone. If the instrument measures 
correctly, then on comparing the reading with that of a Pitot-tube 
facing the flow Vq of the surrounding air toward the jet, there should 
be a surplus of pressure of the magnitude given above. Since such in- 
struments are the very basis of all aerod 5 niamic measurements the 
importance of the above relation in 
the technique of such measurements 
scarcely needs further emphasis. 

In addition to this problem, Toll- 
mien’s paper considers the flow of 
a jet emerging from a circular aper- 
ture and calculates the corresponding 
hydrodynamical quantities at dis- Mixing ol a jot with* the Burrounding air. 
tances which arc great compared with 

the diameter of the aperture. It discusses also the similar problem in 
the case of a jet emerging from an infinitely long narrow slit, that is, 
two-dimensional flow. 

Fundamentally, both calculations proceed in the same way as those 
which have just been described but the functions involved are more 
complicated and must be expanded in series. The velocity profiles are 
very similar to those in Fig. 73 and the stream-hnes for the case of 
symmetry about an axis are reproduced in Fig. 78. Experiments show 
that 6, the semi-width of the jet is, in this case, equal to 0.214 a?. No 
measurements are as yet known for the case of the two-dimensional flow, 
whose main features are, however, quite similar to those described above. 

Appendix to 26. The following account will serve as a useful supple- 
ment to the exposition given at the commencement of 26. This theory 
is due to G. I. Taylor and is founded on the supposition that in the 
turbulent flow considered, not only the main flow but also the turbulent 
disturbing motion in all its details may be considered as two dimensional 
flows. Let the instantaneous values of the velocities be u and v, the 
corresponding value of the pressure, p, and let 

2 \ dy d x) ^ 

be the instantaneous rotation. The flow is assumed to be frictionless. 
From Euler’s equation we have 

1 dp du du du 
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If vdvjdx is added and then subtracted from the right-hand-side the 
equation can be written as 


I dp _ du d / 
Q dx dt '0a; \ 



(1) 


In order to simplify the theory it is now assumed that a turbulent flow 


is being considered with mean velocities 


u = / (y), F = 0 


The mean values with respect to time of the quantities in (1) are now 
to be constructed. Since the velocity does not increase permanently 
with time and since it experiences no changes in the x direction except 
a fluctuation about a mean value, it is obvious that the mean values 
of du/dt and of djdx + v^) are both zero. If, however, there is a 
fall of pressure, as for example, in a tube, the mean value of 1/p (dpjdx) 
does not vanish nor does that of This last statement must be 

considered in more detail. The mean value of 2 C at the point y is ob- 
viously dUjdy. The fluctuation which is superimposed upon this can 
be expressed in the manner already used in the previous exposition in 
terms of the “path-length” L, i. e. the distance which a particle having 
initially the mean rotation of its neighborhood must be displaced so 
that it comes to the place actually occupied at the moment considered. 
Using only the first two terms of Taylor’s series, 2C can be expressed 

as follows 2^ == j \- L , , 

dy dy- 

In forming mean values (denoted by bars) we obtain from (1) since 
the mean value of v is zero, Taylor’s equation 


__ 1 0p _ Y 

o dx~"^^ dif 

The L of this equation has not the same meaning as I in previous equations 
and is to be regarded as a length whose value varies from particle to 
particle and can be both positive and negative. The mean value of vL 
is not zero, for the particles which come from below have positive v 
and negative L, those which come from above have negative v and 
positive L, so that the product is predominantly negative. For reasons 
similar to those given in 21 it is now possible to write 

rfdU 

V ^ L , 
dy 

where U is a length somewhat similar to L and hence 

\i~r>du\ 


The absolute value is here introduced on account of the essentially 
negative character of vL. The mean value LU can be written as in 
the previous notation so that the equation now becomes 


1 ^12 dU\d*U 

Q dx dy \ dy^ 
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If we introduce again the apparent friction t, the right-hand-side has 
the significance of (1/p) (dridy), because if the case is regarded as the 
equilibrium of a deformable body, we must have 


dp 
d X 


+ 



Hence the equation 


dr _ j2\dU fU 
\dy dY 


( 2 ) 


This equation should be compared with that which follows from (25.1) 
viz. r — Qp \ dUjdy \ dUjdy and hence 


dr ^ ^ d lj^^'dU\dU\ 
dy ~ ^ dij\ \dy \ dy ) 


( 3 ) 


If I varies with y, the significance of (2) is quite different from that 
of (3). If however I ~ constant, (2) is integrable and gives the following 
equation for positive dUldy 


X ™ 



which differs from the previous equation only in having the factor 1/2. 
If I varices with y however, the formula obtained by Taylor has the 
inconvenience of not btung integrable so that the developments of 22 
and 23 could not be carried out with it. Fortunately, however, as Taylor 
stresses in liis paper, experiments made by filias^ on the propagation 
of h(^at prove that in tluj case of turbulent flow along a wall the form 
of propagation of heat coincides with that for velocity. This shows 
that our previous results hold in this case, and it must be assumed that 
this “wall turbulences” is an essentially three-dimensional phenomenon 
to which Taylor’s equation as constructed in this appendix does not 
apply. Taylor himself shows that in the case where 

U ^ f (y), V - 0 

results of the kind just described would be obtained by assuming per- 
turbing velocities which lie entirely in the y z plane and are independent 
of X so that th(»ir rotation vector is parallel to the x axis. This can be 
seen immediately by observing that in this fashion fluid elements, linear 
in form and extended along the x direction, are shifted as a whole parallel 
to themselves in the y and s directions. If mean values are taken after 
a turbulent shift of this character, whether the shifted particles are thought 
of as mixed with their new neighbors or not, it is obvious that the same 
mixing law holds for differences of temperature as for differences of 
velocity. In practice of course, on account of the instability of such 
an arrangement, threads of fluid with different velocities could not 
exist side by side. With such an assemblage, essentially unstable, and 
with the development of vortices with axes in various directions, the 


' ]5liAs, F., Her Wiinneubergang von ciner geheizten Platte an strSmende Luft. 
Abh. d. Aorodyn. Inst. Aachen, 9, 1930. 
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threads of fluid would become twisted together in a complicated manner, 
and further under the influence of viscosity and heat condiiction, the 
velocities and temperatures of the fluid particles would become thoroughly 
mixed together. 

26. The Development of Turbulence. Experiment shows that the 
value of the Re^uiolds number for which transition from laminar to 
turbulent motion occurs, is influenced by the magnitude of the initial 
disturbances; the smaller these are the greater in general is the value 
of the Reynolds number. The boundary value is called the upper critical 
Reynolds number ; its exact value depends on the particular circumstances 
of the motion. There is also a lower boundary value below which all 
turbulence is extinguished however largo the disturbances which have 
produced it. This value is called the lower critical Reynolds number 
and for flows in straight pipes its value, according to L. Schiller^ is 
reached when udjv — 2320, while the upper critical number may have 
any greater value. By taking special precautions, it is even possilile 
to reach udjv = 40,000. Since the work of Reynolds became known, 
it has always been assumed that if the retarding effect of viscosity is 
not powerful enough to damp out all casual disturbances, some influence 
is present which produces a weak instability in rectilinear flow through 
pipes. This conception is still valid but must be modified by the sub- 
sequent recognition that the presence of slight viscosity is responsible 
for a destabilizing influence which competes with the previous stabilizing 
effect of viscosity; for it has been found that viscosity i)roduces an ob- 
viously important type of instability characterized by the growth of 
all disturbances however small initially. More will be said concerning 
this phenomenon in the following pages. 

The theoretical discussion of this question starts by considering a weak 
disturbing motion superimposed up^^n a given basic flow, in order to 
investigate the conditions under which the disturbing motion diminishes 
or increases with time. The method used in the earliest investigations, 
of which the first are due to Reynolds^ himself, was to assume the distur- 
bance to be of some convenient type and then to discover whether the 
energy of the flow increased immediately afterward as a result of the 
combination of the basic flow and the disturbance. It may be objected 
however that in this method of approach the increase of energy thus 
demonstrated is only momentary so that the configuration may change 
as the flow proceeds, with subsequent decrease of energy. If however 
the result of such calculations shows that for some definite Reynolds 
number every arbitrary disturbance produces a decrease of energy, this 

^ Forschungsarb. d. Ver. Deutsoher Ing., Heft 248, 1922. 

* Reynolds, 0., On the Dynamical Theory of Incompressible Viscous Fluids 
and the Determination of the Criterion. Philosophical Transactions of the Royal 
Society, 1895 or Scientific Papers, Vol. II, p. 636. 
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method will supply a valid proof of the stability of the flow under dis- 
cussion. The method will in fact yield a lower limit for the critical 
Reynolds number. 

In order to obtain better results it is necessary to require that the 
disturbing motion shall obey the hydrodynamic differential equations; 
the question then to be answered is whether there are disturbances 
satisfying the equations of motion which increase with time. 

We will, therefore, start with a small disturbing motion super- 
imposed upon a given basic flow and we will formulate the relations 
which can bo deduced from the hydrodynamic differential equations. 
In order to avoid undue difficulties, the discussion will be restricted 
to a basic flow of the simplest possible type, one in which the velocity 
is parallel to the x axis at all points of the flow and is a function only 
of the distance from the x axis and, in some cases, of the time also. That 

is to say ^ — f {y,t)\ F = 0 

For simplicity, the disturbing motion is also assumed to be two- 
dimensional, so that 

u' = u' (x, y, t ) ; t/ = v' (x, y, t) 

The components of the total velocity are therefore 
u — U u' ; V — v' 


On making the assumption that the disturbing velocities are so small 
that expressions involving squares or products of these velocities or 
of their diffenuitial coefficients are small compared with expressions in 
which these terms occur linearly, the following equations are obtained, 


d u' d v' 

d X ' dy 


= 0 


(26.1) 


dU 

dt 


+ 


du' 

dt 


+ U 


du' 
d X 


+ V 


,dU 

dy'^ 


I dp ^ U 
Q d X ^ \dy'^ 



(26.2) 


where 


dv' 

dt 


+ U 


dv' 
d X 


, 1 2 
^ Q dy 


V 


V 


2^ 

dx^ 


+ 


d^ 

dy^ 


(26.3) 


Moreover, the pressure p also consists of two portions; P produced by 
the basic flow alone, and p' produced by the disturbing flow. The first 
is obtained by putting w' — r= 0 in (26.2) and (26.3) which then 

(26.2 a) 


become 


and 


dlJ 

dt 


\ dP 

Q dx 

1 dP 
~Q 8 y 


d^U 
~ ’'at/* 


(26.3 a) 


On subtracting (26.2a) from (26.2), (26.3a) from (26.3), multiplying the 
two equations thus obtained by u' , v' respectively and adding, the 
following equation is obtained: 


12 * 
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d X ' 


,8p' 


<^y 


(26.4) 


I 8 , jj 8 \ + , , ,8U , I 

v(uv^u' + v'V^v') I 

The first term is obviously the change of kinetic energy of the disturbing 
motion of a fluid particle of unit mass moving forward with the basic 
flow. This equation therefore constitutes a suitable starting point for 
the energy considerations mentioned above, which occur in earlier papers 
on the subject. The detailed form of theory chosen for exposition in 
this report is due to H. A. Lorentz^. In order to obtain the total change 
in energy of the disturbing motion in a definite region, it is necessary 
to integrate (26.4) tliroughout that region, which is assumed for sim- 
plicity to be a rectangle bounded on two sides by the lines x ~ a and 
X ~ b, a and 6 being such that the disturbances are identical at both 
boundaries i. c. u\ v* and p' have the same values at corresponding 
points in the two lines. This assumption simplifies the calculations 
which follow but is not absolutely necessary to insure the validity of 
the proof. The other two boundaries of the domain are taken to be 
the lines i/ = c and y ~ d Q.t which 

u' ~ v' = ^ 


It is not necessary to specify whether the walls at y - c and y — d 
are fixed, in which case the vanishing of the disturbances follows from 
the boundary conditions, or whether these lines are situated in the fluid 
outside the region of disturbed flow. The integration of (26.4) will now 
be performed term by term. 

It has already been mentioned that on multijdying the first term 
by the density, w^e obtain the rate of increase of the kinetic energy of 
the disturbing motion. The terms involving p' can be transformed by 
partial integration, for 

b d d b h d 

a c c a a c 


In the first expression on the right hand side we have to obtain the diffe- 
rence in value of the product (u' p') on the lines x = a and x — 6 at 
points which have the same y ordinate. In accordance with the previous 
assumptions this difference is zero and the first integral on the right 
hand side therefore vanishes. Similarly 




a c 


b d b d 

a c a c 


^ Lobentz, H. a., Abhandlangen iiber thooretisoho Physik, Vol. I, Leipzig, 1907. 
Uber die Entstehung turbulenter Flussigkeitsbewogungen und iiber don EinfluB 
dicser Bewegungen bei der Stromung duroh Rohren, p. 43. See also KAbmXn, Th. v.. 
Proceedings of the First Int. Congress of Applied Mechanics, p. 97, Delft, 1924. 
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Here again the first integral on the right hand side vanishes since it 
was assumed that v' was zero at the boundaries y — c and y = d. The 
sum of the two double integrals is therefore 

h d 



a a 


Equation (26.1) shows that this integral is zero so that no net contri- 
bution is made by the terms involving p\ 

The expression u* u' + v' must now be integrated. If C" 
is the rotation velocity of the disturbing motion about the z axis, so that 




(26.5) 


du' _dv' 
d y d X 

it is easily found, by evaluating the partial derivatives and using (26.1) 


that 




dy 


d X 


j — u \/^ u + V V 


Hence, on integrating by parts, it follows that 


h d 


b d 


and 


n c a e a c 

b d d b b d 

I . I ^ ./ ["’'"1 -'"I J •" 


The first terms on the riglit hand side of these equations vanish for the 
same reasons as before. By combining the two terms which remain, 
the expression dti'jdy — dv'ldx, whose value is 2^' [see (26.5)] is once 
again obtained. Finally therefore, the value of the integrated term is 

/ / (y'' y' “f V“ 'f'') dxdy ~ — 4ff dxdy 
Hence, writing // ~ vq, we arrive at the equation 

^ J I ( 20 . 6 ) 

Let us denote the expressions which are multiplied by q and //, by M 
and — N respectively ; M may be either positive or negative according 
to the nature of the disturbing motion, but — N must always be negative. 
With these abbreviations (26.6) becomes 

(2C.6a) 

Both M and N can be given physical interpretations. The dis- 
cussions of 20 have shown that the apparent mean shearing force pro- 
duced by interchange of momentum has the mean value — qu'v' [(see 
(20.2)]. Hence ( — qu' v')dUldy can be regarded as the work done 
by the momentary apparent shearing force due to the shearing movement 
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connected with the basic flow. In terms of energy, therefore, qM 
represents a quantity of work produced by the basic flow and obviously 
contributed to the disturbing motion. The expression fiN represents 
the “dissipation’' of the disturbing motion, i. e, the amount of work 
lost by the fluid in the disturbing motion as a result of viscosity and 
transformed into heat. It may be observed that ^/tij j^C'^dxdy can 
be transformed by integration by parts and with the help of (26.1), into 
the sum of two terms 




each of which can be given a quite definite interpretation. The first 
is the work done by the normal stress due to the disturbing motion 
acting through the viscosity, and the second the work of tlie corre- 
sponding tangential shear. 

It is now necessary to examine the sign of DEjDf. It is always 
possible to arrange that M shall be positive by choosing a suitable form 
for the disturbances; it is sufficient, in fact, to make the predominating 
sign of the products (u' v') in the integral, opposite in sign to that of 
dUj'dy. The first fact to be noticed is that the sign of DEjDt is unaffected 
by the absolute magnitude of the disturbances, for when the magnitude 
of the disturbing velocities are allowed to varj", the values of 31 and N 
are altered in the same ratio, namely, in proportion to the square 
of the disturbing velocity. On the other hand the value of th(^ ratio 
(density/ viscosity) is of extreme importance. 

Given any basic flow, it is obviously possible to find a value of r, 
i, e. of such that the dissipation term /iN outweighs the other terms 
for all conceivable forms of disturbance and the energy decreases in 
consequence. Hence, the flow will always be stable for sufficiently large 
values of the viscosity. Moreover, (26.6) can be manipulated in such 
a way as to obtain a definite Reynolds number. For this purpose it 
will be supposed that the width of the domain already considered, i. e. 
the distance from y := c to y ~ d h and two new non-dimensional 
variables will be used, defined by the equations f ^ xjh and 7] ~ yjh 
respectively. Let and be two velocities, respectively characteristic 
of the basic flow and of the disturbing velocities, and by which we shall 
divide the corresponding velocities in the two integrals which follow. 
M and N can now be expressed as, 


and 


M 


• h f7| 


N 


=</A( 


\2, . , 
eljdidt] 


du' 

dn 


in which the integrands have become completely independent of the 
units of measurement. If these new integrals are denoted by M' and N* 
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respectively the following equation is obtained in place of (26.6a) 

1) V 

Dt N') ul (26.6 b) 

The condition of stability can now be written in such a fashion that 
the only question is whether Qh UJ/li is smaller or greater than N'/M', 
H. A. Lorentz has investigated the so-called Couette case for which 
U ~ Uq yjh i. e, the case of a flow between a fixed wall at y = 0 
and a wall moving with velocity y ~ h. Ho assumed the existence 
of an elliptic vortex and found that the least value of N'I3I' was 288. 
Orr^ and Hamel ^ have inv'3stigated the variational problem and found 
177 to be the absolutely smallest lower limit for stability. The critical 
value found experimentally by Couette^ is considerably higher. His 
value, 1900, can be accounted for by remembering that the disturbances 
which occur in practice must be hydrodynamically possible and con- 
tribute only a small surplus toward the growth of the disturbances. 
The theory sketched above does not consider the question whether the 
disturbances are hydrod 3 mamically possible and only investigates how 
the velocities must be distributed in order that the disturbances may 
increase as much as possible during the next instant. 

It is to be expccttnl that a more exact theory would be obtained 
b}" taking into account only those disturbances which are hydro- 
dynamicall>' possible. In looking for such disturbances it is possible 
to start with (26.1) — (26.3). The first equation can be satisfied by intro- 
ducing a stream function such that 


/ 

u ~ 


dW 
dy ' 


t 

V 


b X 


(26.7) 


Th(^ disturbance will in general have along the axis, a wavelike form. 
Any such form can be separated b^" Fourier analysis into a set of sine 
waves and, since (26.1) — (26,3) arc linear in and v\ each sine wave 
can be investigated scparatel 3 \ Accordingly W will be of the form 

(26.8) 

where / (y) is the amplitude which in general will be a complex function 
of ?/. The wave-length X is given by X = 27r/a and the velocity of pro- 
]>agation c j3/a. The pressure p can be eliminated from (26.2) and 
(26.3) by differentiating the first with respect to y, the second with 
respect to x and subtracting. This gives the relation 

(t/-c) (/"-aV)“ 2 «*/"+ aV) (26.9) 

The problem is now to solve (26.9) given both the basic velocity U (y) 
and boundary conditions for the disturbing motion. Here again zero- 


^ Oim, W. M. F., Proo. Royal. Irish Academy, 17 (A) p. 124, 1907. 
2 Hamel, G., Gottingor Naohrichteii, 1911. 

^ CouBTTK, M., Ann. chim. pliys. (0) 21, p. 433, 1890. 
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dimensional quantities can be introduced by using the variable 7] — yjh 
and dividing the velocities by Uq. Let us put 

f (y) = A(p (tj), 

^ 7Z h 

and let a be defined by a — a /i — ^ — 

then, if the primes mean now differentiation with respect to ty, (26.9) 
becomes 

{26.9a) 

(7o^/r is the Re^molds number and may be denoted by Ji. Since ]{ is 

a large number it can be seen that it is sufficient to take only a first 

approximation to tlu^ value of th(' right hand side of 
this equation. Important information can, in fact, be 

obtained even by ])utting the right hand side equal to 

zero, an approximation whi(;h is ecpii valent to n(‘glecting 
the viscosity of the fluid. Lord Rayleigh^ made inves- 
tigations on these lines. Tlie most important result of 
Lord Rayleigh’s researches was the fact tliat a convex 
profile corresponding to that of Fig. 79 can always execute 
stable oscillations whereas certain ])rofiles, in which the 
angular discontinuity is both positive and negative are 
unstable. This is shown in the calculations by the fact that a complex 
value is obtained for c, the velocity of pro])agati()n. O. Tietjens^ has 
applied* Rayleigh’s theory to profiles intended to reprodiK'e laminar 
flow along a wall, and found also stability for convex 
profiles but instability for y)rofiles with a re-entrant 
angle (see Fig. 80). This is a most important r(*sult. 
It is to be expected that similar marked instability 
is present when the profile is continuously curved and 
has a point of inflection. From information in a letter 
received by the present author, it appears that W. Toll- 
mien in an as yet unpublished paper, has confirmed this 
conjecture. No critical Reynolds number for such 
profiles with point of inflection is as yet known. It 
is, however, to be expected that the growth of disturbance depends upon 
the counter-curvature beyond the point of inflection and that the greater 
this curvature the more quickly will disturbances increase. 

^ Lord Rayleigit, On the Instability of Certain Fluid Motions. Proc. London 
Math. Soc. 11, p. 57, 1880 and 19, p. 67, 1887 (Scientific Paix^rs Vol. I, p. 474 and 
Vol. Ill, p. 17). 

* Tietjens, O., Beitrage uber die Entstehung der Turbulenz. Gottingen 
Dissertation, 1922. Extract in Zeitschr. f. angew. Math. u. Mech. 5, p. 200, 
1926. 
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A theory in which the frictional terms were not neglected was first 
developed by A. Sommerfeld^ and carried further by L. Hopf^, W. M. F. 
Orr and others^. All these writers have restricted their attention to 
Collette’s case (U" ~ 0) for in the general case the term (U"IUQ)q) has 
awkward properties where U — c — 0 and where, therefore, if the friction 
is n(‘gle(rt(Hl (p'' — a^cp becomes infinite. Iilxperiment has shown that in 
Coiu‘tt(^’s case as well as in the cases previously considered a critical 
Reynolds numbtu* does exist. All the calculations mentioned above, 
howciver, agree on the point that small oscillations are stable for all 
Reynolds numbers. In order to obtain a different result it was necessary 
therefore to investigate cases for which U'* is not equal to zero. A complete 
solution of this jiroblem is not yet available. An approximation can 
howcv(‘r be obtained in the following manner. There 
are two ])lac(‘s where the friction is effective, even when 
the Reynolds number is large. It should next be noted 
tliat frii^tionless oscillations involve a sliding of the fluid 
along the wall. In order that the flow should adhere to the 
wall it is th(u*cfore necessary to add a compensating solu- 
tion of {20.9a) to reduce the velocity at the wall to zero; 
but the additional velocity is of such a nature that its 
value decreases very rapidly at a small distance from 
the boundary. On this account it is sufficient to retain only the 
term {Ijia B) (p"" on the right hand side of (26.9a) for in comparison 
with it the other terms are very small. Similarly, the other side 
of the equation can bo restricted to (/./ — c)(p"IUQy with a linear ex- 
pression for U. The second place where friction must be taken into 
consideration is where U becomes equal to c and where, without the 
effect of friction, as already noted, would become infinite and 9?' 
logarithmically infinite. In his paper, O. Tietjens investigated the effect 
of the thin frictional layer at the wall when the profile was of the stable 
polygonal type (see Fig. 81). In this case because of vanishing U'\ only 
tlu^ first of tlu^ two frictional layers comes into consideration. It 
appcannl that there really was a weak instability due to the fact that 
the compression and extension of the frictional laj^er in the direction 
of X produced small velocities in the y direction and hence an impulse 
on the oscillations which otherwise are assumed to be frictionless. The 
effect of this boundary layer may be estimated in the following manner. 

The energy considerations which led to (26.6 a) furnish a starting 
point. A more detailed investigation shows that the dissipation fiN is 
of subordinate importance and that it is the term qM w^hich has the 

^ SoMMERFELi), A., Atti. del oougr. inttTii. dei Mat. Rome, 1908. 

* Hope, L., Annalen dor Pliysik, Vol. 43, p. 1, 1914. 

® A comprehensive report by F. Noether appeared in Zeitschr. f. angew. 
Math. u. Meeh. 1, p. 126, 1921. ‘ 
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preponderating effect in determining whether an oscillation increases or 
decreases. This question is therefore reduced to determining the phases 
in which u* and v' cooperate, that is, to determining whether 31 becomes 
positive or negative. This is equivalent to finding out whether energy 
passes to or from the basic flow, the energy of which is very large com- 
pared with the energy of the disturbing motions with which the inter- 
change takes place. 

The differential equation when simplified in the above manner 
shows that the thickness of the layer whose oscillations suffer a dis- 
placement of phase due to friction is of the order of magnitude d ~ ^r/ac 
(in accordance with 10, d ^ ^vi and i is inversely proportional to ^ 
which equals ac). An expression is now required for the work output 
q3l. The reader will observe that in the usual wave motion the phases 
of u' and r' differ by 90® and that the integral of (w' vanishes 
in consequence. A non-vanishing contribution is obtaintKl, however, from 
the product of a velocity additional to the frictionless v* (produced by 
the continuity in the boundary layer, the phase of which is shifted 
against t;'), and the velocity u in the remainder of the fluid. In order 
to estimate the magnitude of this supplementary v component, let 
the tangential velocity of the frictionless oscillations at the wall be i/q. 
Then by continuity the associated v component at a distance b from 
the boundary is 

v' («i) -- — y d y ~ a Mo = Mo ]/ Y 
0 

It is easily seen that the phase-displaced velocity v\ is of this sanu* order 
of magnitude. The wave-lengths which actually occur in the more i^xact 
theory of stability now under consideration are sufficiently large to 
insure that v\ is almost undiminished in strength throughout the layer 
of height h. Hence the following estimate is obtained for the work o3f 


per unit length 
or 


h 



qUqv\ U'h 


The increase of the disturbing motion with rcsp(‘ct to time can be ob- 
tained by dividing the value of ()3I by the disturbance energy An 
approximate value for E in the case of long wave disturbance is 
E ~ 1/2 (Qufjh). Hence the order of magnitude of the increase of 


the oscillations is 



(26.10) 


The calculations of Tietjens showed that in the case of the polygonal 
profile, damping occurred for very long waves but magnification was 
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present when dealing with shorter wave-lengths. The maximum increase 
observed was of the order of magnitude found in (26.10) above. No 
criticjal Reynolds number could however bo found; all that could be 
shown was that on account of the increased effect of the dissipation 
the arguments became invalid for Reynolds numbers below some boundary 
value. This value was situated in the region of the limit obtained above 
from energy considerations. 

A more satisfactory solution was found later by W. Tollmien^ by 
taking into account the effect of friction in the critical layer U (y) — c. 
It was already known that c, the velocity of propagation of the wave 
motion, is always smaller than the maximum velocity of the basic flow, 
so that the place where U becomes equal to c is always inside the profile, 
(yloser investigation showed that the peculiarities which arise depend 
on the curvature of the profile of the given basic flow, i. e. on f7". The 
exact calculations proved to be difficult and are too complicated to 
be reproduced or even sketched in this report. The conclusions obtained 
were that the thickness of this layer which is under the influence of 
viscosity is of an order of magnitude ~ (>^/a and that there is a 
discontinuity of phase of the wave motion in this layer proportional to 
{U*'iU') y,,j., {U' and V' are the values in the critical layer y = y^r 
when^ A/ = c.) In the same manner as above, an estimation of the value 
of the V component of the disturbing velocity in the critical layer can 
be found, as proportional to portion of this component 

which differs in phase from the remaining wave motion is obtained 
approximately by multiplying the value of this supplementary com- 
ponent by the phase difference. Hence 

U" 

Tlu* (‘onsiderations applied to the boundary layer can also be used for 
estimating qM since? the critical layer is, in most cases, rather close 
to the wall; the order of magnitude thus obtained for the damping is 

(26.11) 

This cntii*(? treatment gives only a somewhat crude estimate of the 
diminution, for actually both the critical distance from the wall y^^, 
and the velocity of wave propagation c arc* as yet unknown and must 
be deduced as special values from the solution of the problem. For 
further details the reader must be referred to the original paper. The 
considerations set forth above are not intended to replace the actual 
solution but rather to give a physical interpretation of the various 
factors which affect stability. It has been seen that the curvature 
of the profile at the critical point, is of extreme importance in influencing 

' Tolt.mtkn, W., t)ber die Entstehung dor Turbulenz. Nachrichten dor Gosell- 
schaft der Wissonsohaften, p. 21, Gottingen, 1929. 
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the extinction of oscillations. The more exact calculations performed 
by Tollmien in the paper already mentioned shows, in accordance with 
this result, that the critical Reynolds number varies considerably with 
the shape of the profile. He thus found a particularly small critical 
value for the flow along a flat plate, viz. Uq d*lv 420 (where d* is 
the displacement thickness of the basic flow) corresponding to U^xlv ~ 
60,000 where x is the length along the plate from the leading edge. In 
comparing this number with experimental results it is nec(\ssary to 
emphasize the fact that it characterizes the state of affairs in which 
oscillations can occur for the first time without being extinguished. 
This, however, is not sufficient to produce noticeable turbulence in 
practice. The condition for this is that some disturbance initially quite 
small should be able to grow to a strength sufficient to alter the charactcsr 
of the stream. The Reynolds numbers for which actual turbulence is 
observed vary from Uq d*jv — 950 approximately, for slight initial 
disturbances, to 5(X) for large disturbances; these correspond to values 
of Uq xjv from 300,000 down to 85,000. 

The critical velocities calculated by H. Scjhlichting^ for the initially 
developing flow in the Couette case are considerably higher. The profile 
curvature is somewhat greater in this case. The lowest critical value of 
Uq^^Iv obtained was 1530, which value increased as (5*/A increased, 
h being the width of the channel. The minimum valm^ of hlv occurred 
when d* equalled 0.115 h, and was equal to 2220/0.115 ~ 19,300, which 
is considerably larger than the critical number observed by Ck)uette. 
The reader should remember, however, that up to the pres(mt time all 
theories have only considered two-dimensional disturbance's; it is possible 
that three-dimensional disturbances would produce greater instability. 

The wave-lengths of the disturbances for which th(‘re is increase 
of the disturbance arc rather large. According to Tollmien tlie smallest 
value is 17.1 d*. 

Undulatory movement of this kind is not turbulence in the proyx'r 
sense of the word. It is more likely that the actual developnK'ut of 
turbulence takes place somewhat as follows: as a result of the increase 
in the wave motion, the velocity profile develops points of inflection 
at those places where back flow occurs, and, as briefly sketched above, 
the velocity profile becomes unstable and soon dissolves into separate 
vortices which spread out very rapidly. This point of view is confirmed 
by experiment. 

In general, it is possible to say that the origin of turbulence can 
always be found in the instability of a flow. Flows in the form of jets 
with free boundaries and likewise flows in the wake of a body are 
especially unstable and therefore yield particularly small critical Reynolds 

^ ScHLiCHTiNG , H., UboF die Stabilitat der Couette-Stromung. Aimalon der 
Physik, Vol. V, p. 905, 14 (1932). 
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numbers. Experimental values are in the neighborhood of 100. Flows 
in boundary layers at walls are considerably stabilized by the wall if 
the velocity profile is convex everywhere. This is the case for flows 
with fall of pressure and although measurements have as yet not been 
taken, very high critical Reynolds numbers may be here expected. 
Flows with increase of pressure have a point of inflection in the velocity 
profile, and according to the remarks made above, are unstable if friction 
is absent. Hence, such flows, which can only be stabilized by friction, 
will exhibit turbukmce for comparatively small Reynolds numbers and 
the turbulence will become more marked as the increase of pressure is 
great(U’. This phenomenon may be noted in further detail: an increase 
of pressure in a laminar flow usually produces separation of the flow 
from the wall and consequently back flow, but the free layer thus 
separated is unstable and splits up into vortices. Provided that the 
increase of pressure is not too great, the vortices will drive the back 
flow forward again, thus producing a strongly turbulent flow with a mean 
forward motion. Greatest increase of pressure })roduces stronger turbulence 
for if weak turbulence docs not prevent back flow, this immediately 
incr(*ases the instability and causes the formation of more powerful 
vortices. The flow in an expanding diffusor can be described in this w ay. 

Tlio beginning of turbulence in flows through pipes or along smooth 
walls can be often regarded as caused by three-dimensional disturbances 
of the following form. ].«et us assume the existence of feebly disturbing 
vort(‘x motions with axes parallel to the main direction of flow. The 
effect of th(*s(^ vortices is to shift sideways the boundary layer which 
develops along the walls, to thicken it at some points and also occa- 
sionally to drag part of it into the unretarded flow. A band of retarded 
fluid brought by such means in between portions of fluid moving with 
greater velocities is however unstable and very soon breaks up into 
separate vortices. Apj)arently events of this kind are responsible in 
most cases for the production of turbulence in straight pipes with well 
rounded mouths. The initial vortices whose existence has been postulated 
owe their origin to disturbances which occur before the fluid enters 
the pipe. 

In practice it is observcnl that vortices produced by the disintegration 
of an unstable flow multiply, as a rule, very quickly, so that once such 
vortices are present, turbulence soon spreads throughout the whole flow. 
The appearance of fully developed turbulence is properly attributed to 
this plienomenon of which, how^ever, no theoretical explanation has 
hitherto been possible. The reason for this is that the disturbances are 
of finite magnitude whereas the calculations involved in the theory 
can only be successfully carried to a conclusion by assuming disturbances 
so small that terms of the second order in the additional velocities may 
be neglected. The wide differences between the calculated and observed 
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values of the critical Reynolds number in the Couette flow may possibly be 
accounted for by the fact that finite disturbances unstable in character 
may very well arise, and of which the instability is of a different type 
from that of the very small disturbances which must be assumed for 
the theoretical discussion. A definite answer to the question as to 
whether or not, under varying circumstances, turbulence will arise, can 
only be furnished by experimental observation, and wherein naturally, 
the theory of small disturbances will often be found a serviceable guide. 
Much work remains to bo done on this problem. 

27. The Drag on Bodies Moving Through Fluids L Attempts have 
often been made to analyze the drag experienced by bodies when moving 
through fluids or gases into the sum of a number of terms. A starting 
jK)int for one form of such an analysis is obtained by applying the prin- 
ciple of conservation of energy and by examining the way in which 
the work done by the force which impels the body forward against the 
drag is dissipated. If v is the velocity of the body and D the drag, the 
amount of work done per unit time is obviously Dv. In accordance 
with the principle of conservation of energy, this amount of work remains 
as energy in the fluid. This energy takes three principal forms: 

1) Energy transmitted to infinity by wave motion. 

2) Kinetic energy of vortex motion, remaining practically localized 
in portions of fluid which have been close to the body at some time. 

3) Heat, produced by the effect of friction. 

The first component needs consideration only in cases where wave 
motion occurs, such as the movement of a ship on a free water-surface 
or the motion of bodies through air with velocities greater than the 
velocity of sound. This form of energy is of no importance for motion 
through air with velocities below that of sound. In such cases the 
energy is composed of the kinetic energy of vortices and of heat due to 
friction; but since friction disintegrates the vortices in the course of 
time, so that their energy is changed into heat, the division between 
the two forms of energy is not sharp. The proportion of heat to kinetic 
energy will decrease at points taken successively nearer to the body 
and increase at points taken successively further from it. In many 
cases well defined orderly movements of vortices are observed; these 
may be distinguished from the remaining disorganized motion of the 
fluid. Since heat is itself a disorganized motion of molecules it is 
sometimes convenient to combine the heat energy with the energy of 
the disorganized flow of the fluid. This division is convenient for the 
purpose of certain hydrodynamic theories based on the study of organized 
vortex motion. 

^ The term *^drag” is used in the following two sections rather than * 'resistance** 
since attention is directed primarily to the influence of the viscous fluid on the body 
and since likewise the analysis involves terms which have come into use more 
recently in connection with aeronautic terminology. 
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Quite another form of analysis is obtained by considering how the 
drag comes into existence at the surface of the body itself. At each 
surface element of the body the force exerted on it by the fluid can be 
resolved into a normal and a tangential component. The first is ob- 
viously the pressure on the element and the second the force duo to 
friction. It is now possible to compound the pressure components on 
all the elements into a single force and similarly the frictional components 
into a second force, thus resolving the total drag into a pressure drag 
and a friction drag. The separation of the drag into such components 
can also be performed experimentally. The distribution of pressure at 
the surface of the body can be observed by boring a sufficient number 
of apertures into the surface and connecting them to manometers by 
tubes in the interior of the body. The component of the pressure-drag 
in any direction s is then given by the formula 


= f f pcos (n, s) dA 


V /7//7 7 ?. 

I 


The frictional drag too can be directly determined b}^ using a procedure 
elaborated by Fage and Falkner^. The method is laborious and difficult 
to carry out. Meas liniments are taken of the increase 
of pressure produced in a tube, projecting only slightly 
and topped by a sharp edge as in Fig. 82. The 
values obtained are proportional to the shear x in 
the neighborhood of the point where measurements 
are taken. The instrument is calibrated in a laminar 
flow through a narrow channel where the shear can 
be calculated from the observed decrease of pressure. If t is the 
tangential direction of the flow the component of frictional drag Df 
in the direction ^ is 


TTTTTZ^ 

\ 

I 


Fit?. 

incnt 


82 . 

of 


Measnre- 

frictional 


drat?, after Fage and 
Falkner. 


Dj^— f f r cos (t, s) dA 


It is however, simpler to measure the total drag of the body with the 
aid of a balance and to calculate the frictional drag Df as the difference 
between the total drag D and the pressure drag 

Writers have frequently spoken of “surface drag” and “form drag”, 
identifying these terms with the frictional drag and pressure drag respec- 
tively. This terminology is, however, based on the theory that while 
the frictional drag is proportional only to the surface area of the body 
and while the coefficient of the frictional drag depends on the Reynolds 
number, the pressure drag is a function of the shape of the body alone ; 
but closer examination shows that the frictional drag is also a function 
of the form of the body so that the separation of the drag into components 
due to the surface area and the shape must be rejected as unsound. 


^ Fage, A. and Falkner, V. M., An Experimental Determination of the Inten- 
sity of Friction on the Surface of an Aerofoil. Proc. Roy. Soo. A. Vol. 129, p. 378, 
1930. 
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We now propose to investigate the drag of a body from the hydro- 
dynamic standpoint especially, by applying the theory of ideal fluids. 

In all cases of flows around bodies as considered in the older hydro- 
dynamic theories, the drag in the direction of flow is found to be zero, 
a result which formerly appeared paradoxical but can now be seen to 
be an obvious consequence of the nature of the flows investigated. For 
these flows were the so-called “potential” flows and therefore consistently 
separated in front of the body to reunite behind it, leaving, of course, 
no disturbances in the flow. Hence there is no place for the energy, 
equivalent to the work done by the resistance, and therefore the drag 

mmt be zero. Furthermore, since forces 
perpendicular to the direction of flow 
I do no work, the preceding argument is 
/ unaffected by the presence either of an- 
A gular momenta or of forces perpen- 
M dicular to the direction of motion. In 
^ fact, even in the early stages of the 
theories mentioned, it was found that 
Fig. 83. Flow with a source. potential flows might have angular 

momenta and in recent times other 
flows of this kind have been found to be associated with transverse 
forces (lift). 

It is possible to deduce from the behaviour of a potential flow that 
if any actual stream recombines behind the body in almost the same 
manner as in the ideal case, the drag will be very near to zero. This 
has been very well confirmed by exj)eriment. It is found, for example, 
that the drag of a body whose shajM) is approximately that ust^d for 
airships is not much greater than the frictional drag always to be 
expected with a body of the same surface and axial length. Although 
the flows in such cases are actually turbulent, it may be observed that 
the theory of the potential flow yields very useful approximations in 
several other respects, as for example the pressure distribution. 

Very instructive results may be obtained by considering the behavior 
of the pressure drag at the head of a very (elongated body. In order 
to fix definitely the ideas, it will be supposed that the body is in the shape 
of a cylinder extending to infinity at the rear and suitably rounded off 
at the head in somewhat the same fashion as the front part of an airship 
hull. The object of the investigation is to determine the drag experienced 
by such a “half-body” in an ideal fluid which approaches it with velocity 
Uq parallel to its longitudinal axis. The stream function for a body 
of this kind can be generated by taking a suitable distribution of sources 
near the head of the body. The shape of body obtained by assuming 
the existence of a single concentrated source is shown in Fig. 83 ; the 
contour must always coincide with the stream-lines separating that part 
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of the flow which approaches from infinity from that which proceeds 
from the source, and which we thus identify with the surface of the 
“half-body”. If Q denotes the strength of the source, i. e. the volume 
of fluid emerging from the source per unit time, the cross-sectional 
area A of the cylinder at a great distance from the head will satisfy the 
simple equation Q ~ Auq. Since the body is not closed at any finite 
distance, the pressure drag is not uniquely defined; but it is possible 
to obtain a unique definition of this quantity by postulating that the 
body is completely separated into two portions at a sufficient distance 

from the head (see Fig. 84) and 

that the pressure in the fissun* of Po | 

separation is that of the undis- — L"": ■•rrr:r =^ I > 

turbed fluid. 13y this means the Fig. 84. naif-body, 

first part of the body is com- 
pletely enclosed by its surface and its pressure drag can therefore be 
clearly defined. Information concerning the value of the pressure 
drag can now be obtained by applying the momentum theorem. It 
will be convenient to commence by deducing a lemma concerning the 
momentum of a sources which is situated in a flow of velocity Mq. Due 
to the sourc(% additional velocities radiating from it, of magnitudes 
inversely }}roj)ortional to th(‘ square of the distance from the source, 
must be superimposed upon 
the velocity Vq. If the v(*lo- 
city due to tlu^ source is w at 
a distance r from the sourc(‘, 

Q must equal \ 7 i u\ the 
total volume of fluid flowing in unit time across a sphere of radius r, 
so that w — QAti r-. A cylindrical surface is now drawm around the 
source having its axis ])arallel to the direction of and closed by two 
transverse planes at distances from the source which are great in com- 
parison with the radius of the cylinder. We have now to calculate the 
amount of momentum transported across this surface (Fig. 85) by the 
combiiKMl flow. The net contribution of the tw^o ends of the cylinder 
can b(^ neglected, for w decreases rapidly with distance from the source 
so that the difference between the amounts of momentum transported 
out of and into the cylinder at its two ends can be made arbitrarily small 
by prolonging the length of the cylinder. Again, in summing the con- 
tributions to the total transported momentum duo to cylindrical surface 
elements, it is possible to combine the contributions of pairs of surface 
elements situated at equal distances in front of and behind the source 
respectively. If the x component of the velocity at one such element 
is Uq — {QI4n r^) sinq), then the velocity at the other element of the 
pair is Uq + (QAn r^) sin cp so that the mean of the tw^o values is exactly 
equal to Uq, By combining all the surface elements in this fashion and 

13 
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observing that the amount of fluid flowing out of the cylinder from its 
interior must equal the total strength Q of the source, it is found that 
the amount of momentum transported across the surface of the cylinder 
is Q Qwo* order to apply the theorem of momentum it is necessary 
also to find the value of the integral of the pressure in the flow taken 
over the chosen surface. In this integral however, the contributions 
from the two ends of the cylinder very nearly cancel out and may be 
neglected as before, while the pressure on the curved surface is perpen- 
dicular to the X direction at every point, and hence the value of the 
entire integral is zero. In the momentum theorem, we have there- 
fore to deal simply with the mo- 
mentum qQu^ and the equivalent 
force, i. e. the reaction due to the 
flow out of the cylinder, which acts 
in a direction opposite to Uq and 
is a force towards the head of the 
body, or in other words, a nega- 
tive drag. 

On applying this lemma to the 
case of the body of Fig. 84 it is easy 
to see from the diagram that on 
account of the presence of the body 
there is a deficit of qQuq in the 
amount of momentum leaving the 
downstream end as compared with 
the corresponding amount for the 
auxiliary cylindrical body used in establishing the lemma. This result, 
taken in conjunction with the lemma, means that the amount of 
momentum emerging from the auxiliary cylindrical surface in th(^ case 
of flow around the infinitely long “half-body’’ exactly equals the deficit 
on the trailing surface, so that the total amount of momentum is un- 
altered. Also the pressure integral vanishes as before so that the resultant 
force exerted by the flow on the body is zero. 

This result appears paradoxical at first sight but the state of affairs 
involved may be clarified by other methods, for example by choosing 
a reference system with respect to which the fluid is at rest. In such 
a system the velocities at any instant are those produced by the given 
distribution of sources, and noticeable velocities are found only near 
to the sources, i. e. near to the head of the body, while at large distances 
from the head the fluid is practically at rest (relative to the axes chosen). 
Hence the forward motion of the “half -body” does not impart a per- 
manent velocity to the fluid in the direction of its own motion and the 
body needs no applied force to ensure its further movement. Consideration 
of the pressure distribution also verifies the correctness of this result 
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and assists in its interpretation. In the neighborhood of the stagnation 
point, the pressure will be above the field pressure, while at other points 
it will be below, only regaining the normal field pressure as the transition 
to parallel flow gradually develops (see Fig. 86). On constructing the 
integral f f Q cos (n, a) d A it will then appear in each individual case 
that the resultant of the super pressures in the front region exactly 

balances the resultant of the sub pres- 

sures elsewhere. ^ ^ ^ g 

Naturally it is also possible to form a ^ T 

surface out of other stream-lines selected ^ 

from the flow around a source and to 

regard it as the bounding surface of a body. It immediately follows 
that bodies of the form represented in Fig. 87 also experience no drag 
in the ideal fluid. Since this result, when true, applies equally for sinks 
as for sources, the flow of Fig. 87 can be regarded as proceeding either 
from the right or the left. This result is of some importance in applying 
the theorem of momentum to propellers, 
windmills and the like, for in such cases 
the exterior stream-lines run somewhat 
as in Fig. 87. The theorem which has 
just been established shows in fact in 
such cases, that contraction or expansion 
of the interior stream-lines does not 
evoke any reactive force on that part 
of the flow surrounding these lines. 

It can also be deduced from the 
same theorem that a body with a “dead 
water” region behind it would experience 
no drag in an ideal fluid if the cross-sec- 
tion of the “dead water” asymptotically 
approached a fixed value ; for the exterior 
flow in such conditions coincides with that due to a “half-body” similar 
to the one discussed. Flows with a “dead water” region in an ideal fluid, 
such as were studied by Kirchhoff, are however of quite a different 
nature, since the width of the wake continually increases with the 
distance from the body and to a first approximation varies as the 
square root of the distance (see Fig. 88). It can be shown that the 
drag is zero for flows around bodies whose width continually increases, 
provided that the order of the width remains less than the square 
root of the distance. 

28. The Drag in Non-Perfect Fluids. Actual flows where drag is 
always present differ considerably from the Kirchhoff type for there 
is never a “dead water” region at rest relative to the body, and the 
vortex structures which occur instead are not stationary, but induce 

13 * 



Fig. 88. Flow around a plate, after 
Kirchhoff. 
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interchanges of momentum between wake and exterior flow. In other 
words the wake is active and no longer “dead” ; it is more correct to 
say that turbulent mixing ensues, and certainly in regions which are 
at rather large distances from the body, takes forms which have already 
been described in 26. Fig. 73 shows the distribution of velocities in 
flows with wakes of this character, referred to a fluid at rest. Since 
the width of the wake continually increases with time and since inter- 
mixture continues to take place, the velocity continually decreases, but 
in such a way that the momentum of the wake remains constant, as 



already discussed in 25. The (juantity M in the last of these rtderences 
is identical with n Q in the remarks which follow. 

The entire flow produced by the motion of a body through a fluid 
originally at rest con.sists partly of the wak(^ wliich has just been de- 
scribed and which occupies a comparatively narrow region behind the 
body, and, for the rest, of a potential flow which, except at points in 
immediate proximity to the body may bo considc^rcul as a flow diK? 
to a system of sources. If the stream-lines of th(i wake which run 
into the moving body are imagined to be prolonged through the body 
it follows from continuity that the strength of th(i equivalent “source” 
coincides with the strength of the wake, so that each stream-line of 
the wake is the continuation of some stream-lim^ issuing from the; source 
(see Fig. 89). In 25 it has been shown that the width of the wake in- 
creases as the cube root of the distanccj for a three-dimensional flow 
symmetrical about an axis, but is j)roportional to the square root of 
the distance in a two-dimensional flow. This case lends itself to con- 
siderations of momentum similar to those just applied to the “half- 
body” of the preceding lemma. If the cross-section of the auxiliary 
cylindrical surface is chosen sufficiently large so as to include the entire 
domain of the wake, then with a great length of the cylinder we can 
evidently realize a condition in which, so far as the sources an* concerned, 
the difference in the momentum transferred through the two end planes 
compared with that for the cylindrical surface will vanish. This, however, 
will not be the case if the diameter of the end section is taken pro- 
portional to its length. Hence the flow generated by the equivalent 
fluid sources, according to the lemma, produetjs a nc^gativc drag of 
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amount qQuq as before. Owing to the turbulent flow in the wake the 
velocity in a certain bounded domain is smaller at the back of the body 
than in front (see Fig. 90). If the effect of the source is left out of con- 
sideration the velocity of flow is Uq at points outside the region of distur- 
bance and hence, if the disturbing velocity is u' relative to the fluid, 
the velocity in the turbulent region of a steady flow, referred to the 
motionless body, will be Uq- — u\ The pressure at each end has the 
undisturbed value so that the amount of momentum transported across 
the two ends, each of cross-sectional area *9^, say, is 

e < <S'o — 0 // (mo — m')* d S 
This expression can be simplified into 

2QU„f ju'dS—Qf fu'^dS 

The integral J f u' d »S' is, however, equal to the strength 
of the wake which is identical with Q, the strength of 
the fluid source, and hence the first part of the above 
formula can be replaced by 2qQuq, Since the velocity 90 . 

in the integrand is from the back of the body toward 
the front, the expression clearly denotes a positive drag. The remainder 
of the formula contains squares of the disturbing velocities and becomes 
proportionately smaller in comparison with the first term as the distance 
from the body is increased. At the limit, therefore, as the length of 
the cylinder increases indefinitely, the second term of the above ex- 
pression vanishes. Hence, on combining the terms of the lowest order 
in the disturbing velocities, an amount 2^ is obtained in the direction 
of positive drag and q Quq in the opposite direction. Finally, therefore, 
the momentum equivalent to the drag^ is ^ Qwo hence the strength 
of the wake is given by the equation 


If the drag is written in the form 

D =Cj)S 2 Q 

the wake strength can be expressed as 

( 2 = 2 CoSu^ 

The last equation can easily be interpreted in physical terms. It can 
bo seen inter alia that the wake-strength is directly proportional to 

^ The relation obtained at this stage also applies to the wake in very viscous 
fluids as calculated in 12. The reader may convince himself of this by performing 
the necessary calculations. Since the flow surrounding the wake, at large distances 
from the body, reduces to the flow duo to sources, exactly as in the cases already 
considered, no further forces need be included in the momentum considerations, 
and the identity of the results in the tw^o oases is therefore comprehensible. 
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Cj) S, the drag-area of the body. The fact that this has a constant 
value accords with the fact that all the stream-lines in the wake come 
from infinity into the vicinity of the body as shown ^ in Fig. 89. 

In the theories described above, the flow in the wake has been treated 
as a steady motion and that portion of momentum due to turbulent 
oscillations of the velocity has been neglected. In order to take account 
of them it would be necessary to use a term proportional toQ f J dS, 
since the velocities of turbulent oscillations are proportional to the 
velocity of the wake. It has therefore been correct to neglect the con- 
tribution of turbulence since the integral f f dS has already been 

neglected in comparison with larger 
terms. If however, the system in- 
vestigated contains an established 
system of strong vortices as in the 
case of the so-called Karman vortex 
- street, deviations from the relations 
obtained above must be expected. 
V. Kdrmdn^ has shown in a very 
Fig. 91. KArmdn vortox street. well-known paper that such series 

of vortices are in general unstable 
but that one arrangement can be found which is stable with respect 
to most disturbances (though it is merely neutral for one such distur- 
bance). 

The ratio of breadth to the distance between consecutive vortices 
in the same row in this arrangement (see Fig. 91) is given by the equation 

* = ^ coaA-ii/2 = 0.2806 

Karman explained how considerations of momentum could be applied 
to a vortex street of this kind and proved it was possible to obtain 
a numerical value for the drag of the body by means of a photograph 
and by determining the undisturbed velocity and counting the number 

^ This is true however only to the extent that J J dA can be neglected, and 
the presence of this term produces somewhat greater wake strength near to the 
body. This requires an extra fluid source and a corresponding distribution of sinks 
in the wake itself in order to absorb the surplus, so that the same relations still 
hold at greater distances from the body. It is easily seen that this supplement 
to the potential flow will result in closed stream-lines (represented by dotted lines 
in Fig. 89). According to the shape of the body other sources and sinks situated 
in the body may also be required; blunt bodies also require a vortex-pair behind 
the body. 

ELAbmIn, Th. V., Nachriohten der Gesellschaft der Wissensohaften zu Gdttingen, 
Math.-phys. Klasse, p. 509, 1911; p. 547, 1912. 

* KArmAn, Th. V. and Rubach, H., tJber den Mechanismus des Fliissigkeits- 
und Luftwiderstandes. Phys. Zeitschr., p. 49, 1912. 

B^nabd, H., Comptes Rendus, Vol. 147, 1908; Vol. 156, 1913; Vol. 182, 1926; 
Vol. 183, 1926. 
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of vortices produced in unit time. The result obtained for the coeffi- 
cient of drag was 

Gj) = 1.587-^ —0.628 

In this equation Uq denotes the velocity of the body, the velocity 
of the vortices, both referred to the fluid assumed motionless; I is the 
distance between consecutive vortices on the same line and d is a dimen- 
sion of the body for which the coefficient Cjy being calculated. The 
length I can bo measured directly from the photographs while the 
quantity uJuq is connected in a simple manner with the period of the 
vortices induced by the body. For if 2' denotes the time required for 
the formation of one right-handed and one left-handed vortex, then, on 
account of the fact that the system of vortices is advancing relative 
to the body with a velocity (Uq — the following relation holds ^ 

^ = (^0 — %) 

and therefore =1 — ~ rp 

'“0 " o -* 

When plates or aerofoils of finite span are set obliquely across a stream 
of fluid, flow takes place around the plate or airfoil ends in order to 
equalize the differences of pressure between the upper and lower sides, 
and remains in the form of vortices long after the body has passed 
through the fluid. In such cases considerable kinetic energy is left in 
the fluid, and work must be done to produce these vortices even if 
all frictional effects are left out of account. There will therefore be 
a drag due to this factor, whose magnitude can be investigated by 
applying the theory of ideal fluids. The relation between this part of 
the drag and the lift (generated at the same time) can be calculated, 
and is found to agree very well with experiment. (See further on this 
point, Divisions E and J.) Following Munk this kind of drag is termed 
“induced drag”, for the formulae which arise in calculating it are very 
similar to those of electromagnetic induction. That part of the total 
drag due to turbulence of the flow is called profile drag. Its value can 
be obtained by subtracting the calculated value of the induced drag 
from the value of the entire drag as measured by a balance. Experiments 
of this kind have shown, with a marked degree of accuracy, that the 
profile drag does in fact depend only on the shape of the profile, the 
effective angle of incidence, and naturally, on the Reynolds number; 
whereas the total drag depends quite definitely on the aspect ratio, 
or, in more general terms, on the contour of the aerofoil. 

29. Experimental Methods for the Determination of Resistance. The 
results of experimental determinations of the resistance in air experienced 

^ For a more recent account of the application of considerations of momentum 
to this case, see Tietjbns, Hydro- und Aeromeohanik naoh Vorlesungen von 
L. Prandtl, Vol. 2, §91. 
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by bodies of various shapes are discussed in Division J on the experimental 
characteristics of the airfoil and in Division K on the resistance of 
bodies without lift. (See Vol. IV.) It is, therefore, unnecessiiry hero 
to enter into a detailed investigation of the results. It may, however, 
be of interest to discuss, in conjunction with the above sections, the 
exyerimmial methods used in the determination of resistances in air 
and water. The evaluation of the pressure resistance by integration 
of the pressure distribution has been mentioned in 27 as also the 
evaluation of the frictional resistance, following Fage and Falkner. 
Both methods can be applied not only to models but to large bodies, 
although in actual practice the frictional resistance has not yet been 
determined in this manner. 

The determination of the total resistance occupies a much more 
important place in experiment and in connection with this, three methods 
may bo noted: The first uses the free motion of a body in a motionless 
medium. In the second, the body is dragged through the motionless 
medium and the propelling force is either so regulated that when the 
desired velocity is attained the motion continues without acceleration, 
or the force is recorded by a self-acting balance. In the third method 
the body remains at rest and the medium is made to flow past it with 
known velocity. The body is connected to one or more balances from 
which the existing forces can be read. 

To the first group belong those experiments in which bodies are 
allowed to fall through some medium. It is applied particularly to 
small bodies, as for example when small spheres are allowed to fall 
through viscous fluids or where microscopic drops of oil fall through 
air, thus serving to determine the law of resistance at very small Reynolds 
numbers (Stokes’ formula, etc.). The method is also applicable to larger 
bodies so long as they are light enough to attain their terminal velocities 
within a short distance. It is then only necessary to determine the 
velocity in the steady state and the net propulso-motivc force (weight 
minus buoyancy). Since there is no acceleration the resistance is exactly 
equal to this net force. At larger Reynolds numbers this method is 
only applicable with some restriction, as many bodies, the sphere for 
example, tend in free motion, to take on a more or less irregular lateral 
motion, and naturally the resistance, when there is free lateral motion, 
is larger than when the body falls in a perfectly straight path. 

Fundamentally, the determination of the form of the polar curve 
of an aeroplane (resistance coefficient against lift coefficient) in gliding 
is connected with this method. For this purpose experiments are made 
on a number of gliding flights at different angles of gliding and in them 
the velocity of flight, the vertical component of the velocity, and the 
inclination of a fixed line in the body to the vertical are measured. 
Since gravity is here the only driving force, these measurements, together 
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with the weight of the airplane provide the necessary data for the 
evaluation of the lift, resistance and angle of inclination. 

Another method belonging to the first group is one which is applied 
to airships and which, apparently, was first given by Pannell and Frazer^. 
The following considerations provide the foundation for this method. 

If we assume that the air resistance is proportional to the square of 
the velocity, we obtain the following differential equation 

m j ^ — — Kv^ 
a t 

[m is the mass of the airship, including the mass of the air which is dragged 
along with it, K is equal to (1/2)^/ ^Cj,l This equation can be inte- 
grat(id immc^diately and gives 

m 

(Kt + C) 

where C is a constant of inte- 
gration to be determined from 
the initial velocity. If then the 
reciprocal of v is plotted as a 
function of t we get a straight 
lino, and from the inclination 
of this line the quantity Kjm 
can be evaluated. Figure 92 
shows the results of an experi- 
ment of this nature taken from 
the work of Pannell and Frazer. The points on the graphs lie ap- 
proximately on straight lines and we see therefore that the coefficient 
of resistance, within the limits of experimental error, is independent of 
the velocity. 

The methods of the second group are apphed more particularly to 
the determination of the resistance of ship models and have been 
developed in great detail. In one of these methods the propulsive force 
is derived from falling weights the magnitudes of which arc so arranged 
that the model, after having reached the desired velocity, experiences 
approximately no further acceleration. The recording of the velocity 
by the aid of some timing instrument shows also the small additional 
accelerations which must be taken into account. A more usual method 
is that in which the model is carried forward by a carriage running on 
rails, the carriage containing some apparatus which records the resistance 
experienced by the model. The methods of the second group cannot 
be applied successfully to experiments in air since the masses to be 
set in motion are usually very large in comparison with the mass of 
air dragged forward with the body, and on account of this, small ac- 
celerations produce comparatively large errors. Likewise the use of a 

^ “Experiments on Rigid Airship R 33”, Br. A.R.C. R. and M. 668, 1919. 
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carriage in order to draw the models forward is objectionable since the 
carriage itself produces large disturbances in the air which are appreci- 
able even on the model itself. In experiments on ship’s models this state 
of affairs does not exist since the carriage docs not move in the water 
but in the air above it. 

The third method is rarely used to determine the resistance in water 
but is, on the contrary, commonly used to determine resistance in air. 
The models are placed in a stream of air which, as far as possible, is 
made uniform in space and in time. The models are kept in position 
by attachments which are very thin, and so disposed as to produce 
the smallest possible disturbances in the air, and the steady forces on 
the model are then measured by the aid of balances. There are three 
fundamental operations in the experiment: First the balances must be 
read in still air. Second, they must be read when the stream has a known 
velocity. Third, the apparatus must be calibrated in such a way that 
forces, similar to those of the air-resistance, are produced by weights 
and the balances must again be read. When several components are 
being measured it is preferable to reproduce in calibrating, all the rather 
large force components at the same time by weights acting on rollers 
and wires in order to eliminate the effect of the elastic deformation 
of the suspension of the model. In many cases where a body experiences 
a lift, the drag is very small in comparison with the lift and in such 
cases it is essential to verify that the undisturbed air stream is accurately 
horizontal, for if not, the above method of calibration only gives the 
horizontal and vertical components of the resulting system of forces 
which differ in this case from the components parallel and perpendicular 
to the stream, which by definition are drag and lift. If necessary, the 
model must be measured in two positions differing by 180®. 

Velocity determinations are best made by the use of Pitot-static- 
tubes or, from the Bernoulli equation, by measuring differences of 
pressure associated with changes of cross-section of the air stream. 

More recently another method for determining resistance has been 
developed which is connected with the state of affairs in the wake behind 
the body. Following the discussion in the first section of 28 it can be 
seen that in this manner the resistance (drag) experienced by bodies of 
no lift, and what is very important, the profile drag as distinct from the 
induced drag, can be evaluated. In the practical application of this 
method, which is due to A Betz^, it is necessary to refine our previous 
considerations of momentum as applied to the wake in such a way 
that they are applicable at a rather small distance from the body. Since 
this method is intimately connected with the discussions embodied in 
previous sections, it may be described here in somewhat greater detail. 

^ Betz, A., Ein Verfahren zur direkten Ermittlung dcs Profilwidorstandes. 
Z. Flugtechn. Vol. 16, p. 42, 1925. 
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In comparison with previous considerations, it must be realized that 
it is necessary, first, to take account of the term in the wake expression 
which is of the second power in the velocity, second, to remember that 
the pressure in the neighborhood of the body, where the wake-velocity 
is measured, does not coincide with the pressure at infinity. In Betz’s 
procedure, two extended planes are taken, both at right angles to the 
direction of motion, one behind the body and one in front of it (see 
Fig. 93). Let the velocities and the pressure in the front plane be 
t’l, tt’i, Pi and the corresponding magnitudes in the other be 
Pg. At infinity let u~u^, v ~w — ^ and p = Pq. The theorem of 
momentum in its general form now gives the following equation 

D = ff {Pi + Qui)di}-Jf (Pa + Qul) dS (29.1) 

where the domain of integration extends over both infinite planes. 
The problem is now to transform the integrals in such a way that it 
is sufficient to integrate over the 
domain in the wake. The following 
total head pressures are introduced 

9i == Pi + 2‘ e 

and 92 — P 2 + y Q (^2 + ^’2 + ^^ 2 ) 

In accordance with Bernoulli’s 
theorem, g is constant on every 
stream-line which is unaffected by 
friction or apparent turbulent fric- 
tion. Hence (g^ — grg) only differs from zero in the wake, and on intro- 
ducing g^ and (/g (29.1), we have, 

J \ ^ / f -■ ^ 

(I) ‘ (II) 

+ 2 (.> / y [ («’i + "’!) — (n’ + ds 

(III) 

From what has been said it can be seen that expression I need only 
be integrated in the wake. In order to deal with expression II a hypo- 
thetical flow is introduced which coincides at every point outside the 
wake with the real flow at the back plane, but differs from the actual 
flow in the wake by having g[, = g^^ throughout the wake, so that no 
energy is lost through friction or turbulence. This can be achieved by 
changing the x component of the velocity. Let the new velocity be w' . 
Since the actual flow is incompressible the same cannot be the case 
for the hypothetical auxiliary flow which must have a distribution of 
sources of total strength Q, say. Then clearly 

w 

Q = ff («', — «*) dS 


(29.2) 
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The symbol W over the sign of integration denotes that the domain of 
integration can be restricted to the wake, since outside, u[, and U2 
are equal. 

The theorem of momentum in the form of (29.2) will now be applied 
in two steps, first of all by calculating the differences between 
w’l. Pi and 1^2 > P2 then those between Wg, ^2, 'P2 ^2» 

^’2> ^^'2» P2 'y quantities so obtained will be the result 

required. In the first step expression I is zero since — gy but ex- 

pression III presents certain difficulties. It becomes comparatively small 
when only flow due to sources occurs but may be considerable in the 
presence of steady vortices such as are produced by aerofoils. Its total 
value may be denoted by Di and more detailed consideration will be 
deferred for the moment. Apart from the value of since we have 
the assumed distribution of sources between the auxiliary planes, and 
also no loss of energy in the first step, the lemma previously prov('d 
in 27 shows that expressions 1 and 11 together provide a forward force 
Q Qwq. Since expression I is zero it follows that for expression II 

n 

2 £> y y *s' = “ e ^«o == — e «o f j “2) 

In the second step expression I becomes 

f f i 9 i 92) 

and expression II 

w jr 

2 6 J J (“2* 2 e J J (“2 ~ “2) {«2 + ”2) <''' 

while expression III is zero. 

Altogether, the following equation is now obtained: 
iv w 

D = f f{gi~g2)dS + l-QjJ{u;,—u,)(u:, + u,~2u,)dS [Di (29.3) 

These two integrals are now to be integrated over the wake. The following 
may be said with regard to the quantity where 

A = 2 [(vi + w'i) — (t)f H- wf) (LV (29.4) 

If the y and z velocities involved are due to a source it would be possible 
to choose the auxiliary planes at equal distances from the source, in 
which case, both portions of would be equal and would cancel each 
other. 

The case is somewhat altered when considering the motion of aerofoils 
through fluids, for then steady vortices proceed from the trailing edge 
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as explained at the end of (28). In this case, velocities are produced 
in the back plane with no equivalent velocities in the front plane, and 
Di is then a non- vanishing drag which is easily recognizable as the 
“induced drag’' obtained as a result of the energy considerations in 28. 
Since the right hand side of (29.3) denotes the total drag, the sum of 
expressions I and II must denote the profile drag. 

In a practical case, numerical calculations can be undertaken by 
first measuring by Pitot tube, the distribution of values of Outside the 
wake <72 coincides with g^ which is the Bernoulli 
constant of the undisturbed flow and therefore 
has a fixed value (see Fig. 94). It is necessary also to 
determine the static pressure 'p^ in order to deduce 
the value ^ oi ^2 ((/g — p 2 )/(?* The value of w' 
can usually be found from u[y = ^2 (g^ — for 
although this relation neglects (vj + 10 “) it is per- 
missible to do so in most cases. 

The magnitudes which occur in / and II now 
being known the numerical values of the int(^grals 
can be determined. Exf)ression / yields the major 
contribution and gives the same result as the formula given in the 
previous section for large distances from the body (small wake velo- 




city, flattened wake). Expression II supplies a correction which be- 
comes quite small at large distances but is important at points near to 
the body. Expression HI, which is not restricted to the wake, cannot 
bo calculated in this fashion. The method is primarily applicable when 

^ This is true on the assumption that in the wake the amounts (1/2) q (v'i + w'i) 
can bo neglected in comparison with ((/g — Pa). They are very small in all prac- 
tical oases. 
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either the “profile drag” composed of / and II is alone required, or 
when expression III (= D^) is of no importance^. 

This method can be applied not only in the wind tunnel but also 
on airplanes in flight. The checking by the use of balances of the results 
thus obtained in wind tunnels has often revealed some small differences 
which are chiefly due to the fact that the spatial uniformity of the flow 
in wind tunnels is not complete, so that in consequence the wake is 

wider at some places than at others. At 
points very close to the body difficulties 
arise through the intrusion of the strongly 



At some distance from the body the 
method is however quite reliable and 
has proved to be especially instructive 
for comparing the effects of varying 
roughnesses or various methods of treat- 
ment of the airfoil surface. Measurements 
on airplanes themselves^ can be made by 
having, first, a Pitot-static tube in some 
place which, as far as possible, is free 
from disturbance, so as to measure the 
value of and the stagnation pressure 
^ = 1/2 (O'^o)> second, at some dis- 
tance behind the trailing edge of the 
wing, a Pitot-tube and a static pressure 
tube near together, or again a Pitot- 
static tube. If gliding flights arc made 
at different angles of incidence the wake 
is displaced relative to tlie instruments 
and by plotting the readings of the in- 
struments against points are obtained through which reasonably 
smooth curves can be drawn. The observations are repeated with the 
instruments located at various heights. In addition, corresponding to 
each value of C^, and (g^ — P2) expressed as functions 

of the vertical position of the instruments. An example of this is 


Fiff. 96. Distribution of {Ox — Q*) In 
the wake of a wing under various 
angles of attack (values of 


' In the procedure described above it is no longer true that the contribution 
to III of the flow due to sources can be neglected. In practice, no measurements 
are made in the front auxiliaiy plane which is, as it were, shifted to infinity where 
and are zero. The values of Vj and duo to sources will, however, be quitt? 
small in most practical cases and it is probable that no great mistake is made by 
neglecting their effect in III. 

* Weidingeb, H., Profilwiderstandsmessungen an einem Junkers-Tragfliigcl. 
Jahrb. Wiss. Ges. Luftfahrt, p. 112, Munich, 1926. 

ScHBENK, M., Uber Profilwiderstandsmessung im Fluge nach dem Impuls- 
verfahren. Luftfahrtforschung, Vol. II, Part I, Munich, 1928. 
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shown in Figs. 95 and 96. Practical measurements show considerable 
differences when the surface of the airfoil is made of fabric, is 
lacquered, or polished, or made of metal, etc., and emerging from the 
results is the fact that in all cases smoothness of surface is greatly 
to be desired. 
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THE MECHANICS OF COMPRESSIBLE FLUIDS 

By 

6. 1. Taylor and J. W. Maccoll 
Cambridge, England Woolwich, England 

EDITOR’S PREFACE 

The^ ideal fluid medium of the mathematician permits of the develop- 
m(‘nt, by suitable mathematical methods, of a very considerable body 
of aerodynamic theory, as in Volume 11 of this series, Division E. With 
actual fluids, however, endowed with both viscosity and compressibility, 
this classical body of theory is very sharply limited, and in general 
the attack on problems where th(NS(^ characteristics of the fluid become 
of significance, is found to recpiire supplementary and special methods. 

In the present Division, the consequences of compressibility in a fluid 
medium arc discussed and it is shown that by a suitable extension of 
classical mathematical im^thods, the conditions within a fluid in relative 
motion with a solid and undergoing changes of volume, may, for a con- 
siderable numlxT of cases, be treated with satisfactory precision. In 
particular it is shown that the criterion for the significance of com- 
pressibility effects is furnished by the ratio between the velocity of 
flow to the velocity of sound in the medium, and that it is only when 
tliis ratio approaches unity that these consequences begin to assume 
serious importance. 

The practical significance to aeronautics of these consequences of 
compressibility turns upon their influence on the force reactions between 
the fluid and the moving body at these high speeds, influencing as they 
must, the lift and drag of supporting surfaces, the effective operation 
of control surfaces, and the operation of the propeller as regards effi- 
ciency and capacity. 

Another important practical application of the theoretical develop- 
ment is found in connection with the problem of the design and operation 
of wind tunnels for airspeeds near and above the velocity of sound. 
The general advance in speed in all matters relating to airplane design 
and operation (especially in the matter of propeller tip speeds) renders 
imperative more definite experimental knowledge regarding these com- 
pressibility effects. A discussion of these important problems will be 
found in Chapter II. 
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Chapter III summarises the methods for dealing with high velocity 
flow at speeds less than that of sound. 

The Division closes in Chapter IV with some discussion of the flow 
at supersonic velocities past thin airfoils, wedge and conical forms, 
around a corner and over curved surfaces. ^ p Durand 

chapti:r I 

THE PROPAGATION OF PLANE DISTURBANCES 

1. Introduction. When an ideal incompressible non-viscous fluid 
moves in irrotational motion without circulation, the velocity at every 
point of the fluid depends only on the normal component of the velocity 
of the boundaries. For this reason an instantaneous or impulsive change 
in velocity of any bounding surface produces an impulsive change in 
velocity at all points in the fluid. This instantaneous change in velocity 
is brought about by an impulsive pressure which may be visualized 
as a very large pressure acting during a very short time. If this short 

r 

interval of time is denoted by t the impulsive pressure f pdt, is equal 

i) 

to Q ((p2 — (p^ where (py^ and (p^ are the velocity potentials before and 
after the action of the impulse^. With an ideal compressible non-viscf)Us 
fluid, irrotational motion without circulation is still possible, and indeed 
all motions started from rest by movement of the boundaries are of 
this type, for Helmholtz’s circulation theorem still applies; but since 
the density now depends on the pressure, the motion set up by movement 
of the boundaries will depend not only on their velocities at the instant 
under consideration, but also on the acceleration with which these 
velocities have been set up, and in fact on the complete history of their 
movements. Impulsive pressure cannot exist in a compressible fluid 
but the boundaries could theoretically be made to move impulsively 
by giving impulses to the solids of which they are the surfaces. The 
effect of such an impulsive movement of a boundary could not be felt 
instantaneously throughout the fluid, for this would necessitate the 
existence of an infinitely large pressure acting for an infinitely short 
time, a condition which is incompatible with compressibility, but it 
would ultimately produce some effect at all points in the fluid. This 
idea may be expressed by the statement that the effects of an impulsive 
movement are propagated outward at some finite speed. Thus we may 
foresee that a study of some simple cases of propagation of disturbances 
in a compressible fluid will be a useful preliminary to theoretical in- 
vestigations of the effect of compressibility on fluid motion. 

2. Propagation of Small Plane Disturbances. Even in the simplest 
case when the motion is limited to one dimension and g, the density, 
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is a function of py the pressure, only, the solution of the problem is not 
simple unless the motion be assumed small so that the term u* dujdx 
in the equation of motion may be neglected compared with the term 
dujdt. Under these circumstances the equation of motion is 


du 1 dp _ 1 dp dg dp dlog q 

d t Q d X g dq d X dg d x 

and the equation of continuity is 

\ dg . du , u dg dlog o . du , dlog g ^ 

- P 5 h -■ o- - = + 0-- + c 

gdt dx gdx ct dx dx 


( 2 . 1 ) 

( 2 . 2 ) 


and if the variation in q is negligible compared with g, the term 
u (log q) may be neglected compared with dujdx. In the circum- 
stances of small motion, dpjdg may be regarded as a constant which 
we may denote by so that log g can be eliminated between (2.1) and 
(2.2), the resulting equation for u being 


d^u od^u 

dt^ d x^ 


(2.3) 


The complete solution of (2.3) is 

u = fi(x — at) r /2 

as can be seen at once by sui)stitution for u in (2.3). 

The functions and /g are quite arbitrary and represent two distur- 
bances, one, /i, travelling forward along the axis of x with speed 
a — (dpldg)^‘^^y and the other, /g, travelling backward with the same 
speed. Fixing our attention on the forward -moving disturbance, it will 
be seen that a small disturbance represented by u ~ f (x — at) can be 
j)ropagated forward without change in form, at a constant speed a. 
This speed is called the spet'd of .sound. In the case of gases for which 
the relationshij) between p and g in adiabatic changes is p g ~' '' — constant, 

( 2 . 5 ) 

dg * g * 


where T is tin? absolute temperature (i. e. 273 + temperature in centi- 
grade degrees) and i? is a constant for each gas. For air y — 1.405 and 
at normal atmospheric pressure of 760 mm. of mercury and a temperature 
of 0® C, p — 76 X 13.6 X 981 dynes per sq. cm. and g — 0.001293 so that 
1.405 X 76 X 13.6 X 981 '2 




0.001293 


j — 33193 cm. per sec. = 1089 ft. per .sec. 


For water at 10® C, a -- 4370 ft. per sec. 

To find the relationship between u and ^ in a progressive wave, 
substitutes /i (x — at) for u in (2.1) and integrate with respect to x. Thus 

= < 2 . 6 ) 

where g^ is the density at points where = 0. Since the motion is 
assumed small, g is nearly equal to g^ so that approximately log (gjgo) = 


14 * 
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(9 — Qo)l9o- The ratio {q — (?o)/^o sometimes called the condensation 
and is denoted by the symbol s so that (2.6) becomes 


s 


u 

a 


(2.7) 


In a progressive wave therefore, the condensation at any point is equal 
to the velocity of the fluid at that point, divided by the velocity of sound. 
Provided therefore the velocities of the fluid are everywhere small com- 
pared with the velocity of sound, the clianges in density arc everywhere 
small compared with the density. Though this has been proved here 
only in the case of plane disturbances, it is equally true in the more 
general case of three-dimensional motion. Taking the case of the steady 
flow past an obstacle for instance, if the variation in density is small 
the condensation s can be calculated from Bernoulli’s equation. If p, 
q are the pressure and velocity at any point and pj, U those in the stream 
at points far from the obstacle, 

P-Pi==lQlV^-q^) (2.8) 

The condensations s due to the pressure change p — Pi is 

f j — 1 

9~do ) or 3 = (p — Pi)/ea^. Hence from (2.8), 3 == 

(U^ — q^)l2a^. It will be seen therefore that 3 is small when Uja and 
qja are small. Steady flow at speeds which are small compared with the 
speed of sound is therefore nearly identical with that of an incom- 
pressible fluid which suffers no change in density owing to changes 
in pressure, 

3. Dynamic Similarity. The significance of the ratio qja in problems 
of steady motion may be extended to cases where qja is not small. In 
such cases the motion differs from that of an incomj)ressible fluid but 
when any one flow system of this type has been determined, a complete 
set of dynamically similar systems is also known. From the equations 
of motion of a non-viscous compressible fluid, it can be seen at once 
that if the dynamical equations are satisfied for one system they are 
also satisfied for any other geometrically similar system for which q^ qjp 
has the same value at similar points. If the two systems are denoted 
by suffixes 1 and 2, and q^ = mq^, it will be seen from the equation 
of continuity that q^IQx = constant = n. Hence the dynamical equations 
of the second system will be satisfied if 

(3.1) 

In the case of two gases Pi = c^qI^, P 2 ™ <^ 2 ^ 2 * where and Cg are 
constants. Hence (3.1) cannot bo satisfied except where In this 

case, however, the two flow patterns are similar provided 

Pi P 2 q2 
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where 


and 


\ ei ) 

\ et J 


are the 'Tocar’ velocities of sound at corresponding points of the two 
systems. 

The practical importance of this similarity theorem will appear later 
when the results of experiments with high speed wind tunnels are dis- 
cussed; it seems worth while, however, at this stage to mention that 
when air is released from a high pressure container into a vacuum, the 
maximum possible speed which it can attain is only 2.2 times the velocity 
of sound in the container; the temperature of the air in the discharging 
stream is, however, lower than that of the container owing to adiabatic 
expansion, so that the velocity of sound is reduced. Hence it comes 
about that it is possible to obtain for experimental purposes a steady 
stream of air flowing many times as fast as the velocity of sound in 
th(^ air at the point where observations are made. The late Sir Thomas 
Stanton, for instance, used a jet in which he was able to obtain a speed 
of 3.3 times the velocity of sound. Though the actual speed of this 
jet was only 1920 ft. per sec., the flow around models tested in it was 
dynamically similar to that around bodies of similar shape moving at 
3420 ft. per sec. through air at 15® C. 

4. Propagation of Large Disturbances and Shock Waves. The connec- 
tion between the velocity of sound and the effect of compressibility 
on air flow has so far appeared only as a mathematical conception. The 
flow patterns around a body moving steadily in still air at speeds which 
are small compared with that of sound are similar to those around 
a body moving through an incompressible fluid, the effect of compressi- 
bility being m(Toly to distort the stream-lines slightly. One might imagine 
the steady state of motion to be acquired by giving the body a series 
of small separate impulses. Each of these impulses would produce a 
small disturbance in the surrounding air which would spread out from 
it with the v(*locity of sound and so long as the speed of the body was 
less then that of sound, the flow pattern would extend to an infinite 
distance from the body. On the other hand when the body attains 
a speed gn^atcr than that of sound, the flow pattern cannot extend 
to great distances in front of it, because by the time any disturbance 
has spread to a large distance from the body it must necessarily have 
become a small one and must therefore be propagated with the speed 
of sound, so that the body itself would tend to overtake the disturbance 
produced by it. Close in front of the body there must be some disturbance, 
for the stream-lines of the motion relative to the body must spread 
out so as to enclose it. Hence we are led to the conclusion that a distur- 
bance duo to the body must extend to a finite distance in front of it 
and must be propagated into still air with a speed greater than that 
of sound. Disturbances of this kind are visible in the well-known 
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photographs of bullets in flight, a specimen of which is given in Fig. 1 
(on Plate VI at the beginning of this Division). All photographs of 
blunt-nosed bodies travelling at speeds higher than that of sound 
have the same general features. Immediately in front of the body a 
black line which at some point is perpendicular to the direction of motion 
shows that a disturbance confined to a thin sheet is propagated into 
still air at a speed greater than that of sound. At points some distance 
from the body, this line, or in some cases several such lines, become 
straight and inclined to the direction of flight at an angle which we may 
denote by M. If U is the velocity of the projectile and that of sound 
in still air, it is found that sin M = aijU so that, as might be expected 
in the case of a narrow disturbance of small intensity confined to a conical 
sheet, the speed of propagation perpendicular to the sheet is that of 
a small plane disturbance, namely that of sound. 

The fact that the thickness of the lines in bullet photographs in- 
dicating air disturbance is always small compared with their radii of 
curvature, indicates that the dynamics of such disturbances can be 
studied mathematically as a problem in plane or one -dimensional air 
flow, and Wo outstanding questions at once suggest themselves for 
investigation. First, why are the disturbances confined to thin sheets, 
and second, how great must be the condensation or rarefaction in such 
a disturbance in order that it may be propagated into still air at any 
given speed greater than that of sound? 

The equations of motion of a gas in one-dimension have been solv- 
ed completely by Riemann. His analysis involves necessarily disturbances 
of finite magnitude propagated in both directions; but, in the case 
when the disturbance is propagated in one direction only, the work 
can be much simplified. The equation of motion of a fluid in one- 

. . du du I dpdn , 

dimension is + « g- + - 5 ^ e ^ « (4-1) 


while the equation of continuity is 


d u 


'' e I ^ f\ 


(4.2) 


p is a function of q, so that dpjdg is also a function of q. In the study 
of the propagation of small disturbances given in 3 it was found that 
in a forward moving wave the condensation is w/(dp/dp )^'2 while in 
a backward moving wave it is — when all distur- 
bances move in one direction only, the condensation is simply pro- 
portional to u. Using this as an indication, we may search for modes 
of motion for which it is a function of q. 

In that case (4.1) and (4.2) become 

Sit ^ dpdgdu 

dt Q dg dud X 


(4.3) 
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dg du 
dudt 


(4.3) and (4.4) are consistent if - = TTiij;, 


du 

dg 


» , dgdu , du ^ 

1 dpdg 
g dgdu 


d gjdu * 


or 


so that 


V 

/( 


(»o 


dpy^^ dg 

del e 


(4.4) 


(4.6) 


(4.6) 


where go i® ^he value of q at points where tt = 0. Taking the positive 
sign and substituting Q{dpldQy~^'^ for dgldu, (4.3) becomes 


= 0 (4.7) 





y 

I 



du du 
dt ' d X 

The meaning of (4.7) can be seen 
by considering the speed at which 
a point ~x must move in order that 
u, and consequently p, may have 
a constant value. The rate of change 
in tt at "i is dujdt + (dujdx) (dxjdt) 

and this is zero if dxjdt = — • 

Hence from (4.7), dxjdt — u 
(dpjdgY^^ = u a y where a is the 
local velocity of sound at any point. 

It has been shown therefore that 
disturbances for which u — -\- 
Q 

f /dpyi^ d o 

J \d~d) 

9» 

ward in such a way that u and q 
are constant at points which move 
with speed u -{- a. It is clear that 
in general this type of disturbance 
suffers a progressive change in form as it proceeds. A simple way in 
which this change can be appreciated is to make a diagram showing 
in the form of a curve some arbitrary distribution of velocity. Such 
a diagram is shown in Fig. 2, where the ordinates represent u and 
the abscissae x. The arbitrary initial form of the curve is shown 
as To find the form after time r, take any point on and draw 
parallel to Oa: the line to represent where represents 

the value of {dpjdg)^^^ when u^. In this way the curve A \ is formed. 
Following this construction it will he seen that it is only when a + u or 

Q 


are propagated for- 



Figr. 2. Chancre of form of a disturbance 
of finite amplitude. 




dpY'*de . . 

-f- = constant 

de) e 


(4.8) 
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that the disturbance can progress without change of form. The con- 
dition ( 4 . 8 ) is satisfied if {dpldg) is constant, c. if ^ ^ + BjQ. There 

is no knoT^Ti fluid for which the pressure-density relationship is of this 
form. In the case of gases, a + is found by integrating ( 4 . 6 ), to be 

Qq + ^ where is the velocity of sound at points where u — 0. 

If the actual position of the wave in space is not required, the curve 
A\ can therefore be derived from the curve by simply translating 

aU points on A^ to the right by an amount ( 1 t, or in other words 

subjecting the whole plane on which the curve is drawn to a shearing 
strain parallel to the axis of x of amount ^ ^ j t. Successive positions 
are shown as A^, A 2 and ^3. 

It will readily be seen that such a process will make steeper the part 
of the curve where the density and velocity are decreasing in the direction 
of propagation, so that regions of condensation get narrower while con- 
versely regions of expansion get wider. After a time the steepest part of 
the curve will become vertical as shown at the point Q in the curve A 2. 
If the greatest initial value of — dnjdx is represented by — (dujdx) 
the time necessary for the curve to become vertical at one point is 
2 

, — ,w7 • At later times the construction described above can 

(7 -t- i){dufd x)^r 

still be carried out as is shown in curve J3, but the curve so produced 
has no physical meaning, for within a certain region the density at every 
point would be 3 - valued as is shown by the ordinate ESI' which cuts 
the curve* A^ in thn^e points R, S, T. 

It appears therefore, that all plane disturbances ^ of finite amplitude 
exist only for a finite time, at the expiration of which a discontinuity 
is formed where there is an infinitely rapid changes in velocity and 
density. 

The preceding analysis affords an explanation of the sheets observed 
in bullet photographs. They are regions of extremely rapid change in 
density formed in the manner illustrat(‘d in Fig. 2 . Th(\y are known 
as waves of percussion or shock waves. 

5 . Propagation of Discontinuities. The analysis which cx])lains the 
formation of these discontinuities does not give any information about 
their mode of propagation after they have been formed. For this purpose 
we must start again, assuming the discontinuity to exist. 

Suppose that a plane discontinuity can exist such that at all points 
on one side the velocity, pressure and density, are while on 

the other they are U2, P2> 02* ^ velocity of the discontinuity the 

equation of continuity is 

Ql («1 — C)=Q2 (M2 — c) = Wl (6.1) 

^ Exoept those in which the velocity is everywhere opposite to the direction 
of propagation. 
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where m is the mass which crosses unit area of the plane of discontinuity 
per second. The equation of conservation of momentum is 

— Pi = w (Ui — U 2 ) (5.2) 

These equations are not by themselves capable of determining c when, 
say, Pi, Ui, and U 2 are given, for there are then three unknowns, 
namely c and more condition is necessary. This is supplied 

by the condition of conser- 
vation of energy. The work 
done per unit area per second 
by the pressure on one side 
of the gas is so that the 
rate at which work is done 
on a column of unit area of 
cross-section by pressure is 
Piiti — P 2 W 2 - The rate of in- 
cnjase of kinetic energy per 
second is (1/2) m (ul — u\). 

The change in intrinsic energy 
of unit mass as it passes 

through the discontinuity ^ so that the equation for 

conservation of energy is 

In view of (5.2), (1/2) m {ui — u\) — 

(5.3) may be written 

2 (Pi + Vt) ( 



Fijr. .3. llaiikinc-IIiiRoniot relationship between 
density and pressure ratios. 


Pi 
Qi 

(1/2) (J>,- 


Vi Vi 

Pi 61 

- Pi) ("2 4 


) 


(5.3) 
Wj) so that 


or 




pA 

/ y-1 1 

P2 

Qi 1 

‘ 'U ^ 

/ „ 

- 


' (?2 

Qi 


(5.4) 


This relationship, due to Rankine4 and rediscovered by Hugoniot^, 
between the pressures and densities on the two sides of a discontinuity, 
difftirs from the adiabatic relationship. The adiabatic relationship is 
that for which there is no change in entropy so that according to the 
second law of thermodynamics the discontinuity represented by (5.1), 
(5.2) and (5.4), which must give rise to a change in entropy, cannot 
be reversible, though there is nothing in these equations to determine 
in which, if cither, of the two possible directions the gas can flow past 
the discontinuity. 

To settle this point it is necessary to find whether the gas of density 
or that of density pg greater entropy. For this purpose the 

diagram shown in Fig. 3 may be constructed in which the ordinates 
represent on a logarithmic scale while the abscissae, also on a 


1 Phil. Trans. Roy. Soc., Vol. 160, p. 277, 1870. 

“ Journal de TEcolo Polytechnique, Paris, Cahiers 57 — 59, 1887 — 1889. 
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logarithmic scale, represent pJPv these coordinates the Bankine- 
Hugoniot relationship (5.4) is 



This is shown in Fig. 3 for the case of air (y = 1.405) as a curve, while 
the adiabatic relationship is shown as the straight line 



Jl 

1.405 



The curve represented in Fig. 3 touches the straight line at the origin 
but falls below it for values of qJQi > f > wliile when qJqi < 1 the curve 
lies above the straight line. Since the adiabatic line is one of constant 
entropy and at a constant pressure the entropy of a gas increases as 
its density decreases, it will be seen that all points lying below the 
adiabatic line in Fig. 3 represent states of the gas for which entropy 
is greater than the initial state while all points above it represent 

states of lower entropy. 

In order that the second law of thermodynamics may be satisfied, 
the Rankine-Hugoniot relationship can only apply when the direction 
of flow through the discontinuous sheet involves an increase in entropy, 
i. e. the flow relative to the sheet must be from the smaller to the greater 
density. This conclusion is in agreement with what might have been 
expected from consideration of the manner in which the discontinuities 
might be* formed. It was shown in 4 that a continuous disturbance 
may become discontinuous in a region where the density is decreasing 
in the direction of propagation, z. e. in a region where the air flow relative 
to the disturbance is from smaller to greater density. On the other 
hand, regions where the density is increasing in the direction of pro- 
pagation show no tendency to form discontinuities. 

6. Conditions Within a Shock Wave. In our theoretical discussion 
we have so far considered the shock wave as a sheet where there is 
a discontinuity of velocity, that is, a place where the rate of change 
in velocity and density become infinite. In an actual gas there can 
be no true discontinuities. When, owing to the change in type which 
occurs in a disturbance of finite magnitude, a region is formed where 
the rate of change in velocity and density in the direction of propagation 
is very large, the effect of viscosity and conductivity for heat can no 
longer be neglected. It is of interest, therefore, to inquire whether 
a disturbance of permanent type can be propagated in a viscous and 
conducting gas which, in the limiting case of very small viscosity and 
conductivity, can approximate to the ideal discontinuity of a non- 
viscous and non-conducting gas. First it may be pointed out that if 
such a disturbance can exist, equations (5.1), (5.2) and (5.4), which 
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determine the conditions on the two sides of a discontinuity, apply 
equally well to any case where there is a transition layer of permanent 
type between two infinitely extended regimes defined by and 

^ 2 » Q 2 i V 2 - The problem is to determine the distribution of u, g and p 
in the transition layer so that it may remain permanent in type. The 
equations may be simplified by reducing the whole system to rest by 
imposing a velocity equal but opposite to the speed of propagation. In 
this case the equation of continuity is 

gu — constant — m (6.1) 

and the equation of steady motion of a viscous gas in one dimension is^ 


(I u dp , 4: d^u 

d X ~ d X ^ Z ^ d 

where fx is the coefficient of viscosity. 

Since is constant, (6.2) may be integrated, giving 

, 4 du 

P + WIM- 3 


(6.2) 


constant — + m = pg + — (6.3) 


where is a constant. 

The intrinsic energy of the gas contained between a cylinder of unit 

V 

area of cross-section and length dx is (gdx). This increases 

at the rate ^ ^ f - y ( ^ ) . The increase is due to the action of the stress* 

Vxx^ — ^ 3 ^ die cylinder, and conductivity 

d^d 

which causes heat energy to enter at the rate x J dx (x ~ coefficient 
of conductivity, J — mechanical equivalent of heat and 0 = absolute 
temperature). The rate of increase in kinetic energy ^ (^4 * 

The energy equation is therefore 


d I ,4 \ , T 

which may be integrated to 


d^e 

dx^ 


m 




d 

d X 



+ 


2dx 


(«*) 


(6.4) 


4 du . I o , w / p \ 
J>u- 3 fi u + 2 m y ( J - 


, de 

xJj = 
d X 


p.u^+\m m | + = mA 


(6.5) 


where ^4 is a constant. 

The gas law gives the relationship pjg == RO and remembering that 
pIq = pujm it will be seen that (6.5) is an equation between pw, w and x. 
From (6.3) we then have 


^ Lamb, H., Hydrodyuamios, Sixth Edition, Chapter XI, § 328. 
* Lamb, H., Hydrodjoiamios, Sixth Edition, Chapter XI, § 326. 
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pu — — ^ + y ^ + (Pi + ^i) ^ 

and by substitution of this value, the resulting equation is of the form 


\l2xJ 


+ 


4/* 


3(y-l) 
y + 1 
■2(y-l) 


)“• 


3 mR du 


mu^ 


xJB 
R 

■ Bu^ + m A u 


( 6 . 6 ) 


where y = u (dujdx). This equation does not appear to bo easily solved 
but it will be seen that if and ttg are the two roots of 

then yju = dujdx must vanish when either u ~ or u = u^. 


The values and i/g are evidently the two velocities determined 
by Rankine’s equations, for neither x nor ^ occur in (6.7). The fact 
that dujdx vanishes when u = u^ov u ~ u^ indicates that the solution 
of (6.6) must represent a layer of transition between two regions where 
the velocities and u^ do not vary with x. Taking u^ as the larger 
root, the solutioti of (6.6) can be obtained, if either x 0 or ^ = 0, 
in the form x — log (tij — u) + ^ — ^ 2 )- 


It appears therefore that under the action of viscosity or conductivity, 
or conductivity and viscosity combined, a disturbance of permanent 
type can be propagated, and from the form of (6.6) it is obvious that 
reducing both x and fi in any given ratio merely reduces the dimensions 
of the system in the direction of x in the same ratio, i. e. it reduces the 
thickness of the layer of transition in the same ratio. The actual thickness 
of this layer of transition can be calculated if it is assumed that x ~ 0 
or // = 0, or if neither x nor fi is zero but Ui nearly (‘.qual to ?/ 2 * 

The last case is the most interesting because for air /i and x are 
almost equally effective in controlling the transition layer. If is nearly 
equal to i/g, both are nearly equal to the vc^locity of sound, i. a. to 
(y PijQi)^^^ so that 


m B — Pi + mui — mui 



The order of magnitude of the right hand side of (6.6) is (i/g — '^i)^ Qi 
so that y is of order (U 2 — tq)^ (^ 2 — expression 

fxxJ dy . 1 (^<2 — 

» y is therefore of order , ‘ , - , ^. c. of order , , 

mK ^ du (U2 — Ui) in * Qx'^i 


or (U 2 — Uif Ui and this is small compared with 
that the term in y (dyjdu) may be neglected and equation (6.6) then 
reduces to 


du xJ /, 

~di[ R \/ 



+ 

2(y:-l) 


(Ui—U) (U — U2) 


( 6 . 8 ) 
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The solution of (6.8) is 



D , u. — u 

X = log 

Ui — ^2 ^ — '*^2 

(6.9) 

where 

/) (i ^ \ 4- ^ 12(y — 1) 

R~ y) 3 V-i J ei(y + 1) 

(6.10) 


The regime in tiie layer of transition is shown in Fig. 4 where the 
curve represented by (6.9) is shown. The thickness of the layer of 
transition is, strictly 

speaking, infinite, but 1 H ^ 

the greater part of it ' Ml 

is confined between I , 

the points A and J5, ! |\. | | 

A being where u ~ \ i i ’ 

_ (1/10) (n, - «,) ! • : V r ^ - 

and B where u = 1 Ny j | 

iiri'otThS’l^tr ' 

between A and B where | j 

8/10 of the change in f 2 s ¥ 

vclocit^r from Ui to Wg Fi>r. 4. I )istrnm( ion uf velocity within a shock wave, 
occurs is 

T - -- - log. d = 4.4 — - 


and substituting^ 

"' r - = M^ll) > y -- l-W, (> = 1-3 X 10 - 1.9 X 10 ' , 
which are the values of these constants for air, D = 0.22 cm^. sec.“i 


^ — 1.9 X 10 M 


so that T ^ -cm. (6.11) 

Wj Wg 

In the case of a shock wave in which the change in velocity is only 
one tenth the speed of sound, i. e, 30 meters per second, the thickness 
of the transition layer is therefore only 1/3000 t. e. 1/300 of a millimeter. 
In all cases where a projectile exceeds the speed of sound by an appreciable 
amount, the shock wave may be expected to be less than 1/300 of a milli- 
meter in thickness, so that the sharpness of the shadows of these waves 
in photographs of bullets in flight is very understandable. 

It has now been shown that viscosity and conductivity are capable of 
explaining the maintenance of a shock wave of permanent type. It 
is worth noticing that though the whole of the conversion of mechanical 
energy into heat which occurs at the wave front is due to viscositj^ and 
conductivity, the actual magnitudes of //. and x do not affect the total 
change in entropy as the gas passes through the wave. This may be 
compared with the case of dissipation of mechanical energy in the air 


^ The first relationship is derived from the kinetic theory of gases. 
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behind a flat plate placed perpendicular to a stream of fluid. The resistance 
of such a plate is practically independent of the viscosity of the fluid, 
but the whole of the energy is ultimately dissipated through the medium 
of viscosity. In the case of a shock wave, and probably also in the case 
of the flat plate, a decrease in viscosity merely decreases the linear 
dimensions of the region in which the changes in velocity take place. 

It is worth noticing also that, as might be expected from the thermo- 
dynamic considerations advanced in connection with Rankine’s solution 
of the shock wave, all waves of permanent type are waves of conden- 
sation. Since D is positive and the value of x given by (6.9) 

necessarily increases as u decreases from to This is shown in Fig. 4. 
Hence the speed, relative to the wave, of the air approaching it is greater 
than that of the air which has passed through. In virtue of the con- 
tinuity equation — ^2 ^2 *> implies that the air increases in density 
as it passes through the wave. 

CHAPTER 11 

STEADY FLOW THROUGH CHANNELS 

1. Introduction. In Chapter I it has been shown that no state 
of steady flow or disturbance of permanent type can be set up in a 
gas when the motion is limited to one dimension except a shock 
wave. It is shown further that in the case of air (and the same is true* 
for all gases) the shock wave is extremely thin so that calculations 
based on one-dimensional flow are still applicable for determining the 
changes in velocity and density on passing through it, even when the 
rest of the flow system is not limited to one dimension, ])rovided that 
only the velocity component normal to the wave is considered. When 
the flow is not limited to one dimension, steady flow may be possible 
without the occurrence of shock waves, but no criterion has yet been 
put forward to enable us to distinguish cases in which they occur from 
those where they do not, except the general one that a shock wave 
cannot exist when the velocity is everywhere below that of sound. In 
many cases of steady flow through channels and jets, shock waves do 
not occur even when the speed of sound is exceeded. These will now 
be discussed and relevant experimental results described. 

2. Bernoulli’s Equation. When a gas is in steady motion the changes 

in density may, in general, be assumed to take place adiabatically, so 
that, if (p, p), (Pq, Pq) be the pressure and density at two points on the 
same stream-line, — Po Po” ^ (21) 

where y, the ratio of the specific heats, has the value of 1.405 for 
air. If q is the velocity at any point, the acceleration of a particle 
in the direction of motion is q (dqjds) where dqfds represents the space 
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rate of change in q in the direction of motion. Hence, neglecting gravity, 
the equation of motion in this direction is 

dq 1 dp 

^ ds q ds 

The integral of this is ^ ^ 

where O is a constant for the stream-line. 

Making use of the adiabatic relation (2.1), this becomes 


(2.2) 

(2.3) 


C 




2 ^ - ..—fPoeo - y_i p 

If the gas is flowing from a 'state of rest out of a reservoir where its 
pressure is and its density p#, (2.4) takes the form 


roy-i = 


(2.4) 




or alternatively 


. Az - 

y — i Go 
_2y Po 


■-a-)' 

‘-(if 


(2.5) 

( 2 . 6 ) 


^ y-1 Go 

If a, Gq represent the velocity of sound in air defined by (p, p) and (po, Qq) 
respectively, then ~ y pIq while af, — y VoIQo 


written 




(2.7) 


a will be called the “local velocity of sound”. It is not the speed with 
which sound waves move relative to the channel but their speed relative 
to the air at any point. The maximum possible velocity attainable by 
a gas flowing under pressure from a reservoir is, therefore, [2/(y — 
or 2.22 Uq if y = 1.405. This velocity is attained when p = 0, i. e.. 
a 0 so that though the speed of this stream tends to an absolute 
maximum, the ratio of the velocity of the stream to the local velocity 
of sound increases indefinitely i. 

The absolute maximum speed is attained when the gas is expanded 
till its temperature and pressure are reduced to zero. The whole of the 
intrinsic energy of the gas is then converted into kinetic energy. The 
intrinsic energy E of unit mass of a gas can be found by calculating the 
work done against external pressure when it is expanded adiabatically 
to zero density. Thus 

!/(»« l/<?o 

In order to write down an energy equation it is convenient to imagine 
the reservoir itself to bo retained at constant pressure by decreasing 
its volume. The intrinsic energy per unit mass of the gas which stays 
in the reservoir then remains unchanged as the gas flows out through 
the channel or orifice. The work done by the contracting walls of the 

1 l^eTs. 
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reservoir while unit mass of gas flows out is po/^o energy 

equation for flow into a vacuum is 

1 2 Pp , 1 Pr» ^ ___y _ . Po 

2 ^ eo ^ y—i eo y — 1 eo 

which is identical with (2.5) when ?) = 0. 

3. Flow Through a Channel of Varying Cross-Section. When a gas 
flows through a straight channel the cross-section of which varies gradu- 
ally along its length, the dynamical equation of motion may be con- 
sidered as one-dimensional, but the one-dimensional equation of con- 
tinuity used in Chapter I no longer applies. It must be replaced in 
the case of steady motion by 

Sgq^M (3.1) 


where S is the area of cross-section at any point, q the velocity along the 
channel and M the rate of discharge of mass. If we suppose that the 
stream originates from a reservoir containing air at pressure and 
density Qq we may substitute for q from Bernoulli's equation (2.5) and 
for Q from (2.1), thus obtaining the following equation between p and S : 

[ y -i- 1 1 1/2 




1/2 


' Po) 


The cui*ve giving 


y— 1 


^ ( 
~ \ 


Po) 


Poj 

y f 1 

^ ^ j " as a function of p/;>Q 


is shown in Fig. 5. 

It will be seen that for any given value of S the discharge has a 
maximum* corresponding with the point A where pjp^ — 0.527. If the 
pressure at the point concerned could be reduced beyond 0.527 the 
discharge woiild be reduced below its maximum value till at zero pressure 
the discharge would cease altogether. This apparently paradoxical result 
is due to fixing attention only on two states of the gas, namely, p^y Qq 
and p, Q without considering in detail how the one is changed into the 
other. Suppose that the channel gradually contracts from a very large 
size down to a minimum area and then gradually expands again to 
an area S 2 (see Fig. 5). 

If for any given rate of discharge, and Pg are the points on the 
curve of Fig. 5 which correspond with the minimum section and the 
section 82 ^ then their ordinates are in the ratio P^ iV^/Pg iVg = 

As the pressure at 82 is gradually reduced, the point Pg travels along 
the curve while the point P^ moves ahead of it keeping the ratio 
Pj Aj/Pg A^g = (/Sg/zS^i)^ = constant. When the point Pg reaches the 
position Pg whose ordinate is (^i/iSg)^ {A N), where A N the maximum 
ordinate of the curve, Pj reaches its highest point A, No further con- 
tinuous reduction in pressure at 82 is then possible. At this stage the 
relationship between pressure and cross-section may be followed down 
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the tube from the high pressure reservoir by starting at the end B of 
the curve, proceeding along to A where the pressure at the minimum 
section has its minimum value and then turning back along the curve 
to the point If an attempt were made to reduce the pressure at 
still further it would be unsuccessful; any increase in the power of 
evacuating machinery designed to reduce pressure at would merely 



Fig. 5. llclatiouship between rate <if discharge of mass, cross-sectional area and pressure. 

reduce the pressure in the vessel into which the air at exhausted 
without altering the pressure at itself. 

These considerations apply to any attempt to produce a continuous 
decrease in pressure at 6^2- will be seen, however, that corresponding 
with any given ordinate of the curve there are two abscissae so that 
corresponding with any given cross- section there are two possible values 
of p/po- The second abscissa corresponding with <83 is shown in Fig. 5 
at P2 for the case when the conditions at 81 arc represented by the 
point A ; and to find whether it represents a physically possible condition, 
we must again follow the relationship between S and p/po starting on 
the curve at B, It will be seen that to every point of the curve between 
B and there corresponds a possible cross-section of the channel. 

Aerodynamic Theory III 15 
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the point P 2 corresponding with the point in the channel between the 
reservoir and the minimum section where the section is the same as 
that of the outlet, namely /Sg* 

On the ojbher hand the pressure at the outlet cannot correspond 
with any other point on the low pressure side of the curve. Suppose 
for instance that it were possible for a still lower pressure represented 
by PV' to exist at the outlet; then the pressure at the minimum section 
would be found as before by erecting the ordinate Pi" — (P^" N 2 ') 
and the whole of the curve above the level of P'/' corresponds 
with cross-sections smaller than any which exist in the channel, so that 
there could be no continuous decrease in pressure from that of the reservoir 
to that represented by Po" at the outlet. Similarly the pressure at the 
outlet cannot correspond with any point between P^' and Ay because 
in that case the highest point A on the curve corresponds with a section 
which is not the minimum, so that there w'ould be a length of the channel 
for which no corresponding points could be found on the curve of Fig. 5. 

It appears, therefore, that as the pressure in the vessel into which 
the channel exhausts decreases, the pressure at the outlet decreases 
to the value given by the abscissa ON', (Fig. 5). No further continuous 
reductions are possible; but if the pressure outside the outlet is still 
further reduced tiU it is below the pressure represented by ON'/ in Fig. 5, 
a second regime can be produced in which the pressure at S 2 is represented 
by ON/ . No further reduction in pressure at can possibly be produced. 


4. Velocity at Minimum Section. It was pointed out by Osborne 
Reynolds that in all cases where the second regime described above 
is established, the velocity of the stream at the minimum section is 
equal to the local velocity of sound. That this should be the case is 
to be expected because in the second regime, very small changes in 
cross-section in the neighborhood of the minimum section correspond 
with changes in pressure of a larger order of magnitude. The flow there 
is nearly the same as that in a channel with parallel walls where variations 
in pressure can only be maintained stationary when the velocity is 
equal to that of sound. To prove the proposition mathematically, we 
may express the conditions at the minimum section by the condition 
of dSIds = 0 where ds is an element of length along the channel. Diffe- 
rentiating (3.1) logarithmically 


d S , dq . dg 
S-ds ' q-ds ' Q-ds 
so that at the minimum section 

dq <1 dg 

ds Q ds 


= 0 


(4.1) 


Substituting this value of dqjds in the equation of motion (2.2) gives 
— (1/^) (dpide) = — (q^lg) (dglda) so that q^ = (dpldg) or g = (dpjdgY^^ 
which is the local velocity of sound. On the low pressure side of the 
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minimum section, the speed is higher than that of sound while on the 
high pressure side it is lower than this speed. 

5. Design of High Speed Wind Tunnels. The essential principle 
available for the design of high speed wind tunnels is contained in the 
foregoing discussion. A reservoir is maintained at high pressure by 
means of pumps and allowed to discharge into the atmosphere^ through 
a channel or nozzle which first converges and then afterwards diverges. 
The diverging part is essential, as we have seen, if speeds higher than 
that of sound are to be obtained. The extent to which the conclusions 


of theory are verified in 

practice is illustrated in Oischarge -i ^ 

Fig.6^ where the results ; i 1 ' 

of a set of pressure mea- ^ - > ♦ 

surements in a channel, | ! / / \ - 

whose section is shown ^ / J \ 

oa Pressure x- i \. 

inset, are given in the ^ at "A* ; • / 

form of curves. The ^ | / 

high pressure end was 20 ^ ^ 1 ^ 

at atmospheric pres- Pressure ^ : j — 4 

sure po while the low atc ^ 1 B 0 

pressure end was con- 0 02 om oe 0.8 Pr u 

nocted with exhaust ^ Pressure measurements in a channel of varying 

pumps. The pressure in cross-section. 

the exhausted receiver 

is j)j. and the abscissae of the curves represent PrjPo- The measurements 
were made at three points A, B and C, A being the point of minimum 
area, B farther down the channel and C very close to the outlet. The 
ordinates represent the pressures in cm. of mercury at the points A, B 
and C, while on a separate scale the rate of discharge is also given 
in grams per second. 


S t/O Pressure - 

I orA- 


Pressure- 

afB 

Pressure 

arr 


Fig. 6. Pressure measurements in a channel of varying 
cross-section. 


It will bo seen that the rate of discharge increases rapidly as PrlVo 
decreases from 1.0 till at Pr/Po — 0.86 it becomes nearly constant. The 
pressure at the throat decreases rapidly till at p^/Po == becomes 

nearly constant at 41 cm. of mercury. The pressure at C is practically 
the same as p^, as can be seen by the fact that the corresponding line 
in Fig. 6 is nearly straight passing through the origin and tending to 
the pressure of 76 cm. when Pr/Po == 1-0, so that p^ — p^ — 76 cm. of 
mercury. The regime in the range PrIPo = 0.86 to p^/Po = 1-0 is therefore 
qualitatively in accordance with theory. 


^ Or alternatively air is allowed to flow through such a nozzle into a chamber 
which is kept at a pressure lower than that of tho atmosphere. 

* Taken from a paper by T. E. Stanton, On tho Flow of Gkises at High Speeds, 
Proo. Roy. Soc., A, Vol. Ill, p. 306, 1926. 


15 * 


Grammes per second 
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At PrIPo = 0.83, the pressure at the throat becomes constant and 
equal to 40.7 cm. of mercury which is 0.535 Pq, and no further reduction 
in pressure occurs there. This is in good agreement with the theory 
which gives the minimum pressure at the throat as 0.527 p^. The 
theory, however, does not allow for the gradual reduction in pressure 
to 23 cm. of mercury which is observed at B, On the other hand, theory 
indicates that the pressure at B should, when the second regime is 
established, remain constant at some definite pressure which is lower 
than that at A. This is observed, the pressure at B becoming constant 
when Pfipo — 0.63. The pressure at C appears to be trying to become 
constant at about p^fp^ — 0.23 but the pressure hole was so near the 
outlet that the flow could hardly have been even approximately uniform 
over the section at that point. 

It is of interest to calculate the ratios of the effective areas at the 
points Ay B and C in order that the observed curves may fulfil the 
conditions of adiabatic flow from which the curve of Fig. 5 was con- 
structed. Taking for instance the measured pressures at PrjPo ~ 0.9, 
the curves of Fig. 6 give p^ — 56.8 cm., p/^ = 64 cm., pc = 69 cm. : 
so that taking p^ — 76 cm., PjIpq = 0.748, pjilPo — 0.842, PcjPo — 0.908. 
We obtain from the curve of Fig. 5 the following values for (y — 1)/2 df) : 
0.0540 at Ay 0.0380 at B and 0.0240 at C. The ratios of the squares 
of the effective areas are, therefore, — 0.054/0.038 = 1.42, 

(^cI^a)^ = 0.054/0.024 = 2.25. On the other hand, if the second regime 
is established at PrjPo — 0.23, the values of Pulp^ and pc^jpo are 23/76 = 
0.303 and. 16/76 = 0.21 and the corresponding values of {y — l)/2 S^df^ p- 
are 0.0536 and 0.0396 respectively, so that = 0.0686/0.0536 = 

1.28, and (SdS^i)^ — 0.0686/0.0396 = 1.74. Comparing these ratios with 
those deduced from the pressure measurements in the first regime, it 
will be seen that the effective areas of cross-section on the down stream 
side of the constriction, when the velocity there is greater than that 
of sound, are smaller than when the velocity is less than that of sound. 
This suggests the possibility that the boundary layer thickens more 
quickly at speeds above that of sound than at lower speeds. When the 
pressure p^ in the exhausted receiver is less than that necessary to 
lower the pressure in the throat to 0.527 p^ but greater than that necessary 
to produce the second regime of stream-line flow, various types erf flow 
are possible depending on the shape of the channel and the pressure 
in the receiver. If, after opening out to its maximum diameter the 
channel again contracts before reaching the receiver, a shock wave is 
likely to form. At such a surface there is an abrupt change from a speed 
greater to a speed less than that of sound. This is shown in Fig. 7 (on 
Plate VI at the beginning of this Division) which is a photograph, 
taken by Topler’s Schlieren method, of the flow in a contracting and 
expanding channel, the exit of which is slightly constricted by a 
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diaphragm. The walls of this channel were artificially roughened, so 
that the wavelets produced in parts of the channel where the speed is 
greater than that of sound appear as lines or striations. It will be seen 
that these lines appear only in the portion of the channel from the throat 
to a point about half way down the expanding part. At this point 
they end in the shock wave and the remainder of the channel in which 
the speed is less than that of sound is clear. After passing through 
the wave the gas, which is then moving at 
a speed less than that of sound, can flow 
according to the first regime' so that the pres- 
sure can increase as the channel expands. At 
the exit, however, the j)rcssure will be less 
than what it would have been if the first re- 
gime had extended the whole way through 
the channel. As the pressure at the exit 
falls from the pressure which is just necessary 
to establish the speed of sound at the throat 
to the pressure necessary in order that the 
second regime may extend to the outlet, the 
shock wave moves along the tube from the 
throat to the exit and the minimum pres- 
sure occurs at the wave surface. The ob- 
served pressures in an expanding channel 
for various pressures at the exit are shown 
in Fig. 8. It will be seen that when the 
minimum pressure is less than 0.527 pQ, a 
sudden jump in pressure occurs at a point 
which moves down the tube with decreasing 
pressure at the exit. 

The greatest wind velocity so far attained 
(1934) in a high speed wind tunnel seems to be about 3.5 times the 
speed of sound. 

CHAPTER 111 
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FiV. 8. Observed pressures in 
an expandinjr channel. (From 
Aekeret’s article in the Hand- 
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TWO DIMENSIONAL FLOW AT SPEEDS LESS THAN 
THAT OF SOUND 

1. Differential Equation for Irrotationa) 3Iotion. When the com- 
ponents of velocity at the point (x, y) are u, v, the equation of continuity 

then is {qv) = 0 (1.1) 

If the fluid motion has a velocity potential (p so that u = dtpjdx, 
V = dcpjdyy (1.1) becomes 

d^(p d^(p 1 

dx^ dy^ Q 


d X d X ^ d y dy 
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The pressure at any point is given by Bernoulli’s equation (see Chapter II) 

= constant, 


/ 


+ 1- 


e ■ 2 

where g® = = {d<pjdx)^ + (d(pldy)^, 

^ I dp ^ 1 dq^ 

SO that 2 gx ~ q dQ dx ’ 2 dy 

Now dpjdQ — where a is the velocity of sound at the point in question, 
and equation (1.2) thus becomes 


1 dp dQ 
Q dQ dy 


dx^ 




w 


1 

2a^ 


' d(p dq^ 


d X d X 


■ + 


d q> d 
dy dy 


which can be written also in the form 


4 - 

dx^ ' 


y* o* [\ e a; / 


'2 d'*"q> 


d^ q) 


I 2 ^ ^ ^ 4- 

' d X d y dxdy ' 


d fp 

d 


V —^1 

y ) dif\ 


(1.3) 


(1.4) 


When considering the field of flow due to a body moving at speed U, 
it is convenient to express a? in terms of and Thus, for a gas 
obeying the adiabatic law, II (2.7) gives 

t= 1 K — a’*) and £7* = (ag — af ) 

where a^, are the speeds of sound associated with the gas when at 
rest and when moving with speed U. Elimination of ajj from these two 

equations gives — a\ — ^ {q^ — U^) 

and (1.3) can, therefore, bo written in the form: 


d^(p 

dx^ 


+ 


d^qj] 

dy^ 


dq> dq^ 

d X d X 


+ 


dp dq^ 
dy dy 


(1.5) 


’ j [2a? -(y-l)(g^- 

It is of interest to note than when u and v arc small compared with 
a^, so that terms containing squares and products of these quantities 
can be neglected, (1.5) reduces to 

S'T . (1.6) 

dx^ ^ dy^ ^ ^ ^ 

which is the equation for the potential flow of an incompressible fluid. 
We see, therefore, that at speeds small compared with that of sound, 
the flow of a gas is similar to that of an incompressible fluid. 

Although no general solution of (1.5) has yet been proposed, it has 
been solved completely for a number of special problems at supersonic 
speeds. These solutions will be considered in Chapter IV. Approximate 
solutions have been obtained also for several problems when the speed 
of the fluid never exceeds the local speed of sound and two of these 
will now be discussed^. 

2. The Flow Past a Circular Cylinder. It has been indicated in the 
last section that, when a body moves through air at a speed which is 
small compared with that of sound, the effect of compressibility is 
merely to distort slightly the stream-lines from the positions they would 
have occupied if the air had been incompressible. Investigations of the 

^ See p. 250 for note on the work of A. Tchapliguinc. 
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motion of a gas at low speeds can be based, therefore, upon the solution 
obtained for an incompressible, perfect fluid. Such calculations have 
been carried out analytically for two problems, namely, for the motions 
past a circular cylinder^ and a sphere 2. 

When the general equation (1.5) for steady motion in two dimensions 
is expressed in polar coordinates, it becomes 


VV 2a?-(y-l) 


dq> dq^ 1 ^ 

~dr~W^ r^ ~dO~~dO 


In the first instance both q and U are assumed to be small compared 
with and hence a first approximation to (2.1) is \/^ q? — 0. Using 
particular solutions of cp = 0 of the type cp ~ cos n 9?, the right 
hand side of (2.1) may be calculated as a function of r and 0, say F (r, 0). 
A second approximation to (2.1) may thus be obtained by solving the 

equation S 7 ^(p =z 2^2 (^•^) 

The same method may be repeated to obtain higher approximations. 

Janzen and Rayleigh applied this method to the flow past a circular 
cylinder and showed that however far the approximations are continued, 
the final solution gives a pressure distribution which is symmetrical 
about a radius at right angles to the direction of flow. There is, therefore, 
no resultant force experienced by the cylinder. The same conclusion 
is found to hold for a sphere. 

Due to the excessive labour involved in passing from one approxi- 
mation to the next, it is not possible to carry the above method very 
far in an analytical form. A mechanical method of solving (2.1) has 
been developed, however, by applying an analogy between the flow 
of a compressible fluid and the flow of electricity in a sheet of variable 
thickness. Successive solutions of (2.1) are obtained from electrical 
measurements of the current flowing through an electrolyte which is 
contained in a tank. The depth of the electrolyte is varied throughout 
the whole field in proceeding from one approximation to the next. 

When this method was applied to the flow past a circular cylinder 
it was found that the approximations were convergent for [//aj < 0.45 
but divergent for l7/ai> 0.45. It appears that in this case failure of 
the solutions to converge occurs approximately when the maximum 
speed in the field reaches the local speed of sound. Similar conclusions 
were reached by purely numerical calculation in some other cases*. 

3. Prandtl and Glauert’s Approximation to the Lift of an Airfoil. 
In Janzen’s and Rayleigh’s approximations the analysis ceases to be 
accurate as soon as U becomes comparable with This limits their 


1 Janzen, 0., Phys. Zoitschrift, Vol. 14, p. 639, 1913. 

* Rayleigh, (Lord), Phil. Mag., Vol. 32, p. 1, 1916; Scientific Papers, Vol. 6, 
p. 402. 

* Taylor, G. I., Journal London Math. Soc., Vol. 5, p. 224, 1930; Zeitschrift 
angew. Math. Mech., Vol. 10, p. 334, 1930. 
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usefulness for aeronautical purposes. In the approximation of Prandtl 
and Glauert^, U is not small compared with but the variations in 
q throughout the field are supposed small compared with U. The flow 
may be considered, therefore, as a uniform stream disturbed by a small 
perturbation. Such a disturbance can be caused by a thin airfoil, the 
slope of whose surfaces to the direction of the main stream is ever3rwhere 
small. The approximation explores, therefore, the effect of compressibility 
on the flow around thin airfoils. The theory of thin airfoils is concerned 
with finding the distribution of vorticity along a line (the chord of the 
airfoil) which satisfies the condition that the normal component velocity 
at the surface of the airfoil shall be zero; accordingly the first step is 
to find the effect of compressibility on the field due to a single vortex 
filament. For this purpose, assume 

(p^ U rcosO + AF (0) (3.1) 

where .4 is so small that all terms containing may be neglected. 
In this case 


g 2 ^ U^cos^Q + 


UsinO + ^ r (0) 


r 


where F'(0) = dF{0)ldd. 

Remembering that by the initial assumption, may be 

neglected compared with g, U or and by neglecting terms containing 
A^ as a factor, (2.1) reduces to 


2a‘f^F"(0) =2AU^ sin 6 
F" {0) 


d 


or 


F'(0) 


dO 

2 C7* cos 0 sin 0 
a'i — sin^ 0 


F' (0) sinO 


A-2 A cos 0 sin 0 F' (0) 


so that F' (0) : 


conBtant 


The radial and circumferential components of velocity u and v are: 


<14 = U cos 0 
V = — U sin 0 + 


B 


r [1 — ( ) sin^ 0 1 


where R is a constant. The circulation is 


(3.2) 


so that 




B 


K 


BdO __ inli 

-(f/Va?)«»n»0] ~ yr-c/2/of 

To find the lift on an airfoil which produces this circulation, first 
notice that to the degree of approximation required the pressure j> is 
p = constant — (1/2) qq^ 


= constant — 

2 71 


QUK8inQ]/\-^lPlaj^ 
2 jr r [1 — ( sin^ 0] 


(3.3) 


The lift L = — J [p sin 0 + gw (^ sin 0 v cos 0)] RdO^ the integral 

^ Glauert, H., The Effect of Compressibility on the Lift of an Aerofoil, Proc. 
Roy. Soc., A, Vol. 118, p. 113, 1928. 
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being taken around a circle of radius R, Substituting (3.2) and (3.3) 
it is found that L = o U K 

so that the relationship between circulation and lift is unaltered by com- 
pressibility. 

To calculate the lift exerted by an incompressible fluid on a thin 
airfoil, it is necessary to find the distribution of vortices along the 
chord which will produce a component of velocity perpendicular to the 
direction of motion equal to U sinxp where ip is the small angle which 



Fijf. 9. Lilt coefficients of two airfoils. 


the surface of the airfoil at any point makes with the direction of 
motion. Suppose that this has been done and that the resulting cir- 
culation, which is the line integral of the vortices along the chord, is 
jk^ds — Kq. At points on the airfoil 0 = 0 or 0 = tt, so that the effect 
of compressibility is to reduce in the ratio [1 — the com- 

ponent perpendicular to the airfoil, of the flow due to any given distribution 
of vortices along the chord. Hence if the strength of every vortex 
element found for the incompressible case is now increased in the 
ratio [1 — (U^ld^)]~ the new vortex tlistribution will give the 

required distribution of normal velocity at the surface of the airfoil 
when the fluid is compressible. The circulation K is therefore equal 
to [1 — (U^la\)]~' and since L~qUK, the lift is increased by 
compressibility in the ratio [1 — 
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Within certain limits this theoretical result is confirmed by experiments 
made in a high speed wind tunnel. Fig. 9a^ shows the measured lift 
coefficient 2 oi b, circular arc airfoil at angles of incidence ranging 

from — 5® to +7.5® for speed U = 0.25ai, 0.5 0.7 and 1.7 a^. 

At all angles of incidence within this range kf^ increases as U increases 
from 0.25 to 0.7 but at higher speeds it decreases till at U = 1.7 

it is less than it was at U — 0.25 a^. 

At low speeds when the effect of compressibility is negligible, it is 
known that the actual value of the lift coefficient is not so definitely 
related to the theoretical value given by the Joukowski theory as the 
slope of the lift curve. To compare Prandtl and Glauert’s formula with 
observation, the slopes of the lift curve in Fig. 9 a may, therefore, be 
measured. These are 0.0380 per degree at U = 0.25 a^, 0.0424 per degree 
at U = 0.5 a^y and 0.0484 per degree at U = 0.7 a^. The ratios of these 
slopes are 1 : 1 . 1 16 : 1 .273. According to Prandtl and Glauert’s theory they 
should be (1 — 1/16) ^'2 (1 _ i/4)-i^2.(l -- 0.49) 1:1.120:1.357. 

The observed increase in the slope of the lift curve from == 0.25 
to UjUi == 0.50 is therefore almost exactly in accordance with theory, 
but the increase from 0.5a to 0.7 a is less than that required by theory. 

With the circular arc section shown in Fig. 9a, kj^ increases up to 
U = 0.7 a^y though at a rate less than is required by theory; but with 
the more conventional airfoil section R.A.F. 31a (see Fig. 9b)® the 
lift coefficient rises only slightly from U = 0.25 a^ to U = 0.5 and 
then begins to fall, so that at U = 0.7 a^ it is less than at 0.5 a^ while 
at U = 0.8 a^ it is less still. This effect is probably due to failure of the 
theoretical irrotational solution of the equations of motion^ which occurs 
with conventional sections at about U ” 0.6 a^. 

CHAPTER IV 

TWO-DIMENSIONAL FLOW AT SUPERSONIC SPEEDS 

1. The Motion Past Thin Airfoils. The simplification, introduced by 
considering only small disturbances imposed by a slender body on a 
steady stream flowing at a speed less than that of sound, has been con- 
sidered already in connection with Prandtl and Glauert’s approximations 
to the motion past thin airfoils. At supersonic speeds this conception 
leads to even more simple results. 

^ Stanton, T. E., British Aeronautical Rt'search Committee, Reports and 
Memoranda No. 1130, 1928. 

2 It will be remembered that the lift coefficient ki^ is taken relative to qV^ 
while Cl, as used usually in other divisions of this work, is taken relative to (1/2) qV^. 

* loc, ciL 

^ Taylok, G. I. and Shabman, C. F., British Aeronautical Research Com- 
mittee, Reports and Memoranda, No. 1196, 1928, and Proc. Roy. Soo. A. 121, 
p. 194, 1928. 
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Referring to III (1.4), it will be seen that dq)ldx is always large 
compared with dtpjdy so that III (1.4) reduces to 


or 


d^<p d^q> 

dx^ ‘ dy^ a( dx^ 


d^q) 

~dy^~ 


2 ^ 
dx^ 


( 1 . 1 ) 


where — (U/aj)^ — 1. 

The general solution of (1.1) is of the form 

(P = fi — +/2 (x + ny) 

where and /g are arbitrary functions. This represents stationary sound 
waves making angles ± ^ n with the direction of the undisturbed 

stream. The angle cot~~^ n, or 
sirr' ^ {dJU), is known as the Mach 
angle. 

Waves of this kind might be 
set up by the motion of a thin 
airfoil with sharp leading and trail- 
ing edges. We can conceive that 
the upper surface produces a sound 
wave propagating obliquely upward 
and that the lower one produces 
a similar wave moving obliquely 
downward. In Fig. 10 the upper 
wave is contained between the 
lines AB and 1)E while the lower 
wave is bounded by .40 and DF. 

These lines all make the Mach 
angle with the direction of motion 

of the undisturbed flow. The two ^avos produced by a thin airtoii. 
waves may be treated as plane 

sound waves in which the pressure p, density q and velocity u within 
the wave due to the disturbance, are constant along lines like iC L, 31 N 
which are parallel to the wave fronts. The velocity u must necessarily 
be taken at right angles to the wave front. As has been seen in I 2, 
the excess pressure within the wave will ho ^ p — a^QU where is the 
velocity of sound and q is the density. 

If € is the small angle which an element of the surface makes with 
the direction of motion tlicn Ue is the component of velocity of the sur- 
face normal to itself. This must equal the component of velocity of 
the air normal to the surface element which is seen to be u cos (31 — g). 
Hence u — Ue sec 31, since e is small compared with 31, and the excess 
pressure on the surface element is 

/\ p = a^Q e U sec 3f — Q e (U^lai — 1) “ 
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If d represents the inclination of the chord to the direction of motion 
and if fj, 8»rc the slopes of the upper and lower surfaces to the chord, 
then the excess pressures A A P 2 points on the upper and lower 
surfaces will be given by 


= — 1 ) ^ + 

A P2 = e ^ 1 ) {+ ^ + £2) 


When these pressures are integrated over the chord /, the following 
expressions are obtained for kj^y kp, k^y the coefficients ^ of lift, drag 
and moment about the leading edge 2. 


kr 2d 


IP 

ai 


— 1 


- 1^2 


kp^(2d^ + ei + e^ 


IP 

I 


kM = 


6 + 


\ J{—Si + F.^)X dx — 1 


1/2 


where the bar indicates that the mean value is taken along the chord. In 
the case of a biconvex airfoil, these formulae are in good agreement 
with measured values obtained by Stanton in his high speed wind 
channel 

Busemann^ has obtained recently a further approximation to the 
forces on an airfoil by calculating more accurately the relationship between 
the excess pressure A P a-nd the local angle of incidence e. His relationship 
is of the form A P ~ Q U^y where 


as has been obtained above, and 




+ l)(r/Va{) 


2. Oblique Shock Waves. In the above approximate calculations the 
velocity due to the disturbance is small compared with a^, the speed 
of sound in the undisturbed stream. It has been seen in Chapter I that 
when this condition is not satisfied, shock waves may be formed. If 
the angle e of the preceding section is not everywhere small, u is com- 
parable with so that shock waves of finite amplitude may be expected. 


^ It will be remembered that the coefficients kp, fc/j, Iijvf are taken relative to 
qV^ while Ci^y Cpy as used usually in other divisions of this work, are taken 
relative to (1/2) pF*. 

* Ackeret, J., Z.F.M., Vol. 16, p. 72, 1926. 

® Taylor, G. I., British Aeronautical Research Committee, Reports and 
Memoranda, No. 1467, 1932. 

* Forschung auf dem Gebiete des Ingenieurwesens, V.D.I., Vol. 4, p. 87, 1933. 
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Such waves may be seen in photographs of bullets in flight extending 
backward from the nose. Immediately in front of a round or flat nosed 
projectile the shock wave travels in the same direction and at the same 
speed as the body which produces it. The pressure behind the wave 
can, therefore, be deduced from I (5.1), (5.2) and (5.4). At all other 
points the shock wave due to a projectile moves obliquely to the direction 
of flight. 


In discussing the flow, it is convenient to consider the shock wave 
as fixed, the air moving obliquely through it. Such a field of flow can 
be derived from the one-dimensional flow through a fixed shock wave, 
which was considered in Chapter I, by 

superimposing on the whole system a velo- P 

city parallel to the plane of the wave. y/ \ 

Let iVA', Fig. 11, be part of a shock / 

wave. In the onc-dimensional problem the I 

velocity components are represented A I 

by the vectors AN^ N B which are perpen- j 
dicular to NN\ Superimposing the velo- 
city V, represented hy C A ov BD parallel | 
to the wave, the pressures are unaltered but 
the velocities are now represented by the ^ 

oblique vectors CN,ND. The speed of the vig. ii. Flow throujrh an oblique 
approaching stream is now U — [u\ + 

The shock wave is oblique to the initial direction of motion of the gas 
and, if a and are the angles ANC and BN D, a stream-line is deflected 
through the angle (/? — a) when it crosses the wave. The conditions 
in front of and behind the wave may be represented by U, and V, 

P 2 , Q 2 respectively. 

In any steady flow which does not pass through a shock wave the 
velocity is connected with the pressure and density by Bernoulli’s 
equation, so that the pressure and density corresponding with any 
given velocity can be found provided the pressure*- and density corre- 
sponding with zero velocity are known. If (po* Qo) ar® the pressure and 
density at zero velocity for the stream defined by (U, Pi, p^), the ratio 
Ujuiy whe^rc is the velocity of sound in the air approaching the wave, 
depends only upon pJPq. Thus II (2.5) may be written 


and 

so that 

where y = pjpo. 


y Pi 
Qi 




(2.1) 
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Although Bernoulli’s equation does not hold in passing through 
a shock wave, it may bo applied to the region behind the wave by making 
the necessary changes in the constant. The quantities (pg, ^ 3 ) are there- 
fore defined as the pressure and density corresponding with zero velocity 
behind the wave. In subsequent work it will be found convenient to 
use the symbols x = pJVq* ^ “ Pa/Po* noticed that z is always 

less than 1 . 0 . 

In obtaining the equations which govern the flow through an oblique 
shock wave, we start from the equations obtained in Chapter I where 
we discussed the propagation of shock waves in one dimension. 

In this case, since the shock wave is at rest, a slight modification 
is necessary in I (5.1), (5.2) and (5.4). These now take the form 


i?i = p2 ^2 = ^ (2-2) 

P 2 — Vi = K — ^“ 2 ) (2.3) 

2 (Pi + P 2 ) ( p ■ - ■ ; ) (2.4) 

Solving (2.4) for we obtain the Rankinc-Hugoniot relationship in 

the useful form + jj-?* (2.5) 

Si (y— i)Ps + (}' + i)Pi 

Equations (2.2) and (2.3) give 

Vi — Vi = Qi — Qi =--= Qi «i (1 — QilQi) 
from which we obtain uf = , 

When we substitute the value of given by (2.5), this equation becomes 

Now uf ~ cos ^ a and = af/y, where is the speed of sound 
in the approaching stream. Substituting these values in the above 
equation and applying the relationship given in ( 2 . 1 ) we obtain finally 

[(y — i)- f (y-f i)(a:/y)] (7^1) 

4yl(i/y)">'*-il 

as the equation connecting a with the pressure ratios x and y. 

Since we have from (2.2) 

tan p vju^ Uj ^2 

tan OL v/ui U 2 Qi 

^ (y— 1) -f- (y + 1) (xjy) 

UmoL (y + l) + (y --i)(^/.V) 
which connects with x and y when a is known. 

(2.7) were first obtained by Meyer^. They govern the conditions on 
the two sides of the oblique shock wave, the directions of the stream- 
lines ahead of and behind the wave being given by them when the 
pressure ratios x and y are stated. 

^ Forschungsarbeiten auf dem Gebiete des Ingeniourwesens, V.D.I., Hef 1 62, 1908. 


cos^ a : 


(2.G) 


equation (2.5) gives 


(2.7) 

Equations (2.6) and 
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These equations are represented conveniently by Figs. 12 and 13 
which show contours of the pressure ratios x and y for varying values 



Degrees cc 

Fig, 12. The pressure ratio x “ jPi/Po* 

of a and (jS — a). It should be noted that a is the complement of the 
angle between the wave and the direction of the oncoming flow and 


Degrees t€ 

Fig. 1.3. The pressure ratio y •= Pi/Po. 

(p — a), as has been already stated, is the angle through which a stream 
line is deflected when it passes through the shock wave. 
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The equation giving the pressure ratio z can be obtained by con- 
structing the equation for ^ which is analogous to (2.6). Thus, substituting 
p for a, yjx for xjy and zjx for l/y in (2.6) we find, 



^ _ L(y - 1) -f- (y + 1) (y/x)] (y^i) 
cos tf- r - 

4y[(z/x) y — ij 

This equation can be rearranged to give 
from which z may be calculated when x, y and /? arc known. 


(2.8) 
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Fig. 14 shows the variation of z with x for constant values of y. 
When > 0.527, the speed of the gas behind the shock wave 

is less than the local speed of sound. The broken line shown in the 
diagram thus divides the figure into two portions; to the left the con- 
ditions are such that the speed of the gas behind the wave is greater 
than the local speed of sound, while to the right of the line the speed 
of the gas is less than this speed. 

It is interesting to note that if we are given the shape of a shock 
wave moving into still air (as, for example, is obtained by the photo- 
graphy of bullets in flight/ then y, which depends only on Uja^, has 
a constant value over the whole wave. All the conditions at the wave 
are defined, therefore, by one of 
the contour lines in Fig. 13 and, 
a being known, the values of ^ — a 
may be read directly off the dia- 
gram. The pressure ratios x and 
2 can then be found by using 
Figs. 12 and 14. 

3. Pressure in a Pitot-Tube or 
at the Nose of a Projectile. The 
limiting curve on the right of 
Fig. 14 corresponds with the con- 
dition a ^ ^ — 0. This condition 
is obtained in practice when a 
Pitot- tube is placed in the stream. 

In using such a tube for mea- 
suring the speed of the air flow, 
the pressure in the Pitot-tube and the static pressure in the un- 
disturbed stream are observed. From the ratio p^lPi or zjy, the value 
of can be calculated as follows. 

The quantity is connected with y by (2.1). Putting a = 0 in 
(2.6) we obtain the expression 

y 

Uyy y ._(y 4. 1)2 



Fig. IT). Pressure at the nose of a 
projeetile. 


ly 

>4-1 d\ y 4- 1 
and multiplying the resulting equation 


(3.1) 

by 


a; _ 1 

y y^—i 

Putting — 0 in (2.8) 

y-l 

{xjy) ^ we obtain also 

/aV V [(y+i)* 

\y ) \y ) I 4 y 
The connection between pjpi and U/ai is shown in Fig. 15 by a 
continuous line^. This curve gives directly the pressure in atmospheres 


y ^-1 
^ 4y 


(3.2) 


^ These formulae were obtained by Lord Rayleigh, Proc. Roy. Soo., A, Vol. 84, 
1910; Soientifio Papers, Vol. 5, p. 609. 

Aer(io5"nainle Theory III 16 
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at the nose of a projectile which moves at a supersonic speed. When 
the speed of the projectile is less than that of sound no shock wave is 
formed in front of the moving body and the Pitot pressure pg is then 
equal to Pq. The pressure on the nose of a projectile in atmospheres is 
measured by Po/Pi pressure is shown by the broken 

curve in Fig. 15. 

4. The Flow Past a Wedge and a Cone at Supersonic Speeds. 
The results for oblique shock waves, which were obtained in 2, may 
be applied directly to give the flow past a wedge at supersonic 
speeds. For, if OS (Fig. 16) is the side of a wedge which makes 

an angle 0., with the direction of 
the approaching stream, all that 
is necessary is to find a shock wave 
O W which will deflect the undis- 
turbed flow through the angle 0„. 
After passing through the wave the 
stream will flow parallel to the 
surface of the wedge and the con- 
ditions will be uniform over the 
region between the wedge and the 
wave. The pressure ratios x and y, 
which exist with such waves, are 
found from the contours of Figs. 12 
and 13 by taking liru^s which make 
p — (x.== Os. 

Fig. 13 shows that, since a y contour is intersected by a horizontal 
line at two points, there are two possible waves for one value of Ula^; 
it is found, however, that only the wave with the smaller value of 0^, 
can occur in practice. Fig. 13 shows also that for each wedge angle 
there is a minimum value of U ja^ below which the present type of solution 
does not exist. Photographs reveal that, when this value of Ujai is not 
exceeded, the wave front is neither straight nor attached to the tip 
of the wedge. The distance between the wave and the wedge increases 
as Ujai decreases till for U/Ui = 1.0, the wave recedes to a great distance 
ahead of the disturbing body. 

The problem of the flow past a cone at supersonic speeds is not so 
simple as that of the wedge because, in order to satisfy the condition 
of continuity, the stream-lines must follow curved paths after passing 
through the shock wave. The velocity and pressure cannot be uniform 
in the region behind the wave as they are in the case of a wedge. It is 
necessary, therefore, to solve the hydrodjuiamic equations in this region 
and to find a shock wave which is capable of changing the stream of 
air from its uniform state to a condition which satisfies the solution 
obtained. 
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Vis, 17 . 


Calculations have been carried out along these lines ^ for three cones 
of semi- vertical angle 10®, 20®, and 30® when the flow behind the wave 
is irrotational and the pressure, velocity and density are functions of 0 
only. Excellent agreement was found when the calculated surface 
pressures were compared with observations of pressure made in a high 
speed wind channel and when the 
calculated position of the shock 
wave was compared with the posi- 
tion obtained from photographs of 
projectiles in flight. Fig. 17 shows 
the flow past a cone of 20® semi- 
vertical angle at — 1.65. The 
broken lines shown in Figs. 16 and 
17 repn^sent stationary wavelets 
caused by small disturbances in 
the flow. The angle between the 
wavelet and the direction of flow is 
the local Mach angle. 

Fig. 18 (on Plate VI at the 
beginning of this Division) shows 
a photograph 2 of a 1.57 inch diameter projectile in flight at a speed of 
1.576 a^. The head of the projectile is a cone of semi-vertical angle 20®. 
The wavelets, which are clearly seen along the head and parallel portion, 
are due to slight irregula- 
rities on the surface. Those 
on the conical part may be 
compared with the theore- 
tical wavelets of Fig. 17. 

5. The Two-Dimensional 
Flow Around a Corner. The 
expansion of a uniform two- 
dimensional stream of gas 
flowing around a corner at 
a supersonic speed has been investigated by PrandtP and Meyer The 
system considered may be described briefly as follows. A uniform stream 
of gas flows parallel to a rigid boundary A 0 at a supersonic speed (Fig. 19). 
Expansion commences when the stream reaches the radial line OM, 
which makes, with the direction of flow, the Mach angle and continues 
up to a radial line ON, After passing ON the stream flows parallel 

^ Taylor, G. I. and Maccoll, J. W., Proo. Roy. Soc., A, Vol. 139, pp. 278 — 311, 
1933. 

2 This photograph was obtained by Mr. T. Harris of the Research Department, 
Woolwich, and is reproduced hero by kind permission of the Ordnance Committee. 

® Phys. Zeitsohrift, Bd. 8, p. 23, 1907. 

* Forschungsarbiuten auf dem Gebietcideslngenieurwesens, V.D.I., Heft 62, 1908. 

16 * 



Fiir. 19. Flow around a corner. 
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to OB, OB may be either a rigid boundary or the free surface of the 
gas jet. It is proposed to investigate the expansion of the stream in 
the region between OM and ON, A similar type of flow in three dimen- 
sions can be seen at the shoulder of the projectile in Fig. 18. 

The dynamic equations for any two-dimensional fluid motion, ex- 
pressed in polar coordinates, are: 

du , V du 1 d p 

dO r n dr 


U - ^ [- 

dr r 


d t’ 






dv.ut' 1 ^ /) 

dr ' r d 0 ^ r q rd 0 

where u, v are the components of velocity along and perpendicular to 
the radius vector through the point considered. 

The equation of continuity is 

-^((?w»-)+ /o (ov) = 0 


In the present problem we assume that the velocity, density and 
pressure are constant along a radius. Thus the above equations reduce to 


d u 

dO 

( 5 . 1 ) 

r\dO ' “ j - o rdO 

( 3 . 2 ) 

(?« + (e«) == 0 

( 5 . 3 ) 


Equation (5.1) is the condition for irrotational flow and shows that 
this type, of motion is implied when we assume that conditions are 
constant along a radial line. 

Since dgldO = (1/a^) dpjdO, where a is the local speed of sound, 
dv , \ d Q 


(5.2) may be written y 

silue 

')( 


Q 


rdO 

Substituting in (5.3) the value of dQjdO given by (5.4) we hav(‘, 

^dv 


dO 


-f M 1 




(5,5) 


as the general equation to be satisfied by the flow in the region of ex- 
pansion. 

Equation (5.2) shows that {dvIdO + u) cannot be zero for all values 
of 0 as the pressure would then be constant throughout the entire field. 
For (5.5) to be satisfied, we must Jiavc, therefore, 

v = a (5.6) 

Thus, in two-dimensional flow around a corner, the component of velocity 
perpendicular to the radius vector must always equal the speed of 
sound at the local conditions of pressure and density. 

By the adiabatic law we have 

yp_ 

o 
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and Bernoulli’s equation 


- 1 - 



TL 

Q 




(5.7) 


(where c is the velocity which the gas would attain if allowed to flow 
in steady motion into a vacuum) then becomes, 


y~l 

Substituting for v from (5.1) we have, 


where {y — l)/(y + i). 

Integration of this equation gives 

A 0 = sin'~ ^ {ufc) 

when the constant of integration is made to vanish by measuring 0 
from the radius at which u = 0. 

The components of velocity are thus given by the equations 


u ~ c sin A 0 I 

V ~ dujdQ — c A cos A 0 | 


(5.8) 


It will bc! noted that the flow is pure radial when 8 -- 7r/2A. For 
air y = 1.405, thus making A = 0.410, so that 0 is then 219.3®. The 
maximum angle through which a two-dimensional stream of air can be 
deflected by expansion is, therefore, 219.3® — 90®— 129.3®. 

To obtain the relationship between the pressure ratio pjpQ and 0, 
we have, by Bernoulli’s equation. 


<y2 ~ qi'i 

while equations (5.8) give 


2y 

y~l 



(5.9) 


r- [ 5^:712 ^2 ^0^2 ^ QJ 

- c-* 1 — ‘ (1 — x^) (1 - 1 - cos 2 ;.0)J I 

Com])aring these two expressions and remembering that 
[2 yl(y — 1)1 pJqq and (1/2) (1 — A*'^) - l/(y + 1) wc obtain finally, 

r - 1 

(p;) " - (5.11) 


as the re(juired relationship between pjp^ and 0. 

The local Mach angle is given by m = sin~ ^ (vjq), and is thus the 
angle between the radius vector through the point and the direction 
of motion. Hence xp, the complement of m, is given by the equation 


ianyj ~ 


u 

V 


i/'-i'™ 



(5.12) 
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Equations (5.11) and (5.12) can be used to calculate the values of d 
and tp which correspond to different pressure ratios pIPq. The angle v 
turned through by the stream (relative to conditions at 0 = 0) is 
0 + m — 7tl2 or 0 — y) and thus, if suffixes 1 and 2 refer to the conditions at 
the beginning and end of any expansion, the total deflection of the stream 
during the expansion will be given by Vg — (O 2 — W 2 ) ' ' (®i — Wi)- 

The following table gives 0, y), v and qjc calculated for several values 
of pIpo- 


P/Po 

1 0{'ieg.) 

V'(deg.) 

V (deg.) 

q/c 

0.527 

0.00 

0.00 

0.00 

0.410 

0.50 

17.30 

16.90 

0.40 

0.426 

0.40 

39.15 

35.05 

4.10 

0.482 

0.30 

1 55.55 

45.70 

9.85 ' 

0.542 

0.20 

I 72.10 

54.15 

17.95 

0.609 

0.10 

: 92.85 

62.40 

30.45 

0.696 

0.05 

! 108.65 

1 67.40 

41.25 

0.760 

0.01 

' 135.55 

1 74.30 

61.25 ! 

0.857 

0.00 

i 219.30 

90.00 

129.30 

1.000 


6. Two-Dimensional Flow 
Past a Curved Surface. Provid- 
(m 1 no shock waves are form- 
ed to cause divergence from 
the adiabatic law in the region 
of flow considered, the solution 
obtained in the last section 
may be generalized to ex- 
plain the expansion or con- 
traction of a two-dimensional 
stream flowing at a supersonic 
speed along a curved surface. This extension is made possible by the 
fact that disturbances cannot be propagated forward into the fluid 
and consequently the conditions at any stage of an expansion or con- 
traction depend only on the angle 
turned through by the stream. The 
latter quantity being known from 
the shape of the surface, it follows 
that the conditions of flow can be 
obtained at all points on the surface 
when the conditions arc known at 
one point. 

These considerations will be more clearly appreciated by examination 
of the flow around two corners P and Q (JBlg. 20). Aft(*r expanding 
around the comer P, the gas flows in a uniform stream between PP' 
and QQ\ Expansion around Q then takes place in exactly the same 
way as if P and Q were coincident. It wiU be evident therefore that by 
considering the motion past a set of suitably chosen corners, we can 
approximate to the flow along a surface of given shape. From this 
it will be clear also that the conditions at any point on the surface must 
depend only upon the angle turned through by the stream. 

Using this extension of the problem treated above, PrandtU, Ackeret^ 
and Busemann® have solved graphically several two-dimensional types 



Fifir. 20. Flow around two comerH. 


^ Stodola Festschrift, Zurich, p. 499, 1929. 

* Schweiz. Bauzeitung, Bd. 94, p. 179, 1929. 

® Handbuch der Experimentalphysik, Bd. 4 (i), pp. 428 — 433, 1931. 



SECTION 6 


247 


of supersonic flow. Their solutions are obtained by means of certain 
characteristic curves which are, in fact, hodographs of the motion along 
a stream-line when expansion takes place around a corner. 

Fig. 21a shows two characteristic curves R and L. Referred to 
the origin 0, curve R gives the velocity in magnitude and direction (v) 
when expansion accompanies an increase of v in the clockwise sense. 
When expansion accompanies an increase of v in the anti-clockwise 



sense, the characteristic curve is of the 
form L. In a particular problem, the 
given conditions of flow are satisfied 
by a suitable choice of the initial radial 
line V ~ 0. 

As an example of the use of these 
characteristic curves let us investigate 



Fig. 21. An application of characteristic curves. 


curved surface A B 0 is placed in a stream of air moving horizontally at 
a supersonic speed. (Fig. 21 b). It is convenient for the present to assume 
that the surface at the leading edge is at zero angle of incidence. No 
shock wave will then be formed at the tip A. 

Referring to Fig. 21a it is seen that if OA represents the velocity 
of the undisturbed stream and if OR' B.OC'C arc parallel to the tangents 
at R, C, then the velocities at these points on the upper surface are 
represented by OR, 00 while the velocities on the lower surface are given 
by OR', 00'. The pressures on both surfaces maj^ be calculated from 
Bernoulli’s equation by inserting the derived values of q, or by reading 
the values of pjpQ from the curve shown in Fig. 21c. 

It can be shown that a wavelet, which makes the local Mach angle 
with the direction of flow through the point considered, is at right angles 
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Fig. 22. Formation of a shook wove. 


to the characteristic curve through the corresponding point on that 
curve. Wavelets can thus be drawn in (see Fig. 21b). Stream-lines 
can also be traced throughout the whole field of flow since the direction 
of motion is the same at all points along a wavelet and is governed 
by the surface angle near the origin of the wavelet. 

In the problem discussed above we have assumed that no shock 
wave is formed at the leading edge of the surface. This restriction 
is, however, not necessary provided that the wave present at the nose 
of the body is not very intense. When the angle between the slope 
of the surface at A and the direction of the approaching stream is small, 
the conditions in passing through the shock wave follow the adiabatic 

law closely, as may be verified 
from the Rankine-Hugoniot rela- 
tionship by assuming the pres- 
sure change to be small. The 
decrease in speed due to a sudden, 
but small, change in direction of 
motion near the leading edge will, 
therefore, be given by the charac- 
teristic curve. The above methods 
employing characteristic curves 
can thus be applied to investigate the flow past slender bodies, such 
as thin airfoils, which have sharp leading and trailing edges. 

It will be noted that, due to compression of the flow along the lower 
surface of ABC, the disturbance lines converge in this region and form 
a shock wave at some distance from the surface. If this distance is 
sufficiently great, the shock wave will not affect the surface pressure. 
It is of particular interest, however, to trace the connection between 
the present conception of the mode of formation of the shock wave 
with that previously put forward and shown in Fig. 2. Let P^, . . . 

P 5 be successive positions of an observer relative to the moving surface? 
ABC and suppose that the observer is viewing the disturbance produced 
by it in the direction P^A which is perpendicular to the approaching 
wave front, i. e. the angle complement of the Mach angle. 

In Fig. 21b the successive positions of the observer’s line of sight arc 
shown as the parallel lines PiA, PgP, P 3 P, P 4 P, P^C. 

Fig. 22 shows a number of positions of the disturbance as it approaches 
the observer. The ordinates denote the components of velocity in the 
direction of the observer’s line of sight. The curves in this figure can 
be obtained as follows. 

The velocity at any point in the disturbed area is given by the corre- 
sponding vector in Fig. 21 a. The velocity of the surface itself is represented 
in Fig. 21a by AO, so that the velocity of the disturbed air relative to 
the observer is represented by the vector from A to the appropriate 
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point on the characteristic curve. Thus the velocity relative to the 
observer, of the air close to B (Fig. 21b), is represented by the vector 
A (Fig. 21a) which has a component AN' directed toward the 
observer at Pg. It will be seen, therefore, that the ordinates of Fig. 22 
can be found from the characteristic curve by taking the components 
of velocity parallel to the tangent at A. The formation of the wave 
as it approaches the observer can thiis be followed in Fig. 22. 

When the observer is between P^ and Pg, say at Pg, the approaching 
disturbance increases continuously along the line of sight from the first 
infinitesimal effect associated with the wave produced at the forward 
edge A of the moving sheet till the maximum value is attained at the 
surface of the sheet. This is shown in Fig. 22 as FD, By the time the 
observer is looking along the line PgP, the wave front in the line of 
sight has become much steeper as will be seen in the curve GB oi Fig. 22. 
When the observer is looking along the line P^E the disturbance has 
taken the form HIP E (Fig. 22) and there is now a finite shock wave 
present at the forward edge of the disturbance. 

The sequence represented by the curves FD, GKB, HH'E, JJ'C 
of Fig. 22 coidd also have been viewed from the standpoint of the con- 
ception of shock wave formation illustrated in Fig. 2. In this way for 
instance, it will be seen that the disturbance represented by F D in Fig. 22 
would become steeper as it proceeded toward the observer, as shown 
at GK, and finally a discontinuity would set in before the condition 
represented by HH' E was realized. 
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DIVISION I 

EXPERIMENTAL METHODS— WIND TUNNELS 


EDITOR’S PREFACE 

In common with the advances in all branches of science, the develop- 
ments of theoretical aerodynamics must constantly be checked and the 
direction of new avenues of research guided by appeal to experimental 
investigation. From the beginning of the special developments which 
have marked the advances in aeronautics during the present c(;ntury, 
theoretical advance and experimental test have gone hand in hand. 

However, the conditions of airflow about a model in a constrained 
or limited stream of air arc not, in all respects, the same as those for 
an airplane flying free. There results the need for various corrections 
depending on th(^ shape and dimensions of the flow relative to the 
model and on the conditions of flow at the point of observation, jet 
free or constrained by rigid walls. 

In Part 1 of the present Division, some historical account is given 
of the early beginnings of aerodynamic research, together with brief 
descriptions of the various types of wind tunnels which have come 
into use during the past quarter century, and including a discussion of 
the economic and energy relations inherent in these various types. 

The major theoretical discussion of the Division is then presented 
in Chapter III, whenun are developed formulae and practical methods 
relating to the corrections referred to above and which must be applied 
to wind tunnel observations in order to render them comparable with 
results in free flight. 

Again the dependence of the results of aerodynamic performance on 
the so-called Reynolds number and the impossibility in experimental 
work with models in atmospheric air of approaching values of this 
number representing conditions full scale, has in recent years, brought 
into special promincuice the significance of experimental work carried 
on in air under high pressure and under conditions which permit of 
a nearer approach to full scale Reynolds numbers. 

In the same way the recent rapid increase of flying speeds and the 
outlook toward still further advance in this direction, together with 
the high speeds now reached by the tips of propeller blades, all conjoin 
to emphasize the importance of more extended information regarding 
the phenomena of flow and the force reactions involved under these 
high velocities. 
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Part 2 of this Division presents some theoretical discussion bearing 
on the design and use of wind tunnels intended for use under these 
extreme conditions, together with descriptive matter relating to recent 
installations at the Langley Memorial Laboratory, U.S.A. 

Supplementary to the descriptive material presented in the Division, 

numerous references are given in the Bibliography to experimental 

aerodynamic installations in various countries, wherein may be found 

descriptive matter in detail regarding the form and construction of such 

installations and of their instrumental equipment. ^ 

W. F. Durand. 


EXPERIMENTAL METHODS— WIND TUNNELS 

PART 1 


By 

A. Toiissaint, 

Saint -Cyr-F S cole 


CIl AFTER 1 

CLASSIFICATION OF METHODS-USE OF NATURAL 

WINDS 

1. Classification of Experimental Methods Used in Aerodynamic 
Research. The most natural method of classification of the^ methods 
of aerodynamic research is based on the nature of the movemimt im- 
pressed, either on the body under investigation or on the fluid in which 
the experiment is carried on. We therefore distinguish the two principal 
categories. 

(1) Methods in which the object is stationary and the fluid is in motion. 

(2) Methods in which the object moves with reference to a stationary 
fluid. 

The first category comprises two secondary divisions: 

(а) Methods utilizing the natural movement of the air in aerodynamic 
problems or the natural flow of a stream for hydrodynamic rcisearch. 

(б) Methods utilizing an artificial current of air produced by some 
type of fan. Such installations are commonly known as Wind Tunnels 
or Wind Channels. 

The second principal category comprises three secondary divisions: 

(a) Methods involving a straight line movement of the body as in 
the case of the study of the motion produced by the fall or the ris(‘, 
of a body in a resisting medium; or again, methods involving the use 
of an aerodynamic carriage carried on a cable or on a railway line, and, 
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by analogy, methods commonly employed in hydraulic testing channels 
and naval tanks. 

(6) Methods comprising the circular movement of the body in in- 
stallations either for air or water research. Of the same general character 
arc methods involving the use of a periodic movement as of a pendulum. 

(c) Methods involving any movement of the body whatever, such 
as those which utilize an airplane or an airship in motion as a flying 
laboratory, and by means of special instruments set up on board, provide 
for a measure of the motion relative to the air or, otherwise, the character 
and amount of the stresses to which the various parts may be subject 
through the action of the fluid pressures. 

2. Methods in which the Object is Stationary and the Fluid in Motion. 
(Methods Utilizing Natural Movements of the Air.) These methods are 
no longer in common use. They involve numerous difficulties arising 
chiefly from the irregularities of the wind, both in magnitude and 
direction and which are difficult of measure. 

For example the ordinary anemometer which might give, with suf- 
ficumt accuracy the magnitude of the velocity, is in general seriously 
influenced by the variations in direction, especially if it can turn only 
in a horizontal plane. In such case, the variations in the direction in 
a v(;rtical plane will affect more or less seriously, the indications of the 
instrunu^nt. Furthc^rmore the vanes intended to indicate the direction 
of the wind are in general imperfect and lack the needed sensitiveness. 
The influence of their proper inertia renders impossible suitable response 
to very rapid changes in the direction of the wind. 

However the more modern wind measuring or indicating devices 
using a hot wire do not have these disadvantages and would replace 
advantageously, for certain researches, the older instruments used in 
early experiiiK^its with natural wind. 

In spite of such difficulties, however, these methods are worthy of 
attention because, if judiciously employed with all the modern im- 
]:)rovements, they might well contribute, in particular, to a study of 
the soaring flight of birds. 

Following this thought, note will be made at a later point of the 
experiments of M. Idrac. Measuring the velocity of the wind V and its 
ascending component W in regions where soaring birds are found, and 
knowing furthermore the weight P and the wing surface S of these 
birds, he was able to determine the ratio == W/V and the coef- 

ficients CL ~ P/(l/2) p S and (7^,. The average values found were 

Cx ^ 1 

Cz 16 

with 0^ = 1.40, whence — 0.0875. 

These values are remarkable, as well for the size of as for 

that of P,. 
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Similar experiments could be carried out with the aid of suitably 
designed aerodynamic balances carrying lifting surfaces and exposed 
to the natural winds in countries or regions where conditions favor 
soaring flight. The purpose of such experiments would be to determine 
the over all effect of irregular wind upon a lifting wing rather than to 
measure the aerodynamic characteristics of such a wing. It is known, 
indeed, that the action of an ascending wind or even of an oscillating 
wind (Katzmayr effect) upon a fixed wing may give sustentation without 

drag or even with a drag 
negative. These proper- 
ties, demonstrated in arti- 
ficial currents of air might 
be advantageously sought 
in the natural winds of 
various regions. 

The utilization of na- 
tural winds might be fur- 
ther investigated through 
the examination of the aerodynamic forces acting on elevated construc- 
tions or on air motors. 



In any case the experimental means to be employed vary with the 
particular conditions and the study of such means can best be made 
through a description of some of the principal applications of this general 
method of procedure. To this end the following experiments may be 
briefly noted. 

1) Lilienthal 1889 

2) Wellner 1893 

3) Stanton 1907—1908 

4) Pannell 1915—1916 

5) Idrac 1919—1922 

6) Huguenard, Magnan and Planiol 1924. 

Lilienthal, in 1889 made use of natural winds for the measurement 
of the aerodynamic properties of lifting wings of various forms. These, 
fixed at a suitable angle, were carried on a horizontal axis under spring 
control, the whole supported on a rigid structure. 

Under these conditions, the arrangement of Fig. la would serve to 
measure the horizontal component of the wind force and that of Fig. 1 b, 
the vertical component. Again with the arrangement of Fig. Ic, the 
surface takes a position of equilibrium such that the moment due to 
the wind forces with reference to the point of support is equal to that 
of gravity. These measurements will then serve to give the center 
of pressure on the surface. The surfaces tested in this manner were 
1.8 meters span and 0.40 meters chord. Such simple apparatus could not 
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give results of great accuracy; nevertheless, the experiments of Lilienthal 
served to indicate the special properties of curved or arched surfaces. 

In 1893, Wellner made use of natural winds for the measurement 
of the components of the air forces on surfaces slightly inclined to the 
direction of the wind. To this end, five different pieces of apparatus 
were employed, of which two were for the measure of the velocity and 
direction of the wind and the three others for 
the measure of the forces on the surfaces. 

For anemometer, Wellner made use of 
a plate form as in Fig. 2 a, assuming R — 

0.125 8V^ at 15® C and 760 m/m. 

For a wind vane he made use of the arrange- 
ment of Fig. 2 b composed of two vanes, one 
for indicating inclinations vertically and the 
other for inclinations horizontally. These two 
vanes were mounted with a universal joint 
in such manner that they were in neutral 
equilibrium in calm air. The apparatus for 
the measure of the components of the wind 
forces was of the general character of a disc 
anemometer, the surface being fixed at a 
suitable angle on an articulated or guided 
system which turned face to the wind through 
the action of a wind vane. The inclination of 
the articulated system or the pointer on the 
spring control indicated the magnitude of the 
components of the resultant wind force. See 
Fig. 3. 

These aerodynamic balances comprise very 
ingenious applications of systems of articulated 
parallelograms. As mechanical devices they 
are well-known and are of advantageous use 
in that they permit the determinations of the 
applied forces independent!}- of the couples 
which complete the knowledge of any system 2 . 

of forces acting on a system. However, such 

devices being exposed as a whole to the wind, their indications, as 
regards the resultant forces on the wing, require correction 1) for the 
aerodynamic action on the balance itself and 2) for the interaction 
between the balance and the wing under test. Any modern research 
seeking to make use of similar devices would need to make sure of the 
elimination of these two sources of error. 

It may be further noted that with devices of this general character, 
the direct observations will give the components, horizontal and vertical, 
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rather than parallel and normal to the direction of the wind. For the 
lift force the difference is not great, but for the resistance or drag, there 
must be added or subtracted, the component of the sustentation in the 
direction of the wind. 

In 1908 Stanton made measurements of the wind pressure on plane 
surfaces going to dimensions of about 10 feet square. These surfaces 
were fixed at the top of a tower of about 50 feet height. The wind 
velocity was determined by means of a Dines anemometer (combination 

of Pitot tube and Dines tube). The 
surface was supported on a movable 
frame and the aerodynamic pressure, 
transmitted by a steel rod to a steel 
diaphragm, was balanced against a 
ted spring. Tlie diapliragm formed 
furthermore the bottom of an air cylinder 
which communicated with a water mano- 
meter. This latter was connected with a 
second air cylinder, similar to the first, in 
such manner as to compensate for changes 
in barometric pressure. The manometer in- 
dicated the displacement of the diaphragm 
and a direct calibration served to give the 
corresponding forces in play. Simultaneous 
readings were made on the anemometer and 
on the manometer and from a number of 
such sets of readings, coefficients were derived 
for large plates normal to the wind as follows: 
Size K 

5 ft. X 5 ft. 0.08 

10 ft. X 5 ft. 0.079 

10 ft. X 10 ft. 0.081 

These overall measurements were verified by local measurements 
at various points. It was thus shown that the pressure at the center 
of the front face of a large plate was the same as that measured on a plate 
of small dimensions; but that the depression on the after face of the 
large plate was somewhat greater (11% in the case of two plates 
1.0 foot and 2 in. on the side). For a large plate 10 ft. x 10 ft. the 
ratio of the depressions as compared with those for a small plate 
reached 1.18. A similar result was found for the overall forces on a 
girder structure (0.10/0.084 = 1.18). 

In 1909 at the N. P. L. Teddington, England, two whirling arm 
aerodynamic towers were constructed of the dimensions: 

Height 62 ft. 

Base 14 x 14 ft. 

Top 8 X 8 ft. 
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They were surmounted by a turning platform 20 ft. x 4 ft. The 
two towers were separated by a distance of 350 ft. and the observing 
station was placed between the two, the pressures being transmitted 
thence by means of lead pipes 

One cause of uncertainty in these measurements arose from the 
variations in the velocity of the wind at any one instant of time at 
various points in the system. Dines found variations in the ratio from 
0.75 to 1.25 for points distant no more than 10 feet. Stanton found 
variations even at distances of 2 feet. 

Sir Benjamin Baker also made experiments in natural winds at the 
Forth bridge. Use was made of a panel of wood 16 ft. x 16 ft. and of 
a plane surface about 13 in. x 13 in. The mean of the daily maxima 
of pressures was greater for the large panel. 

In 1915 — 16, Pannell at the N. P. L. was led to carry out measurements 
on spheres in natural winds. It is known that the coefficients of resistance 
for a sphere are subject to considerable changes in value for slight changes 
in velocity or in the nature of the surface. Likewise the size of the 
tunnel, the regularity of the current of air, its degree of turbulence, 
etc. also have an important influen(^e on the values of this coefficient. 

These experiments were made on one of the 62 foot towers provided 
with a turning j)latform. A special balance was constructed. The arm 
was horizontal and it was brought to the zero position (with the wind 
acting on the s})herc) by means of a micrometer screw, as with torsion 
balances. The zero was determined in calm days by placing the arm 
of the balance parallel to the wind. The wind velocity was read by 
means of a standard Pitot tube connected to a U form manometer, 
the tube being partially orientable in the wind. The platform was 
brought to a suitable position and numerous readings were made, simul- 
taiK'ously of wind velocity and force. The sphere used was 6 in. diameter. 

The results were arranged as a function of the velocity and a mean 
of 10 observations was utilized for each point marked down. The velo- 
cities varied from 20 to 50 feet per second. The resultant points were 
considerably scattered but in general lie below the curve found for 
spheres in the wind channels of the N. P. L. It may be concluded that 
the turbulence of natural winds is similar or perhaps less than that of 
the air in the wind channels of the N. P. L. 

During the years 1919 — 21 M. Idrac undertook the study, “on the 
spot’', that is in regions specially suited to soaring flight, of different 
forms of the internal energy of the wind susceptible of being utilized 
by soaring birds. 

Two types of internal energy in the wind may be distinguished — 
static and dynamic. The first depends on the condition of the air as 

^ Stanton, The Experimental Wind Towers. Report British A.R.C., p. 17. 
1909—10. 
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regards pressure and temperature; the second depends on the irre- 
gularities in the velocity of the wind, both in magnitude and direction, 
and especially on the magnitude of the vertical component of this velocity. 

M. Idrac was able to carry out the experimental measures needed 
to characterize these sources of energy, in different regions and especially 
in Africa with direct reference to the great soaring birds — Kites and 
Vultures (1919 at Constantine; 1919 autumn in Senegal, in French 
Guinea and the French Soudan, 1921 spring in Senegal, 1921 autumn. 
Ivory Coast and Senegal). 

To carry out these measures, M. Idrac made use of special apparatus 
designed in view of the difficulties of experimentation in the African 
jungle and by a single observer. The chief characteristics of this ex- 
perimental equipment may be summarized as follows: 

a) Measurement of temperatures. Use was made of a thermometric 
antenna based on the change in electrical resistance of platinum wire 
with temperature. The antenna was composed of a spiral of platinum 
wire of resistance 300 ohms contained in a blackened tube open at the 
two ends to permit the passage of the air. This antenna was carried 
by a kite and connected by wire to one arm of a Wheatstone bridge 
with “invar” resistances. The deviations of the galvanometer give then 
an indication of the temperature at the height of the antenna. The 
characteristics of the assemblage were chosen in such manner that the 
warming of the wire itself by the passage of the current was negligible 
and assurance was found that the passage of a current of air from 
0 to 20 m. per sec., dry and at constant temperature, had no effect on the 
indications of the galvanometer. This feature differentiates this form of 
antenna from that employed in the so-called hot-wire type of anemometer. 

Such an arrangement comes to temperature equilibrium with the 
air in less than 3 seconds and its sensitiveness makes possible the recog- 
nition of changes of 1/40 degree Cent. 

b) Measurement of pressure. The barometric antenna, for such use, 
must be of great precision. It was composed of a thermos receptacle, 
of which the mouth directed downward communicated with a tube 
with three branches in which a conducting liquid preserved a level 
independent of the slope of the antenna and of the aerodynamic effects 
on the lateral branches. Differences of pressure, then, between the interior 
of the receptacle and the external air cause a change of level of the 
liquid which is evaluated electrically (change in the resistance of a 
circuit comprising a galvanometer, the resistance of the liquid and an 
adjustable resistance). The sensitiveness at a fixed point was less than 
5 cm. height. Practically, on the kite, less than 1 meter could not 
be counted upon. 

c) Changes and Irregularities in the Velocity of the Wind. The anemo- 
metric antenna was composed of a kite [1.80 X 1.0 (meter)] with two 
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triangular wings and two triangular prismatic cells. The tension on the 
cable was transmitted to a recording dynamometer and the preliminary 
calibration had shown that the pull was sensibly proportional to the 
square of the velocity. 

d) Changes or Irregularities in the Direction of the Wind. The antenna 
for this purpose was also formed of a kite the movements of which were 
followed by means of a sighting device connected with a registering 
pencil. The inertia of the kite, however, permitted the registration only 
of changes in direction non-instantaneous in 
character. 

e) Study of the Vertical Component of the Wind 
Velocity. For velocities below 4 m. per sec. use 
was made of sounding balloons (use of kite not 
practicable). This method consists simply in 
(k^terraining by observation the vertical ascent 
during a specified period of time. 

In the absence of an ascending current, the 
vertical velocity of the balloon is known. 

If the vertical air velocity is v, there results 
the equation, 

h (v 4- Vo) (<2 — <i) 
whence Vy knowing h, Vq and — ^i). 

The value of h was found by measuring 
the angle subtended by a base of 1 meter carried by the balloon (thus 
giving the distance) together with the angle of elevation above the 
horizon measured with a suitable instrument (Lunette de Rodion). 

This method gives an accuracy of measurement of the vertieal velocity 
of about 0.10 m. per sec. when the balloon is at a distance of about 
1000 meters. 

For vertical velocities greater than 4 m. per sec., use was preferably 
made of a kite with streamers (sec Fig. 4). To the kite line, a few meters 
below the kite, a streamer of silk muslin was attached which places 
itself sensibly at an angle y) with the direction of the wind, which angle tp 
depends on the velocity of the wind and on the weight of the streamer. 
(y) = 4^ — 50' for V = 4 m. sec ; yj — — 50' for v = 10 m. sec.). The 

inclination of the streamer yp^ with the horizon is measured by the use 
of the Rochon lunette and there results the inclination of the wind, 

9? == + y. 

M. Idrac also made use to the same end of the kite itself. To this 
end he established theoretically the conditions for which the angle a 
or height of the kite above the horizon could become a simple function 
of the angle q> of the wind with the horizon. The vertical component 
may then be deduced if there is given the wind velocity V. 
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M. Idrac was able to determine, through these means that the 
African soaring birds hold themselves preferably in zones of ascending 
air which are formed above the ground and which are subject to move- 
ments of displacement without apparent law, but which the birds seem 
able to recover. The origin of such ascending currents may be due, 
at least in part, to solar heat (convection vortices). 

In more recent years, M. M. Hugiienard, Magnan and Planiol have 
measured the aerodynamic characteristics of a glider with flexible wings 
under the action of natural winds. The glider was suspended from its 
center of gravity at a height of 4 or 5 meters above the ground and the 
horizontal and vertical components of the aerodynamic resultant were 
registered on suitable djmamometric apparatus. At the same time an 
anemometer measured the velocity of the wind. 

It may be added that these same authors have made notable studies 
on the internal structure of natural winds, studies in which use was 
made of anemometric devices of their own invention^. 

Finally as regards the action of natural winds on stationary structures, 
mention may be made of the researches of Dryden and Hill. 

A cylinder 10 ft. diameter and 30 ft. high (representing a fac- 
tory chimney) was exposed to the wind. The distribution of aero- 
dynamic pressures on a number of sections suitably chosen, was meas- 
ured. In addition the overall tipping couple due to the action of the 
wind was measured. In accordance with these measurements, the safety 
of such structures should be secured through the use of a coefficient 
F/(l/2) qSV^== 0.78. 
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CHAPTER II 

METHODS USING AN ARTIFICIAL AIR PLOW- 
CLASSIFICATION OP WIND TUNNELS, DESCRIPTION, 
ENERGY LOSSES 

1. Methods Using Artificial Fluid Currents. The experimental equip- 
ment employed in methods of this type are generally known under the 
name of “Wind Tunnels’*. Aerod3mamic laboratories make use of in- 
stallations of this type of the most varied forms and dimensions. 

It may be said that such installations now replace almost entirely 
all other experimental methods. They permit of observation, continuous, 
methodical and rapid and are therefore susceptible of a high order of 
experimental efficiency. Almost the total vast number of aerodynamic 
coefficients relating to the action of air in motion on a body of given 
form have been measured in laboratories of this character. It follows 
that the present Divi.sion of this work should be devoted, in major 
part, to a study of equipment of this general type. 

2. Classification of Wind Tunnels. 

(a) From the point of view of the mode of action on the fluid, 

1) Wind tunnels with the point of observation on the downstream 
side of the fan. 

2) Wind tunnels with the point of observation on the suction or 
upstream side of the fan. 

3) Wind tunnels with the circulation of air guided and continuous 
(closed circuit). 

{b) From the point of view of the conditions of the fluid vein at the point 
of observation, 

1) Wind tunnels with the flow constrained by solid walls. 

2) Wind tunnels with the flow free; that is, limited only by the air 
surrounding the moving stream. This surrounding air is at rest at a 
small distance from the moving stream. 

Each of the types under classification (a) may have indifferently 
its air stream constrained or free. In the present study the general 
classification (a) will be followed. However, it must be noted that the 
needs of modern research lead to the consideration of another criterion 
of classification — that furnished by the influence of the laws of kinematic 
similitude. 

From this point of view there may be distinguished: 

(1) Wind tunnels which may operate under very high Reynolds 
numbers for researches relating to the effect of similitude, due, chiefly, 
to the influence of the viscosity of the air. 

(2) Wind tunnels operating at very high velocities for researches 
relating to the effect of similitude, due, chiefly, to the influence of com- 
pressibility of the air. 
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Discussion and descriptive matter relating to these special types 
will be found in Part 2 of the present Division. 

In advance of a study of these various forms of wind tunnel and of 
the equipment appropriate thereto, certain general characteristics must 
be noted and defined. Such are: the “coefficient of utilization”, effi- 
ciency, losses of energy from various causes, and the degree of turbulence. 

Certain other questions, common to these various types of installation, 
will, however, be reserved for consideration at a later point. Such are 

Honeycomb constructions 

Direction vanes 

Fans 

Influence of the limitation of the air stream; corresponding corrections. 

Influence of the gradient of static pressure in the air stream; corresponding 
corrections. 

3. Coefficient of Utilization — Efficiency — Losses. Under steady con- 
ditions of operation, the air which circulates in a wind tunnel traverses 
an irreversible cycle characterized by: 

(o) Transformations of energy, kinetic and potential, which, theo- 
retically, are realized without corresponding losses. 

(6) Losses of energy in the air, suffered in various parts of the circuit. 

(c) A receipt of energy on the part of the air during its passage through 
the fan. 

The energy communicated to the fluid by the fan is, under the con- 
ditions of steady flow, equal to the sum of the losses suffered. 

If we denote the efficiency of the fan hy rjf and the power which 
it receives from the motor by then evidently 

Vf Pm = (losses) (3.1) 

The coefficient of utilization of the tunnel, or tunnel coefficient as 
it may be conveniently termed, is then the ratio of the kinetic energy 
of the column of fluid at the experimental section, to the energy given 
to the air by the fan'. 

Let the velocity of the air, assumed constant over the experimental 
section, be denoted by Fq and the area of the section by ^S^q. Further, 
let the density of the air be denoted by go> again assumed constant at 
all ordinary velocities, for which the effects of compression may be 
neglected. Then since Qq Sq Fq measures the mass passing per unit 
time, the kinetic energy at the experimental section will bo 

= = (3.2) 

Then in accordance with the preceding definition, the tunnel coeffi- 

be C, - (3.3) 

' This ratio is sometimes referred to as an efficiency. Since its value is normally 
greater than 1, however, it seems preferable to characterize it as a coefficient. 
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By analogy the overall coefficient of the assemblage of tunnel and 

fan will be ^ = r// Ct (3.4) 

The corresponding efficiencies ri^ and i/g may likewise be defined as 
follows : 

Thus the efficiency of the tunnel will be the ratio 


Pu — (losses) , 1 

- 1 — 


(3.5) 


And similarly the efficiency of the assemblage of fan and tunnel 


will be the ratio 



1 

Gtm 


(3.6) 


The difference — E (losses) represents in effect the energy 
apparently disposable in the fluid. The expression “apparently dis- 
posable” signifies that in reality it could not all be recovered (by an air 
motor for example) due to the additional losses which would be intro- 
duced by the presence of any such device. In the same way the difference 
represents the energy apparently disposable in the fluid, taking 
into account the fact of losses at the fan. 


Preferably, use is made of the coefficients Ci and for the character- 
ization of wind tunnels from the point of view of the power required 
to obtain a given velocity of flow at the experimental section. 

It will be seen that these coefficients depend chiefly on the losses 
suffered by the air in the circuit. These losses are due in major part, 
to the following causes. 

a) Surface friction of the air along the walls of the tunnel. 

b) Variations of section area, abrupt or gradual. 

c) Changes in direction of flow, guided or non-guided. 

Certain of these losses can be calculated with a sufficient degree 
of approximation, as will be seen in certain special cases. However, 
such determinations are more commonly based on experiment with a 
reduced size model of the tunnel. 

These remarks apply equally to the efficiency of the fan, for a 
discussion of which reference may be made to Division L XI. 


4. Degree ol Turbulence of Wind Tunnels. In all wind tunnels, under 
normal regime, the Reynolds number at the experimental section greatly 
exceeds the critical value P ^2()(X), below which the flow may be 
laminar in type. Thus, even in the absence of any other perturbing 
cause, and especially aside from the presence of a peripheral layer of 
air directly disturbed as a result of surface friction, it is to be expected 
that there will exist a certain general turbulence over the cross-section 
of flow at the point of observation. 

The influence of this turbulence on aerodynamic resistance is appreci- 
able principally for cylinders, spheres, ellipsoids, fusiform bodies, either 



264 I. PART 1. II. METHODS USING AN ARTIFICIAL AIR FLOW 


cylindrical or of revolution, and lifting wings. The differing values, 
frequently found among the results obtained in different laboratories, 
may, for such forms, be imputed to the differing degrees of turbulence 
of the air stream in these various laboratories. It is then desirable to 
be able to define quantitatively the degree of turbulence of an air stream 
in a wind tunnel. 

In the present state of our knowledge regarding the laws which 
govern the turbulent flow of fluids, and for the special case of wind 
tunnels, the following definition, proposed by Messrs. H. L. Dryden 
and A. M. Kuethe^ may be adopted. 

The turbulence at a given point is taken to be the ratio of the square 
root of the mean square of the deviations of the speed from its mean value 
to the mean value. 

The variations of the local velocity with reference to the mean velocity 
are measured during intervals of time which depend on the inertia and 
other characteristics of the anemometer used for this purpose. For 
measurements of this character, the authors noted above recommend 
the use of a suitably compensated hot wire anemometer^. 

The preceding definition which takes account only of the variations 
in the local velocity, is applicable over the zone of constant mean velocity, 
to the exclusion of the peripheral zones or the zones directly influenced 
by the wake of objects upstream. Practically, this definition is then 
suited to the case of wind tunnels comprising an experimental section 
of constant mean velocity and sufficiently removed from the influence 
of honeycombs upstream. Under these conditions, it is noted that, in 
general, the turbulence varies but little over the zone of constant mean 
velocity. 

The direct measures of the degree of turbulence, through the use 
of a hot wire anemometer, were carried out by the authors noted above, 
for three types of wind tunnel. In these same tunnels they carried out, 
furthermore, measurements on the resistance of spheres of varying size. 
It is known that the values of the coefficient of resistance of spheres 
present notable variations over a certain zone of variation of the Reynolds 
number R, defined as follows 



V = velocity of flow, 

D = diameter, 

V = kinematic viscosity of air. 

^ Dbyden, H. L. and Kuethb, A, M., Effect of Turbulence in Wind Tunnel 
Measurements, U.S. N.A.C.A. Technical Report No. 342, 1930. 

* Dbyden, H. L., and Kuethb, A. M., The Measurement of Fluctuations of 
Air Speed by the Hot-Wire Anemometer, U.S. N.A.C.A. Technical Report No. 320, 
Washington, 1929. 
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In these experiments verification was found of results developed 
previously by Wieselsberger^, showing that representative curves of 

F 

values of the coefficient C — ^ 

K- 

as a function of the Reynolds number E, are displaced stepwise, as it 
were, relative to each other, according to the degree of turbulence in 
the tunnel in which the test is made. 

Messrs. Dryden and Kuethe found that the mean displacement of 
these curves C ~ f (E) for the mean value C = 0.3, corresponded to 
the regularly decreasing values of the Reynolds numbers with increase 
in the degree of turbulence as measured directly with the hot wire anemo- 
meter. 

Other comparisons, more complex in character were also made by 
these authors between the degree of turbulence thus measured and the 
coefficients for fusiform bodies of revolution. From this study the follow- 
ing general conclusions may be drawn: 

The results obtained in different wind tunnels regarding the aero- 
dynamic resistance of bodies of certain forms, even with all things the 
same otherwise, can only be compared under conditions of equal tur- 
bulence. This latter may be characterized by the Reynolds number 
for which the coefficient of resistance of a sphere has the value 0.30. 
To this end use may be made of the following table deduced from the 
experiments of Dryden and Kuethe. 

Values of E for C — 0.30 

270,000 240,000 214,000 190,000 172,000 160,000 145,000 132,000 

Degree of Turbulence in per cent 

0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 

However, in the case of forms for which the aerodynamic resistance 
is due chief 1}" to surface friction over a well polished surface, the results 
obtained in a wind tunnel with a moderate degree of turbulence are 
better applicable (by extrapolation) to the true size, than those obtained 
in a tunnel with small turbulence. This remark applies, for the same 
Reynolds number, to the resistance of fusiform bodies, wing profiles 
at small angles of incidence, etc. 

Thus for applications in practice, the turbulence in wind tunnels 
should tend toward the production, on the model under experiment, 
of tangential resistance corresponding to a turbulent surface friction 
similar to that which governs corresponding resistances full scale. 

It must be further noted that the turbulence proper to any given 
conditions as regards velocity, size and viscosity of an air stream, will 

^ WiESBLSBEROfiR, C., Zeitsohrift fur Flugteohnik und Motorluftsohiffahrt, 
p. 140, 1914. 
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be increased by the influence of the turbulent wake of any obstacle 
placed upstream in the flow. Thus the presence even of one or of several 
cylindrical wires upstream from a body of the forms noted, will pre- 
maturely determine the effect of turbulence on the resistance of such body. 
Thus for example a multicelled honeycomb structure, such as is often 
interposed just upstream of the experimental section, will cause an 
additional turbulence at this point. 

5. Wind Tunnels with the Experimental Section Downstream from 
the Fan. A wind tunnel of this type comprises essentially (Fig. 5) a motor A 
driving a fan B which drives the air along a passage CDEF in such 
manner as to give at jF, the experimental section, a velocity Fq as great 
as possible and distributed uniformly (as nearly as may be) in magnitudt? 



and direction over this section. To this end the air leaving the fan is 
first expanded in a chamber D of large size. Within this chamber are 
placed any special “regulating” devices such as grilles or perforated 
screens as at (?, or honeycomb structures such as at These devices 
are intended to control or suppress movements of rotation in the air 
as a whole as it leaves the fan and to redistribute the velocity over 
the cross-section through their retarding action on zones of excess velocity. 
Following the chamber Z), the air stream enters the convergent passage E 
which further aids in giving a uniform distribution of velocity at the 
experimental section F. A second honeycomb Zfg contribute further 
to this regulation of the distribution of velocity. The model M may be 
subjected to experiment either in an open or closed stream. It is readily 
seen that the degree of turbulence in an air stream of this general 
character may be expected to be, in general, very high. 

It is further seen that the power required at the fan in order 
to obtain a given kinetic energy at F, must be equal to this power 
P^ plus whatever losses the air stream may suffer in its flow along 
CDEF, With the preceding notation we shall then have: 

Vt Pm= Pu+ s (losses) 

and hence the coefficient Cf will have the value 

C = = 1 — < 1 

^ rjf Pm m Pm 
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And in consequence what we have called the efficiency will be negative. 
In a tunnel of this form the entire structure operates as a retarder of 
the air flow delivered by the fan. This arrangement is therefore relatively 
inefficient and expensive, and cannot be considered as suited either 
to large dimensions or high velocities. 

Wind tunnels of this type were employed in 1899 by H. Maxim and 
Col. Renard and in 1909 — 10 by M. Rateau. 

6. Wind Tunnels with the Experimental Section Upstream from the 
Fan. A wind tunnel of this type may be formed as in Fig. 6 of a motor A 



driving a fan B which draws the air along a tube T and drives it out 
at the fan end. The admission of the air into the tube T may be con- 
trolled by the addition of some form of entrance C and the experimental 



Figr. 7. 


section may be preceded and followed by honeycomb structures such 
as H, Such a primitive form of tunnel will again have a coefficient (7^ < 1 
and cannot be considered as suited either to high velocities or large size. 

The first wind tunnel in the aerodynamic laboratory of Koutchino 
(Moscow, 1910) was of this type. 

The operation and the efficiency of such a form of tunnel may be 
improved by the changes indicated in Fig. 7. The entrance end of the 
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tube T is provided with a rounded guide form as at D in order to secure 
an inflow of the air, progressive and without the parasitic vortices formed 
in rounding a sharp corner. Beyond the experimental section the channel T 
is replaced by a divergent conical section E so that the fan B operates 
in a section of much greater size than the tube T. Beyond the fan the 
passage may be prolonged by a section slatted or grilled, thus permitting 
a peripheral diffusion of the air delivered from the fan. This diffusion 
may be carried still further by allowing the air to return to the entrance 
end through a perforated screen I occupying the remaining section of 
the room containing the tunnel. These screens, sometimes called distri- 
tutors have usually a thickness equal to the square root of the area 
of one perforation and the total surface of the perforations should be 
about one third the surface of the screen. These arrangements are 
effective in reducing variations of wind velocity over the experimental 
section. They aid by reducing local velocities above the mean and in 
suppressing local accelerations or rotations of the stream as a whole. 

Examples of wind tunnels of this general type are found in the 
laboratories of the English N. P. L., in the Belgian laboratory at Rhode 
St. Genese near Brussels and elsewhere in Europe and the United States. 

The tunnel coefficient of this type of tunnel is improved by the 
increase of the section at and beyond the fan. In effect the loss of 
energy in the stream at the point of discharge being equal to the kinetic 
energy of the stream itself, any decrease in the velocity of the stream 
at the point of discharge will decrease this loss. How(*ver, in order 
to make this advantage effective it is necessary to give to the diffuser E 
proportions such that the loss due to the effects of boundary layer 
separation may be kept within proper limits. In addition the various 
obstacles in the air circuit, screens, honeycombs, etc. all tend to increase 
the losses of energy. It results in general that the coefficient for this 
form of tunnel is often less than unity and in some cases not above 
0.6 or 0.7. 

7. Wind Tunnels of the Eiffel Type. A notable improvement in wind 
tunnels of the general type of the preceding section was introduced 
by M. G. Eiffel. 

In a tunnel of this improved form, the wind channel comprises the 
following three major features (see Fig. 8) : 

1) A convergent collector (7. 

2) An experimental section of constant cross-section D. 

3) A divergent diffuser E of limited cone angle. 

The fan, as in this general type, is located beyond the experimental 
section and at or near the mouth of the diffuser. 

Collector, The mouth of the convergent collector C should preferably 
be formed with stream lined guide surfaces as shown (see Fig. 8) thus 
giving a smoothly rounded entrance. The external air, without sensible 
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initial velocity, is then gradually accelerated as a result of the depression 
within the entrance due to the action of the fan, and the air in entering 
rounds the boundary of the collector without forming parasitic vortices, 
as would be the case with a viscous fluid rounding a sharp corner. The 
essential property of the flow in a collector of this type, is the realization 
of a uniform distribution of velocity in the sections beyond the collector. 
To this end the form of the curved entrance might be governed by the 
purj)Ose of impressing on the entering air a smooth and continuous 
acceleration in the velocity of flow. But practically, a curved generatrix 
smooth and continuous and joining a cone of about 60® apex angle 
gives excellent results. 

Whatev(‘r * may be the conditions, however, regarding the distance 
between th(^ collector and the walls of the room containing the structure, 



uniformity of flow of the air over the experimental section, in velocity 
and direction, can be realized only through the addition of some form 
of honeycomb structure at the upstream end of the collector. It 
has been noted in certain relatively recent installations that even a 
location of the entrance to the collector geometrically centered with 
reference to the walls of the room does not avoid certain irregularities 
in the distribution of the velocity such as local vortices, rotation as 
a whole, inequalities in the velocity, etc. 

The turbulence due to a honeycomb structure thus located is much 
less than that due to a similar structure directly upstream from the 
experimental section. If the turbulence produced by such a structure 
is considered as bearing a direct relation to its aerodynamic resistance 
(due chiefly to friction) it is then easy to see that a honeycomb placed 
in a section of low velocity will have a resistance much less than when 
locat('d at or near the experimental section. The turbulence caused 
by the honeycomb will then be diminished by this fact and furthermore 
the wake turbulence carried downstream from the honeycomb will be 
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effectively reduced in amount in passing along this accelerated part 
of the flow. In any case the initial turbulence due to the air entering the 
collector is small or negligible, since the return velocity of the air is very 
small as a result of the large dimensions of the return section, at least 
with any reasonable dimensions of the room in which the tunnel is located. 

Experimental Section, In the experimental section, the air stream 
may be either constrained or free. In either case, however, it is useful 
or necessary to construct a closed space surrounding this section. Under 
the conditions of steady flow, this closed space or experiment room 
will be maintained in pressure equilibrium with the stream of air flowing 
through it. For tunnels with the fan at the downstream end of the flow 
(working by aspiration), this mean pressure in the stream is necessarily 
less than that in the room containing the tunnel (Bernoulli's law) and 
under these conditions it is essential that the experiment room be 
provided with an air-lock with doors Pj, Pg in order to permit passage 
to and fro during the operation of the tunnel. 

For the operation of such a tunnel with a free air stream, this closed 
experiment chamber is evidently indispensable. For operation with 
constrained flow (continuous channel) it is to be recommended in order 
to avoid the many inconveniences resulting from th(5 necessity otherwise 
of preventing any inflow of air from the exterior over the experimental 
section while at the same time realizing stuffing box fittings practically 
without friction at points of passage for connections between the model 
and the balances employed for the measurement of the various forces 
in play. In particular in the case of the use of the so-called wire balance, 
this latter difficulty is practically insurmountable. 

Furthermore, the existence of an experiment room, air tight, suitably 
proportioned, well lighted, warmed in cold weather, etc., is a significant 
element contributing to comfort and experimental efficiency. The 
dimensions to be given to this room should take account of the possibility 
of the installation of apparatus for observation and measurement in 
various locations about the air stream. The external contours of this 
structure may be joined to the collector and to the diffuser with con- 
tinuous forms in such way as to minimize disturbance to the return 
flow of air, especially in cases where the velocity of such return flow 
is appreciable as a result of small dimensions of the containing chamber. 

A final controlling reason for the fitting of such an air-tight chamber 
in any case is found in the fact that in a modern wind tunnel it should 
be possible to test a given model at will under either set of conditions, 
free or constrained air stream. This possibility often leads to inter- 
esting comparisons and extends the domain of possible investigation. 
To this end the walls of the tunnel at the experimental section are 
readily made in such way as to be demountable or remountable as the 
case may require. 
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The length of the experimental section should be made in view of 
the length of models to be subjected to test. For the usual range of 
experiments in view of aeronautic applications, a length of 1 to 1.5 Dq 
will give a reasonable proportion. A length of may rather be recom- 
mended for a free air stream in order to reduce the energy losses at this 
point. With a guided stream a length of 1.5 Dq may be adopted without 
inconvenience. 

As a result of the uniformity of distribution of velocity due to this 
form of coUector, a length greater than as indicated above is without 
experimental significance, and is on the whole harmful by reason of 
the increase of perturbed peripheral zones and of resulting losses of 
energy. 

The Divergent Dijjnser. The role of the divergent diffuser is to 
gradually reduce the velocity of the air stream while at the same time 
increasing its pressure. However, this transformation of kinetic energy 
into potential (pressure) tmergy cannot be realized exactly in accordance 
with Bernoulli’s law, for the flow of a fluid in such a diffuser always 
entails losses due to friction and to expansion which we shall evaluate 
at a later point. 

In the case of a tunnel with constrained air stream, the upstream 
section of the diffuser is made equal to the downstream section of the 
experimental section. With a free air stream, however, the entrance 
section of the diffuser should be made of somewhat greater dimensions 
in view of the inflow of air through the walls of the experiment room 
around doors, windows etc., which practically cannot be expected to 
be perfectly air tight. A further rea.son for an increase in the diameter 
of the diffuser entrance is found in the slight spread to which the air 
stream is subject in passing through the experiment room and the 
resulting formation of parasitic currents due to impact with the edge 
of the diffuser. For these reasons a diameter of diffuser entrance 1.05 
to 1.10 Do may be recommended. Furthermore it is found of advantage 
to provide this entrance with a curved flare of moderate proportions, 
somewhat as indicated in Fig. 11. Finally the presence of openings F 
in the wall of the diffuser at a moderate distance from the entrance 
(0.50 to 0.60 Dq) and opening into the experiment room are found to 
aid in the reduction of pulsations, more or less violent, which are often 
observed in wind tunnels of this type'. 

Such leaks of air where the difference of pressure is small affect 
only slightly the tunnel coefficient. 

The generatrix of the diffuser should preferably be rectilinear. Various 
tests have shown that a diffuser of this form leads to a higher tunnel 
coefficient than one of parabolic form and the construction is simpler. 

^ Jacobs, Eastman, N., Investigation of Air Flow in Open-Throat Wind Tunnels 
U.S. N.A.C.A. Technical Report No. 322, 1929. 
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The angle of divergence of the diffuser is of great importance from the 
viewpoint of tunnel coefficient. In fact according to Fliegner the losses 
due to expansion of the air stream in the diffuser are proportional to 
the sine of the angle of divergence. However, if with a view to the 
diminution of these losses a very small angle is adopted, the length of 
the diffuser required to give the desired relation between the sections 
at entrance and discharge will be unduly increased as well as the size 
and cost of the structure. 

Practically, the angle very commonly employed is 7®. It results, 
for a desired ratio between the sections of discharge and entrance (SfijS^) 
that the length of the diffuser will be given by the equation 


L 

De 


yn — 1 

2 tan 307 3O' 


~8.2(|/n — 1 ) 


where is the diameter of the entrance section if circular or the side 
if square. 

If the fan shaft is to be provided with a shell of stream- line form 
of considerable section, the form of the diffuser may be suitably modified 
in order to preserve the desired law for the increase of section areas. 
Beyond the plane of the fan, the diffuser may be advantageously extended 
a moderate distance. 

In order to reduce size and first cost it would be desirable to increase 
the angle of the diffuser cone. However, this leads soon to larger energy 
losses by reason of the separation of the boundary layer. To avoid 
such separation, it has been proposed to provide the interior of the 
diffuser with longitudinal partitions along the lines of flow, or again to 
provide a peripheral depression permitting the aspiration of the boundary 
layer thus decreasing the losses which would otherwise be incurred. 


8. Evaluation of the Losses in a Tunnel with Experimental Section 
Upstream from the Fan. The energy losses in a turmi^l of this type with 
air stream constrained may be evaluated by the use of th(‘ following 
method proposed by M. Margoulis^. 

The schedule of these losses for the various j)arts of the system is 
as follows: 

a) In the collector, losses by friction on the walls and on the surface 
of the cells of the honeycomb. 

b) In the experimental section, losses by friction on the walls (assuming 
the absence of any honeycomb in this section) and with a free airstream, 
losses from the suppression of the walls. 

c) In the divergent diffuser, losses by friction on the walls and 
on the surfaces of partitions (if present), Cg losses by expansion (Fliegner 
effect). 


^ Marooulis, M., Resume des principaux travaux executes pendant la guerre 
au Laboratoire aerodynamique Eiffel, Souffleries Aorodynamiques, p. 177. 
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d) At the discharge end of the diffuser, losses corresponding to the 
kinetic energy of the stream leaving the fan. 

The return velocity of the air toward the collector is supposed to 
be negligible by reason of the greatly increased area of return section 
and the corresponding losses are considered as negligible likewise. 

The evaluation of the various losses by friction is based on the 
knowledge of the value of the coefficient of surface friction for the flow 
of turbulent air in tubular passages of various forms, of which the walls 
are smooth and well polished. This coefficient is of the form 

wherc^ F ~ force or drag due to friction, 

Sf = surface exposed to the flow, 

V ” velocity, 

R -- DVjv — Reynolds number, 
c — non-dimensional coefficient. 

The form cp (K) ~ (n < 0) 

is frequently used for tp (R), 

Thus experimental results for friction with turbulent flow in smooth 
pipes are often represented by the Blasius formula 

0/ - 0.079 (/e)- ^*25 (8.1) 

For application to wind tunnels the values of R are in general very 
high and extrapolation to these values with the preceding formula 
hardly seems permissible. It leads in fact to values of Cf which tend 
toward zero when R increas(\s beyond limit. It seems preferable to 
employ for the function 9 ? (/?), a form with two terms such as that of 
Dr. Lees or of Jakob and Erk, that is, 

Cf^-a + bR^^ 0.0018 + 0.1526 R- (8.2) 

which leads to the limit value 0.0018 when R increases beyond limit. 

It should be noted that the values of Cf calculated by the aid of 
the* preceding formulas can be applied only to the case of smooth con- 
tinuous surf (ices. As a result of the dimensions and the modes of con- 
struction of modern wind tunnels, this condition is not always met with 
in all portions of the air circuit. It is therefore often necessary to employ 
values of Cf for non-polished or non-smooth or even for rough surfaces. 
The values available for such purposes are numerous but not always 
consistent. In default of more definite information, values as derived 
from the preceding formulas may be employed by multiplying them 
by an arbitrary coefficient of increase such as 1.50 or 2.00 according 
to the degree of roughness of the walls 

^ Handbuoh der Physik, Meohanik der flussigen und gasfdrmigen KSrper, 
StrCmung in RChren und Gerinnen, p. 151. 

Aerodynamic Theory III 


18 



274 I. PART 1. IT. METHODS USING AN ARTIFICIAL AIR FLOW 


The computation of the loss by friction in a section cylindrical in 
form of diameter and length would then be given in the form: 

L, 


A = 4C,0 (e/2) Vt I JdL = ^C„ (e/2) Fg (8.3) 

0 

For a convergent collector or a divergent diffuser, this relation may 
readily be extended to conical forms giving 


AE,^MQl2)Vf,D* j Cf^ 

Introducing the expression for Cf and the ratio n of the sections 
of entrance and discharge, and a/2 for the half angle of the cone, this 
reduces to 






n* — 1 


- + 


/ 1.0935 \ 1 


for the usual values of the ratio n this can be written more simply 

n + 1.096 (*.)-•» 

The expression within the brackets is, however, only slightly different 
from C/o ^hat practically we may write 

(8.4) 


The loss by expansion in the divergent diffuser is evaluated by 
Fliegner’s formula as follows: 

A = (0/2) VI ( (8.5) 

And finally the kinetic energy at discharge will be 

/1Eu = (qI2)ViI, ( 8 . 6 ) 


The losses due to friction on the surfaces of honeycombs may be 
computed in the same manner by using the coefficient of friction corre- 
sponding to the Reynolds number which charactc^rizes the flow within 
the individual cells. The preceding relations permit the formulation 
of the following interesting conclusions regarding the proportions of 
the various elements constituting a wind tunnel of this general type. 

1) The losses by friction in the convergent collector decrease as the 
angle a is increased, but these losses are in general very small and in 
consequence the form of the collector is without notable influence on 
the value of the tunnel coefficient. 

2) The losses in the experimental chamber are proportional to the 

ratio it is therefore desirable to give to this ratio the minimum 

value consistent with experimental requirements. 
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3) The sum of the losses within and at the discharge of the diffuser 
has the expression 

_ W2) (8.7) 

The values of n and of a corresponding to the minimum values of 
the losses are given as a function of Cf in the form 

cos Cf. sin (Qtl2) tan (a/2) = ^ 


1 + 


J— fi 

Htn a 


Of, 


2 sin (a/2) 


( 8 . 8 ) 


The first of these gives, in particular, the optimum value of the 
angle a for given values of the ratio n and of CfQ. 

Suppose for example a project for a wind tunnel comprising the 
following characteristics 


Dq ~ 2 meters, 

Vq — 40 meters/seo., 
n ~ 4. 


The value of C’y corresponding to the Reynolds number Rq = VqDJv 
will be CfQ — 0 .0025 for smooth walls and sensibly 2CfQ for walls only 
moderately smooth or with rough spots. The solutions corresponding 
to the first of (8.8) are respectively a = 3® • 7 and a = 5® • 3. 

These values are definitely smaller than the value 7® referred to 
above, which value, while it does not correspond to the highest value 
of the tunnel coefficient, does have, however, the advantage of reducing 
the length and the cost of the structure. 

Tunnel losses may also be evaluated by direct measures on a reduced 
size model of the wind tunnel. Such measurements have been carried 
out by Costanzi, Castcllazzi, Eiffel and others and as regards wind tunnels 
of the type under present consideration, these experimental measures 
confirm the conclusions noted above. 

Certain further results due to experimental measurement on reduced 
size models may also be here noted. 

a) Influence of the Room Containing the Tunnel. The model of a tunnel 
of the type tested in open space, i. e. without surrounding walls gave 
a coefficient of 2.43. Tested again with surrounding walls the coefficient 
dropped to 1.18 or otherwise to about half value. 

b) Influence of the Suppression of the Walls at the Experimental Section 
in Order to Give a Free Stream. A free stream of length Lq = 1.95 
according to Castellazzi, leads to a loss in the coefficient of 40% of its 
original value of 2.43 with guided stream. A similar result is indicated 
by Norton and Warner^, that is a reduction of 50% for a free stream 
of length Lq ~ 2Dq. 


^ Warnbb, Edward P; Norton, F. H, and Herbert, C. M., The Design of Wind 
Tunnels and Wind Tunnel Propellers, U. S. N. A.C. A. Technical Report No. 73, 1919. 

18 * 



276 I. PART 1. II. METHODS USING AN ARTIFICIAL AIR FLOW 


These results may furthermore be expressed by the value of the 
supplementary loss due to the suppression of the walls. This loss may 
be put in the form k (LJDq) (e/2) Vl and for tunnels similar to those 
above noted, k may be taken equal to about 0.16. This loss is considerable 
in comparison with that due to friction on the walls and it would be 
preferable, therefore, to limit the length of the free stream to about 
one diameter. 

Special Arrangements at the Discharge of the Diffuser. M. Lapresle 
has suggested an arrangement comprising a discharge from the diffuser 
into an “aspiration chamber” into which the air is drawn by several 
fans. This arrangement permits the subdivision of the fan motive power 
into several groups of moderate dimensions. It permits also some reduc- 
tion in the length of the diffuser. 

A large number of wind tunnels have been established in accordance 
with the general Eiffel type among which may be noted tunnels in the 
Eiffel laboratory, Auteuil, Paris (free stream), in the laboratory of tlu‘ 
Aerotechnical Institute, St. Cyr (stream free or guided), in the laboratory 
of the Aeronautical Research Service, Paris (free stream), in the laboratory 
of the Belgian Aerotechnical Service, Brussels (free stn^am), and many 
others in Europe and in the United States. 

9. Wind Tunnels with Continuous Closed Circuit. A wind tunned of 
this type comprises essentially an air circuit composed of a passage, 
CDEF Fig. 9, and with section constant or variable. The fan B induces 



the circulation in the circuit and honeycombs and guide vanes may be 
disposed at suitable points in order to improve distribution of velocity 
over the experimental section. Changes in direction are furthermore 
aided by guide vanes at points such as IJKL. 

Fig. 9 a represents the usual form of profile for guide vanes of this 
character. Vanes disposed in this manner are to be preferred to curved 
elbow turns in which the air flow, as a result of centrifugal forces, will 
not distribute itself uniformly over the section. With such an elbow 
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turn, therefore, it is necessary to guide the air by intermediate partitions 
or by series of vanes and the losses of energy in such case are very 
considerable. See Fig. 10. 

The experimental section E may be either with 
airstream constrained or free. In the case of a 
free stream, the experiment room is formed by the 
room containing the tunnel and may, therefore, 
be made as large as desired. 

For an air-circuit of uniform section, the tunnel 
coefficient is necessarily less than unity and an 
important improvement in this type of tunnel is, hig, 9 a. 

therefore, obtained by the use of a circuit with vari- 
able section (see Figs. 11, 12) comprising a convergent collector upstream 
of, and a divergent diffuser downstream of the experimental section. The 



Fiif. 10. 



fan is then placed in a divergent section of the air return, which is 
extended to join the entrance to the collector. Under these conditions it 



u. ^0 ^ 

Fig. 11. Gottlngon Wind Tunnel. Vertical Section, Dimensions in meters. 


is possible to obtain a value of the tunnel coefficient much greater than 
unity. Furthermore, the turbulence caused by the guide vanes, by the fan 
and by the honeycomb of the collector is much reduced. As in the 
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preceding case, the experimental section may be either with a constrained 
or free air stream, in the latter case the surrounding room at atmospheric 
pressure constituting the experiment chamber. 



Fig. 12, Wind Tunnel at the Calif. Inst, of Te<‘hnology. Vertical Section, Dimensions in feet. 

Tunnels of this type have been installed at Gottingen, at the Cali- 
fornia Institute of Technology, Pasadena, and elsewhere, see Biblio- 
graphy at end of Division. 



Fig. 13. Wind Tunnel at the Aerodynamic Institute of Warsaw. Plan View, Dimensions in 

meters. 

Another type of wind tunnel with constrained stream comprises two 
returns for the air as indicated in Fig. 13. The central portion comprises 



Fig. 14. Propeller Tunnel U.S. N.A.C.A. Plan View, Dimensions in feet. 


the essential elements of a wind tunnel as in the preceding forms with 
collector and diffuser. Downstream of the fan, the section of the diffuser 
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is divided into two equal parts corresponding to the two air returns 
which may be either cylindrical or divergent as in the previous cases. 



Fi|f. 15. Propeller Tunnel U.S. N.A.C.A. Vertical Section, Dimensions in feet. 

The same general conditions as regards honeycombs, guide vanes 
and formation of turbulence apply equally to this type of tunnel. 



FIk- 1G. Full Scale Tunnel, U.S. N.A.C.A. Plan View, Dimensions in feet. 

Wind tunnels of this general type are found at the Central Aero- 
dynamic Institute at Rome, at the Aerodynamic Institute of Warsaw, 
and at the Langley Field Laboratory of the N.A.C.A. See Figs. 14, 15, 16. 



Fig. 17. Wind Tunnel of the Aerhydrodynamic Institute of Moscow. Vertical Section, 

Dimensions in meters. 

And finally a variant of this type comprising an annular air return 
as in Fig. 17 is found in the Central Aerhydrodynamic Institute of 
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Moscow, in the Variable Density Tunnel at Langley Field and at 
the N. P. L., Teddington, at the Polytechnic School of Bucharest and 
elsewhere, see Bibliography at end of Division. 


CHAPTER III 

INFLUENCE OF THE DIMENSIONS OF THE AIR STREAM ^ 


1. General Considerations. The limited extent of air stream used 
in wind tunnels and the nature of the free surfaces or of the rigid walls 
limiting this stream, impose certain restrictions on the flow of the air 
about the object under investigation. In order to deduce, from meas- 
urements in a wind tunnel, coefficients applicable in unlimited free 
air, due regard must be had of these constraints, and suitable corrections 
made to the direct experimental values. These corrections are likewise 
essential in order to properly compare the results obtained in different 
wind tunnels. 

The general examination of the restrictions due to the limitation 
of the air stream, may be carried out by the following method due to 
Prof. L. Prandtl. 

It is assumed that the potential (pi which characterizes the motion 
of the fluid under constraint is equal to the corresponding potential 9 ^ 
of the indefinite free fluid, augmented by a complementary potential 9 ?^.. 

= + ( 1 . 1 ) 


The complementary potential (p^ will then be determined by ex- 
pressing the conditions on the limiting surface of the fluid stream. Two 
principal, cases may first be considered. 

1 ) The case of a stream constrained or limited by rigid walls. 

2) The case of a free stream or fluid jet. 

Case of a Stream Guided or Constrained. In this case the constraint 
requires, for the potential tp, that the component of velocity normal 
to the walls of the tunnel shall be everywhere zero. We must there- 

fore have ^ “0 

cn 

where dn denotes differentiation along the normal to the walls. 

From ( 1 . 1 ) this will give, at the walls, 

^ 9c 

dn dn 


( 1 . 2 ) 


(1.3) 


Thus the complementary potential , having in view the influence 
of the walls limiting the stream, must satisfy the condition (1.3). Let 
us apply what precedes to the case of a lifting wing. For the wing the 
potential (pQ characterizing the motion in free air may be itself decomposed 
into two parts; one corresponding to translation with the velocity Uq 


^ See Part 2 of the present Division. 
* See also Division E IV, Part C. 
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and of which the expression h U^x (taking the axis of x parallel to I/q) 
and the other corresponding to the bound and free vortices representative 
of the wing in the approximate wing theory. Denote this latter by q)\ 
Then we shall have 9 ^o = 

Then since at the walls the velocity Uq will have no component 
normal to the walls, it follows from (1.3) and (1.4) that, at the walls. 


^ (p' 

dn d 71 


(1.5) 


The determination of q)^ reduces therefore to a knowledge of the 
potential cp' which corresponds to the velocity induced by the ensemble 
of the vortices representative of the wing. This potential 99 ' satisfies 
in itself at 00 both upstream and downstream, certain special conditions 
which contribute to the simplification of the problem. At the same time 
the complete calculation is often very difficult, except in certain special 
cases. 

of a Free Stream. In this ease the conditions require that the 
pressure over the limiting surface of the stream must be equal to the 
constant pressure which ])rcvails throughout the fluid at rest surrounding 
the stream. This pressure corresponds to the general velocity TJq of 
tlie undisturbed stream. Thus at every point of the free surface, the 
velocity resulting from the composition of with the added velocities 
r, w (due to the vortex systems) must satisfy the relation 

V + 4 (Co + + w* = ?)o + 1 uf, (1.6) 

with p — Pq. 

Whence -} -f 2UqU ~ 0, 

If the squares of the added velocities be neglected, this reduces to 

u = 0 (1.7) 

Hence, the conditions of constraint in this case require that the 
added velocities shall have no component in the direction of Uq. Thus 
on any stream-line^ s at the limiting surface the resultant velocity d q^ijds 
must satisfy the relation, 

= Uq — constant ( 1 . 8 ) 

c: a 

which, by integration gives cpi — UqS ” C (1.9) 

From (1.1) this gives (p ^ — UqS =■ — q?^, (1-10) 

For the ease of a lifting wing, the potential q^Q being decomposed 
in accordance with (1.4), the condition of (1.10) be^comes (assuming that 
the inclination of 6 * to the direction of Uq is negligible) 

99 ' + UQX—UQs: 7 r.(p' =- — 99 ^ ( 1 . 11 ) 

Thus the determination of the complementary potential 99 ^. again 
becomes reduced to that of 99 ' as in the preceding case. At 00 upstream, 
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this potential 9?' is constant or zero since at this distance the influence 
of the wing vortex systems vanishes. At 00 downstream, there is only 
the influence due to the free vortices and the value of 9?' here corre- 
sponds to plane (two-dimensional) motion. 

Along a generatrix of the cylinder limiting the stream, the com- 
ponent of the induced velocities parallel to the direction of the flow, 
can only come from the bound vortices representative of the wing. 
This component u = dtp'jdx takes the same values for all symmetrical 
points ± X. It follows that the value of 9?' for a: = 0 is one half of the 
value at co downstream. It will be sufficient, therefore, to know the 
value of (f' at 00 downstream to be able to deduce that corresponding 
at the wing and the problem is thus brought into the domain of plane 
motion. However, as already noted, it remains, in general, difficult of 
final resolution. 

2. Wind Tannels with Circular Section — Lifting Systems, Monoplane 
or Multicellular, a) Air Stream Constrained, Let us consider a wing 

of span 26, and surface 

5 under test in a wind 
tunnel with constrained 
stream of section 8^ = 
71 It is further as- 
sumed that the wing is 
centered with reference 
to the walls of the 
tunnel. In general, the 
distribution of the circu- 
lation r along the span 

6 will not be uniform 
and will depend on the 
characteristics of the 
wing under test. How- 
ever, to simplify the 
problem, the case of 
uniform distribution of 

circvlaiion will first be considered. In this case the vortex system 
will consist of a vortex Fq extended along the span 2 6 and of two 
free vortices of the same strength Fq extending from the tips of the 
wing downstream to c». See Figs. 18, 19. 

The constraint due to the rigid walls of the tunnel imposes the con- 
dition that the component of the velocity normal to the walls shall be 
zero and we have seen that this condition corresponds to the addition to 
the potential (motion in unlimited air) of a complementary potential 
corresponding to a fictitious motion satisfying the condition of (1.6). 
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This we may write : 

\dn ^ dnj wall 


( 2 . 1 ) 


This relation expresses the fact that the motion resulting from the 
addition of the potentials (p^ and (p* cannot have any component radial 
velocity on the cylindrical surface of section Sq. The potential 9 ?' 
corresponds to the motion resulting from the vortex system representing 
the wing. For the transverse sections located at a sufficient distance 
downstream (theoretically at 00 ) the influence of the bound vortex 
is negligible and the only induced velocities are those due to the free 
vortices A and B. For such sections then, the circumference of radius 
R must be a stream-line of the motion resulting from the free vortices 
A and B and of the fictitious 
motion corresponding to the 
potential 9 ?^.. These conditions 
are fulfilled by the comple- 
mentary potential (p^, corre- 
sponding to two vortex images 
A’ and of circulation equal 
and of sign opposite to that 
of A and B and located at reci- 
procal distances^ 



OA--OW ^ 


OA 


OB ■ 6 


Fig. 19. 


Thus in the case of a guided stream of circular section the constraint 
of the stream is equivalent to the perturbations due to two vortex images 
A^ and 7i' as above defined. These vortices are to be considered as 
issuing from A' and B' and extending to infinity downstream. 

The perturbations due to these vortices A' and B' will have the 
effect of causing, at the wing A B, an addition to the general motion 
with velocity Uq, of an induced complementary velocity v, variable 
along the span. Practically the value of v at the mid section of the 
wing can be adopted as the measure of the mean perturbation. 

For the two vortices A' and B\ this induced velocity is upward 
and is expressed by the equation 


i’o 2 X 


^nOA' 


I\h _ r^h 
2 n R^ " 2 


( 2 . 2 ) 


We have furthermore, 


L^Cj,S{Ql2)Uf,^2QU^r^b 
whence PqB = ~~ SU^ 

and t>o — 


(2.3) 


^ See Note at end of Section. 
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Finally, the influence on the wing of the rigid walls guiding the 
stream is equivalent to that of a fictitious ascending current causing 
a change in the angle of incidence of amount 

(2.4) 

L. Rosenhead^ has shown that the approximation made above in 
considering only the induced velocity Vq, at the mean section may be 
avoided in the following manner. 

At a point y of the wing A B, the ascending velocity induced by the 
vortex images A' and has the value 


V — 


4:71 


1 


1 


(2.5) 


or putting f = ybjR- 

S 


l- i ^ 1 -r 


8 So I"--!- ) 


is U,(l + r- + ^* + ...) 


( 2 . 6 ) 

(2.7) 


The local induced angle at any section with abscissa y will then be 


V S 1 

L’o ~ 8 So ■ T— {bjRif 


( 2 . 8 ) 


and the mean corrections for drag and for incidt^nce will bt‘: 
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(2.9) “ 

( 2 . 10 ) 


^ Rosenhead, L., The Effect of Wind Tunnel Interference on the Characteristics 
of the Aerofoil. Proo. Royal Society, Series A, Vol. 129 No. a 809, p. 135. 
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whence we derive 


Aa: 


^Cl ~ 8 So 


h \12 


^ + Hi)* + HrY + HbT + 


( 2 . 11 ) 


For the usual values of the ratio bjR, the corrections differ but 
slightly from those computed by the approximate formula. 

This disturbing upward current increases then the experimental 
angle of incidence by the angle A a and the ^ 

lift L is inclined forward by the same angle 
(see Fig. 20). It results that the horizontal com- 
ponent D is decreased by the corresponding com- 
ponent of L, that is by 

A D — L sin A a L A a (2.12) 

Since A a is normally small, the vertical com- 
ponent is not sensibly changed. 

It is desirable to extend these results to the more general 
case of a variable distribution of circulation along the span. In 
this case, the vortex system comprises the bound vortex of vari- 
able circulation P together with a sheet of free vortices of strength 
(dridy)dy for an element dy situated at the distance y from the 
middle section. See Fig. 21. 

As in the previous dis- 
cussion, we shall match to a 
free vortex 31 ^ located at a 
distance y, a vortex image 
3/' I' located at the distance 
R^ly^ and of which the strength 
is — (drjdy)dy. The com- 
plementary potential will then 
correspond to two sheets of 
vortex images, located on one 
side and the other of the sec- 
tion of the tunnel reckoned 
from the points A' and B' , 
conjugate to the points A and B and extending laterally to oo and 
indefinitely downstream. 

In other words , the constraint due to the rigid walls of the 
tunnel is equivalent to the action of two wing images extending in- 
definitely from A' and B' and of which the circulation at each point 
is equal and of opposite sign to that of the conjugate image — point 
on the wing. 

The influence of these “image- wings” (as we may call them) and 
of the corresponding sheets of free vortices is manifest at the wing by 





286 I. PART 1. III. INFL. OF THE DIMENSIONS OF THE AIR STREAM 


a complementary induced velocity of which the value at a point y* of 
the wing is given by the relation^ 

4-00 ■¥ h 

ir dy 


~ 4 «■/ [ ( ) E^/y-y' 4n J d 


y Ely—y' 


(2.13) 


The complementary induced angle at any point y' will then be 


Aa- 




and the corresponding induced resistance will be given for any wing 

A B by the relation AD = o f F v (y') d y 

-6 

The calculation of A a and of A D may then be made as soon as 
the law of distribution of the circulation F along the span is known. 
This calculation has been made by Prandtl and by Rosenhead for the 
particular case of an elliptical distribution of the circulation defined 
by the equation F -■ Fq ]/i — (y/ftj* 

For such a distribution, the induced velocity at a section y of the 
wing will have the value 


/ \ n ^0^ 


1 + 




+ -: 


[v)' 


+ 


35 

64 




(2.14) 


where R is the radius of the air stream. We have then, 

4-6 -f 6 


\qI2)8UI f U„ dy^y~ (Qj2)SUf, f ^ ^ ^ 


— 6 


And the corresponding induced drag has the value 


(2.1«) 


or again 

ac^ = ciA 


If 


16 




+ ... 


+ (2.17) 


The usual values of the ratio (bjR) = (26/Diam.) — span of wing to 
the diameter of the tunnel, rarely exceeds the values 0.60 or 0.70, and 

hence the factor (1 + <^) = 1 + 




is rapidly convergent and the value given above for ACy, differs but 
little from that found above for the case of a uniform distribution. An 
approximate calculation for any system of wings whatever, but suffi- 


^ Throughout this Division, frequent use is made of a symbol in parenthesis 
to denote some special limitation, location or other condition limiting the application 
of the preceding symbol. Thus v{y') = vertical velocity at the point y\ Also 
in general, z will be used in the sense of the complex x + iy, and w in the sense of 
the complex u — it?. 
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ciently small, placed at the center of a guided air stream leads to the 
same expression for the induced complementary resistance, so that the 
law of variation of F along the span does not exercise a large influence. 

Practically, the influence of the walls of the tunnel on the wing is 
equivalent to that of a fictitious ascending current producing a change 
in the angle of incidence of the amount 


Aa^ 


. A 

Cl 




s 

S^Sfn 


1 + 


16 


iir 


Cr 


^8, 


(l+d) (2.18) 


and the corrections to be applied to the experimental results in a stream 
under constraint in order to obtain the corresponding values for unlimited 
flow are the following: 

1 ) For a given lift coefficient the experimental values of the angle 
of incidence must be increased by the angle 


Aa = Cx, (1 + (5) (2.19) 

2) For a given lift coefficient C/, the experimental values of the drag 
coefficient C j) must be increased by the amount 

= Cl (1 + (^) (2.20) 

The following table gives the values of the factor (l + d) for the 

usual values of the ratio bfR 


bjR = 0.30 0.40 0.50 0.60 0.70 

(I +d) = 1.0015 1.0050 1.0130 1.0255 1.0500 


Strictly speaking, the distribution of lift along a wing placed in an 
air stream as here assumed is modified by the velocity due to the system 
of “image-wings”. However, for usual values of 6 //?, this modification 
is negligible^. 

b) Model in Free Air Stream. The method of treatment in this case 
is entirely similar to that for the case with constrained or fixed boundary 
air stream. 

It has been seen that the constraints due to a free stream correspond 
to a fictitious movement of which the potential 9 ?,. must satisfy, on 
the limiting surface of the stream, the condition 

(Pc + (p'=-0 ( 2 . 21 ) 

In other words, the motion resulting from the addition of the poten- 
tials (pc and <p' must not show, on the limiting surface, any component 
of velocity along the direction of flow. 

For the transverse sections far enough downstream, the influence 
of the bound vortex is negligible and the potential 9 ?' corresponds to 


^ Millikan, C. B., On the Lift Distribution for a Wing of Arbitrary Plan Form 
in a Ciroular Wind Tunnel, Trans, of Amer. Soo. of Meoh. Engrs. Applied Mechanics 
Division, 1932 — 33. 
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the free vortices only. The condition is then satisfied by associating 
with each free vortex Aff with circulation (drjdy) dy the following 
(see Fig. 22 a and 22 b): 

1) A vortex image of the same circulation as Af | and situated 
at the distance OM* conjugate to OA/, i. e. OM' — R^jOM. 

2) An axial vortex Ox' with inverse circulation — (dFIdy) dy. 

For the wing as a whole, the axial vortices mutually cancel, two 

by two, and there remains simply the ‘‘image- wings’' A'y and B'y' with 

their sheets of free vortices, as in 
the case of the guided air stream. 
However, in the present case, the 
velocities induced at the wing will 
be directed downward, since the 
circulation of the vortex -images is 
of the same sign as that of the 
corresponding free vortices on the 
wing. 

It results that the effect in a 
free stream is equivalent to the 
action of a complementary de- 
scending flow, and quantitatively eqiml and of opposite sign to that due 
to the constraint in a guided stream. 

The corrections to be made in the case of experimental results in 

a free stream in order to 
obtain the corresponding 
values for unlimited flow 
consist then in subtract- 
ing from the experimen- 
tal values the values of 
A a and of A C/^, cal- 
culated as in (2.19) and 
( 2 . 20 ). 




It is to be noted tliat 

the preceding method assumes that the bound vortex representative of 
the wing does not itself directly influence the air stream flow. In 
reality it will be seen at a later point (corrections for plane flow) that 
this influence is not always negligible. In particular, in the case of a 
free air stream, the distance between the wing under test and the end 
section of the free stream should be as short as possible in order that 
the incurvation of the stream due to the vortex-images of the bound 
vortex may be negligible. This condition is generally realized in ex- 
perimental work on reduced scale models. Furthermore, the ratio of 
the chord of the wing to the diameter of the stream is generally 
very small. 
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In general, no attempt is made to apply these supplementary 
corrections, especially as they are of relatively still smaller importance 
for experiments in a fixed boundary air stream. 

In the same order of ideas, the coirections noted above might also 
be completed by taking account of the gradient of static pressure. 
However, for models of wings or of airplanes relatively small or of over 
all length moderate, this correction is negligible. 

From the preceding discussion it follows that the experimental 
results relative to the same wing system tested in a wind tunnel with 
constrained stream and with free stream, both of the same diameter 
and all conditions equal other- 
wise, will differ between them- ^ 

selves by twice the corrections 
calculated as above. See Fig. 23. 

An especially interesting experi- 1 Qi, 

mental verification, as regards 
the value of these corrections, 
could therefore be obtained by 
tests of various wings or wing 
systems c^arried out in a wind 
tunnel permitting of use at 
will, cither with air stream con- 
strained or free. 

It is surprising that such 
tests are either non-existent or 

very rare because existing wind tunnels in general are arranged for 
operation in either one way or the other, but not both. 

However, experimental verification of corrections of this charactcM* 
are very numerous and very conclusive as regards the application of 
the Prandtl corrections to wings of different proportion or of different 
dimensions tested in the same tunnel. Especial reference may be made 
to the experiments of Higgins^ with regard to tests in a constrained 
air stream and to the tests in the Gottingen Laboratory in a free stream. 

Note to Section 2. Consider, in a section far down stream. Fig. 18 
the vortex A of circulation located at the distance 0 A — h. The 
potential function for this vortex has the form 

i{A) = — log (z — b) (1) 

For the image vortex A* of circulation — located at the distance 
OA' = R^jby the complex potential will be similarly 


w 

1 

/// 

/ 

III 

1/ 

v! 

// 

f 

/ 


a-f-eAa 

Fiif. 23. Corrections for A«. 

8. C. = stream constrained. S. O = stream 
open. S oo « Indefinite flow. 




(2) 


^ Higgins, George J., The Effect of the Walls in Closed Type Wind Tunnels, 
U. S. N.A. C. A. Technical Report No. 276, 1927. 

Aerodynamic Theory III 19 
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The potential of the motion resulting from the sum of / (.4) and / {A') 
will be = (3) 

For a point P on the circumference of radius i?, we shall have, 
z — 6 = 

and z — R^/b = rg 

and the expression for F (A, A') for the point P may be written 

F {A, A') = log^+f- (0x - 0,) (4) 

The equation of the stream-line passing through P will be 

WiP) ~ - 9 ^ ^ — const, or -- = const. (5) 

It is easily seen that the circumference of radius R satisfies this 

T b » 

condition for we have R~ P o ^ 

3. Wind Tunnel with Square or Reetangular Section — Constrained Air 
Stream. Let us consider a wing of span 26 of area S, tested in the center 
of a constrained air stream, rectangular in section of width h and height k. 


- + 

t 

B 0 ^ 


+ 






^ k ^ 




Fite. 24. 




We assume that the circulation is uniform over the span and in con- 
sequence the equivalent vortex system will be composed of a bound 
vortex AB oi circulation and of two free vortices of the same cir- 
culation See Fig. 24. 

In applying the method of vortex images, it is easy to see that the 
constraint due to the walls of the tunnel may be replaced by a doubly 
infinite series of “wing-images’’ of which the free vortices constitute, 
downstream, horizontal ranges of alternating vortices. 

Taking for example the horizontal range in the plane of the wing, 
it is seen that this range is composed 1) of a file of vortices such as A 
of the same circulation F and 2) of a file of vortices such as B of cir- 
culation — jT. The interval between two files of the same sign is equal 
to the width h of the tunnel section. Taking the initial vortices as those 
located at -4, (Zq = + 6) and By (Zq = — b) 

the potential function at any point z = (x ly) is given by the equation^ 



ain (njh) (z — 6) 
sin (n/hjjz + 6) 


(3.1) 


^ ViLLAT, H., Le9on8 sur la Theorie des Tourbillons, p. 56, Paris, 1930. 
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Let us now consider a horizontal range of order n. The origin- vortices 
corresponding to and to Bq will have for coordinates 

Zq== b ink and z'^y = — 6 + ink 
The corresponding potential will then be 


F(n) = 


( — l)^ r j sin(jilh){z — h — ink) 

2 in ^ sin (njh) (z + 6 — ink) 


(3.2) 


The signs develop from the fact that the file of order n is inverse 
to that of order zero when n is odd and similar when n is even. In 
consequence, the potential function due to the double infinite series of 
vortices comprising also the vortices of the wing itself, will be obtained 


by making the summation 


2^ 


— oo 


(n) 


n taking all entire values positive and negative including ti = 0. We 
shall then have 


+ 00 


+ QO 




sin (njh) (z — b — ink) 


sin (njh) {z -\~h — ink) 

•— oo — QO 

The corresponding complex velocity will be given by 


(3.3) 


w 


^ y(-l)n 

dz 2ih juL ^ ^ 


cot ^ {z — b — ink) — cot ^ {z + b — ink) 


which after some simple transformation becomes 

-f- QO 


IV 


— ao 


(- 1 )" - 


sm 2 n hjh 


\nh (2nz . k\\ 


(3.4) 


Thus at the point 2 = 0 for sections sufficiently far downstream, 
the induced velocity has the value 


0) 


‘[2 

— 00 


(-I)-* 


5171 2 n bjk 
2nb 


cosh 2 nn 


(3.5) 


h h 

In order to obtain the velocity due to the vortex images alone (velo- 
city due to the complementary potential 9?^) it is necessary to subtract 
from tv the induced velocity due to the vortices representing the wing 
itself. This has, at any point 2, the value 


w, 


”■ 2 

and at the point 2 = 0, this gives 

Wi (g - 0) 


ir 

nb 


19 * 
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It results that the velocity due to the complementary potential 
(pci has, at a great distance downstream and for s — 0, the value 




-ir 

h 


2nh ^ k ^ 

_ 00 cos , cosh 2nn , 

n h 


nb 


(3.7) 


At the wing the mean value of this disturbing velocity will 

have one half this value. Furthermore, in accordance with relation 
(3.7) this velocity becomes reduced to the single vertical component v^, 

and we have w^z o) = (^c — ^ ^c)z - o = — o 


whence 


^c(3-=o) = 


(~\)>Uin2nblh 

2 h cos 2 n bih — cosh 2 nn k/h 

. 00 


h 

2b 


(3.8) 


It thus appears that the constraint due to rectangular walls of area 
SQ — hk is equivalent to the action of a flow j)roducing a change in 
the angle of incidence which in general will have the value 


Aa = 


^>(3 = 0) 

Uo 





S 

^0 


(3.9) 


where 


{— ly^ sin 2 71 bIh 
cos — cosh 2 n n k-h 


71 b 


The correlative induced resistance will then be 


(3.10) 


AD^LAx 


whence 


. ^ CIS k j_(fLS 
A Cj) — , A — e 


SS. b 


So 


(3.11) 


The calculation of the factor A can easily be made by writing th(? 
relation (3.10) in the form 


A = 


h nb , r. . Tib 

— , cot . -t 2 8in 

71 b h h . 


y 




71 b 


- cosh 2 Tin 


(3.12) 


in which the term cot nblh corresponds to n = 0. Usual values of kjh 
may be comprised between 1/4 and 4. It may thus be noted that it is 
sufficient to make n — ± 1, ± 2 (and perhaps :£ 3 for small values of 
the ratio kjh) for the series under the sign kjh is rapidly convergent. 
The velocity is ascending and the corrections A a and A Cj^ must 
therefore be added to the exx)erimental values. 

M. Carafoli^ has calculated the values of e ^ Ak/Sb for various ratios 
kjh and for the two values A/26 = 2 and A/26 — 1.5. The following 
table gives the numerical results. 


^ Cabafoli, E., Contribution k la theorie de la sustentation on aerodynamique, 
Thdse de Doctorat ds-soiencea, Paris, 1928. 
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These results may be compared with those obtained by Glauert^ 
and Terazawa^. 

Making use of an approximative method in which the influence of 
the ratios fc/26 and A/26 was neglected, Glauert calculated the values 
of a factor (Ak)ISb which permits the calculation of the corrections 
A a and A Cj) by means of (3.9) and (3.11). For values of kjh > 1, the 
values found by Glauert are very near those found by Carafoli with 
A/26 — 2, but the differences between the two sets of results become 
more notable for small values of kjh. For the value kjh = 1 (square 
section), the values of Carafoli and Glauert are very near together. 

By way of experimental verification, the following may be noted. 

Glauert^ applied the corrections (calculated by the approximate 
method) to the results of tests on a monoplane wing and on a biplane 
cellule carried out in two wind tunnels, of square section, 7 ft. and 4 ft. 
respectively on the side, and found a very satisfactory agreement be- 
tween the results thus corrected. 

Terazawa applied Villat’s method to the case of a wing tested in 
a rectangular tunnel in a constrained stream. He preferred to represent 
the complementary disturbing velocity at the wing by the mean value 
of the vertical induced velocity, instead of by the value corresponding 
to the mid section. 

The factor e ^ A kjHh is then expressed by the equation 
"" 4 :i' 2b‘ 2b^{h^~ ’’ 

where K is an elliptic function, somewhat complicated, but permitting 
of simplification for the usual cases where is very small. 

Terazawa has given only the following results 

f ^ 1 1 

0 

5 1.33 2.33 

f 0.171 0.143 

Equation (3.12) applied to these two cases would have given respec- 
tively, E — 0.147 and 0.138. With the usual proportions of A/26 between 
1.33 and 2.00, it may be assumed that the corrections calculated by 
the formulas (3.9), (3.10), and (3.11) will be quite sufficiently close. 

Rosenhead (loc. cit.) has also dealt with the case of a constrained 
stream of rectangular section, taking his departure from a potential 
defined by the elliptic functions of (y ± 6)/A of periods 1 and r = i 2 A/A. 

^ Glauert, M., The Interference of Wind Channel Walls on the Aerodynamic 
Characteristics of an Aerofoil, British A.R.C., R. and M. 867, March 1923. 

* Terazawa, M. K., On the Interference of Wind Tunnel Walls., Report No. 44 
Ac. R. I., Tokyo, 1929. 

® Glauert, M., British A.R.C., R. and M. 889, 1923 — 24. 
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The calculation leads to corrections A Cj) and A a of which the values 
given by Glauert are the first approximations. 

Rosenhead considers also that it is sufficient in practice, to limit 
the approximation to the first few terms of the convergent series, taking 
the first power of bjh in the developments. In such case the corrections 
for an elliptical distribution of F are expressed by simplified formulas : 

Aa = e 

ACn^e-^ Ci 


in which 


ct k 

Yh 


1 

12 


+ 2^ 


l + e- 


2 p 71 k 


By the use of the same general principles of vortex images, but 
carried out with slightly different detail, we may obtain a more general 
view of the corrections for an air-stream of rectangular section under 
various conditions of restraint or freedom at the experimental section. 

We state again the general assumptions made and the program 
followed in the development of these results. 

a) The assumption, as hitherto, of a uniform distribution of circulation 
along the span of the wing. 

b) The replacement of the actual physical limitation of the stream 
by an infinite system of vortex images of the marginal vortices of the 
wing itself. 

c) The calculation of mean velocity due to these images by the 

+ b 

relation: == 2 V f (314) 


where v is the velocity produced at a point on the wing between — 6 
and b (2b = span of wing). 

d) The calculation of the corrections by the formulas: 

Aa= (3.15) 

A (7^= Cl-§-e (3.16) 

in which e Ls the same factor as in (3.9) and (3.11). 

In all cases, the wing is assumed to be supported in the center of 
the section of the stream. 

Case I. Rectangvlar Section, Half CoTistrained by Horizontal Walls 
(Parallel to the Span)^, The general scheme of the system of vortex 


^ Toussaint, a., Sur lea corrections k apporter aux caract^ristiques a6rodynami* 
ques d’une aile sustentatrioe experiments dans une soufflerie k veine reotangulaire 
semi-guidee par des parols paralldles k Tenvergure de Taile et k la vitesse du vent., 
Comptes rendus de TAcademie des Sciences, Feb. 20, 1934. 
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images is shown in Fig. 25. It comprises vertical files of vortices 
with alternate signs as determined from the two initial wing-tip 
vortices. 


The complex potential / (z) is then calculated for a vertical file of 
vortices and there follows directly the velocity 1/2 (dfjdz) at any point 
z due to a single vortex file. 

These results are then combined for double vertical files. The diagram 
shows that the double vertical files are similar to the initial file for 
y = ^mh when m is even, and inverse when m is odd. 

For the initial double file {y = ± b) the mean velocity due to 
the wing tip vortices of the wing itself is subtracted from the mean 
velocity calculated from (3.14). The influence of the images of this 
double initial file is thus given by the expression: 


(^) — 


r 1 tank nh Ik 


(3.17) 


The images comprising the remaining double files x = ±mb give, 
in the same way, 

f 1 \m "V Inn ( ?t/2fc) (m^4- 2 b) tan k {nl2 k) h) 

^ ^ ^ tanh'^ {71 m h / 2 k) 

1 


Finally replacing F by (C'x/2) SjL, the correction A a is found 
from (3.15) with a value of e given by: 


= 


— 1 

4: 71 {h/k) (2 6/A)* 
+ (— 1 )^*% 


log 


+ 


tank 71 bjk 
71 bjk 

tank (71/2 k){mh -\-2b) tank {7i/2 k) (mh — 2 6) 


tonA* (jt m A/2 k) 


(3.18) 


The computation of is simple, for it is only necessary to carry 
it out for values of m = 1, and 2 for normal values of the ratio hjk. 

Fig. 25 gives the results for various values of hjk and of 26/A. 

It is readily seen that for values of 26/A lying between 0.5 and 0.7 
and for values of hjk between 1.15 and 1.36, the corrections are zero 
or negligibly small. For smaller values of hjk the corrections are negative, 
the same as for a free stream, and inversely for larger values. However, 
for the usual values of 26/A, the positive corrections are always somewhat 
smaller than the negative. 

A stream of air under half constraint, in this manner, has then 
certain advantages with regard to these corrections, aside from any 
matters of experimental convenience which the presence of a “floor’* 
and a “ceiling” might furnish. It would appear, therefore, that this 
type of constraint for a rectangular air stream is to be recommended, 
especially for private industrial laboratories, where the facility of con- 
struction may be added to the advantages already noted. 
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For the limiting case (purely theoretical) where 26/A = 0, the results 
become those found by Theodorsen^. 

Case IL Rectangular Section^ Half Constrained by Vertical Walls 
(At Right Angles to the Span)^. The general scheme of the vortex images 
is shown in Fig. 26. It comprises vertical files of vortices of the same 
sign as those at the wing tips, (+) or ( — ) according to the file considered. 


!/ 



The association of double vertical files shows that they are all similar 
to the initial double file. The latter gives, by the action of its images, 
the mean vertical velocity 


— r j Isinh (2 n bjk) 
= inbik 


(3.19) 


In a similar manner the images composing the other double files give 


-f- oo 


Vn,{±mh) ^ —^'^log\\ 
+ 1 


HinK^2nblk 
ftinh^ n m hjk 


(3.20) 


^ Theodobsek, T., The Theory of Wind Tunnel Wall Interference, U.S. N. A.C. A. 
Report No. 410, 1931. 

^ Toussaint, a., Des corrections k apportor aux caract^ristiqucs a^rodynamiquos 
d*une aile sustentatrioe exp6riinent4e dans une soufflerie k veino reotangulaire 
8emi-guid6o par des parois lat^rales perpendioulaires k Tenvergure de Taile, 
Comptes rendus de I’Acad^inie des Sciences, Feb. 27, 1934. 
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and finally we have 


471 (hik) (ihiW 


1 sink (2 71 h/k) 




sinh^ 2 71 hi k \ 

nnh^Timhlk j 


(3.21) 


The calculation of £*2 is made with m = \ and 2 for the usual values 
of hjk. Fig. 26 gives the results of these calculations. As may be seen, 



for 26/A between 0.5 and 0.8, and for hjk between 0.6 and 0.75, the 
corrections are zero or negligibly small. 

For the case of 26/A = 0, Theodorsen’s results^ are again pro- 
duced. 

Case. III. Rectangvlar Stream Ftdly Constrained. This case is, of 
course, the same as that already considered in the earlier part of the 
present section. Repeating, however, to a slight degree and in the form 
similar to that employed for the two preceding cases, we have the general 

' loc. cit. 
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scheme of vortex images shown in Fig. 27. The vertical files associated 
in pairs give double files similar to the initial double file. The calculation 
of £3 is then reduced to the calculation of the factor ( — 1 )^ being 
omitted. This gives 


_ —1 

4n (hlk)(2bhf 


log 


tank n b/k 
nb/k 
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tank {71/2 k) (mh + 2 6) tank {n/2 k) (mh — 2 6) 
ianh^ (n m h/2 k) 


(3.22) 
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Fig. 27 gives the results of this calculation and it is seen that the 
corrections are always positive. For the case of 2fe/A = 0 , Theodorsen’s 
results^ are again produced. 

Case IV. Rectangular Stream, Free cU Test Section, The general 
scheme of images is shown in Fig. 28. The association of the vertical 
files give double files similar or inverse to the initial double file. The 
calculation of is reduced therefore to the calculation of with, 
however, the introduction of the factor ( — 1)^. This gives: 

^ loc. cU. 
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^ —1 
'in\hlk)(2hlhY 


log 


sink 2 7t b/k 
~~2~nblk 


(_ l)m yiog ( 1 _ 

rv sinh^nmhlk) 


(3.23) 


Fig. 28 gives the results of this calculation, and it is seen that 
the corrections are always negative. 



4. Tunnel with Uectangular Section with Two-Dimensional Flow\ In 
this case the wing extends to the limits of the stream so that there are 
no wing tip vortices trailing into the flow and the distribution of the 
circulation is uniform. This arrangement is used for the purpose of 
approaching as closely as possible to the conditions corresponding to 
two-dimensional flow. However, the stream being limited above and 
below the wing, there is reason to examine the constraints due to this 
limitation. As in the preceding case, we shall consider the condition 
with the air stream free or constrained. 

a) Constrained Flow, The vortex system representative of the wing 
is reduced to a lifting vortex of circulation F, located, for example, 
at a distance from the bottom of the tunnel. Let k be the total height 
of the air stream. See Fig. 29. 
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The method of images leads to the replacement of the constraints 
due to the rigid walls by an indefinite series of vortex images, constituting 
a vertical file of vortices of alternate circulation ± F. The distance 
between the vortices of the same circulation is 2 k. The initial vortices 
will have as coordinates Zq = 0 and 2 ^ == — i 2 k^. The potential function 
due to this vertical file will then have the value 


F 


r 

2i7t 


sink 


log 


2h 


sink 2 (2 + 2 i k\) 


(4.1) 


The complex velocity w at any point z will then be 

dF ^ — ir j 
“ ■ 4k 


w = — , 
d z 


coth 


2h 


coth 2 (z 2 i ki) 


(4.2) 


I 



It is readily seen that on the walls [i. e. for 
z = — ik and for z = i (k — k^)] this velocity has 
no normal component. 

At the point 2 = 0 the velocity w becomes 
reduced to 


ir .liTtki 
ilCOth 


r .iTtki 

coth = Uc (. 0 ) 


4k 


(4.3) 


The lifting vortex itself having no influence 
at the wing, this expression represents the com- 
plementary velocity representative of the con- 
straint due to the walls of the tunnel. It is seen 
that this constraint is equivalent to a decrease 
in the velocity of flow — U^. 

However, if the wing is placed in the middle 
of the flow {ki = kl2), this complementary velo- 
city cancels itself. Nevertheless, and aside from 
this possible constraint, the stream at the wing 
may be curved by reason of the fact that up- 
stream and downstream, i. e. z += 0, the complementary velocity has 
a vertical component which may bo computed by subtracting from 
the expression for w the velocity due to the vortex proper of the 
wing, and calculating the expression 

i r 


— ivc = p. im. (w — Wi) = p. im. (uj — — J 


(4.4) 


We shall carry out this calculation for the points situated on the 
axis 0 X {z = x), that is, 

2k 

n MA \ 

2k 


(- 


■iVa)y-o = P im. coth ~l-— coth ^.(z + 2iki) 
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A simple computation then gives 


r 


coih 

COth 71 + coih^ ^ ^ 

Ic Z iC 


71 Z 


(4.5) 


It is seen immediately that for points respectively upstream and 
downstream, changes sign with x. The stream-lines are then 

curved at the wing, with concavity directed upward. 

According to Carafoli^, the influence of this curving of the stream- 
lines is evidenced by an increase of circulation corresponding to an 
increase of the angle a by an amount equal to c/4J?i where c is the chord 
of the wing and is radius of curvature of the stream-line. The value 
of at the wing will be given by the equation 


1 



v-P- 


im. 


fdlw —Wi) \ 
\ dz ) 


(4.6) 


and for the general case this gives 
_ 1 __ -nr 1 1 
if, “ 12 6'oJt* U * k) 


(4.7) 


For the particular case where k-^ — kl2, this gives 

1 _ 71 r 

12 

The angle A a corresponding to this effect of increased circulation 
will then be A a = J (4.8) 


The constraint due to the walls limiting such a two-dimensional 
flow is therefore equivalent to an induced angle A a which must be 
added to the experimental values of the incidence for a given lift. 

In other words, for a given angle of incidence, the coefficients of 
lift in a two-dimensional flow limited as in a tunnel or unlimited as in 
the open air, are in the ratio 

_ 1 

Cl dim.) I , ^ 

48 


where }c — n (I f e) is the ratio CiJ2ol (oo). 

For the usual forms of wing profiles, we may take 
X - 3.14 X 1.1 == 3.45 

and there results ^ = r+o:22Src^¥ 

The table below gives the values of this ratio for various values of cjk 
elk = 0.1 0.2 0.3 0.4 0.5 

=0.98 0.967 0.937 0.917 0.90 


* Carafoli, E., Th^ loc. cit. 
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By a method of calculation utilizing conformal transformation and 
Villat’s^ formula for Dirichlet’s problem in a circular ring, T. Sasaki^ 
has found that the sustentation in plane flow limited by rigid walls is 
slightly decreased. The following table gives values of the ratio 
C'x,(oo)/C'i,(/£m.)» coefficients of lift for plane flow, unlimited and limited, 
for various values of the ratio cjJcy c being the chord of the wing (located 
at the center of the flow) and k the height of the flow between the limiting 


walls above and below. =0.10 0.20 0.30 



= 1.02 1.052 1.10 

Sasaki notes further, that there is no com- 
plementary induced resistance accompanying this 
reduction of lift. These results are not in accord 
with those indicated by Carafoli, and it would 
appear that there is need of further investigation 
in order to settle the question. It would be suffi- 
cient to test, in tlie same tunnel, wings of the same 
profile but with varying values of the ratio c/A’. 

The comparison of the coefficients for the* 
same angle of incidence would then show the 
influence of the ratio cjk, 

b) Free Stream. The method of images leads 
to a replacement of the constraints due to a 
limitation of the plane flow above and below 
the wing, by an infinite series of vortex images 
constituting a file of vortices of the same cir- 
culation (Fig. 30). 


Then taking the initial vortices at 20 = 0 and 2 ' = — i2k^ the 
corresponding potential function is expressed in the form 



+ 00 4- <» 

I ^logjz — 2ink) + ^ log (z -f 

— > QC — CO 



(4.9) 


The complex velocity at any point 2 will be 

4* QO 4* CO 

_ ^ _ jr_ r ^ 1 

dz 2i« z + 2iitj — 2ink 

00 — GO 


(4.10) 


^ ViLLAT, H., Le 9 on 8 sur rhydrodynamique. Chapter II, Paris, 1929. 

* Sasaki, T., On the Effect of the Wall of a Wind Tunnel Upon the Lift Coeffi- 
cient of a Model, Report No. 46 Ae. R. 1., Tokyo. 
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This expression may be written in the form 


w 


r 

2 in 


T+^ 


2z 

2* -|- i 


2 + 2 i Ajj 


+ 


2(z + 2i ki) 


1 


and making use of the relation^ 


1 


2a? 


coihx = 4- ^ 

X 4- n* n^ 

1 


and putting x = n 2/2 A;, the value of w takes the form 


w 


ir 

ik 


coth 


24 + coth {z + 2i ki) 


(4.11) 


Aside from the sign of the second term, this expression is identical 
with that found for the value of w in the case of constrained plane flow. 
We shall then have at the wing a complementary velocity 

M '(2 = (») = Me = — cot (4.12) 


which is to be added to — Uq and which becomes zero in the particular 
case where ~ k/2. 

Furthermore, the stream is curved at the wing with the concavity 
downward and the corresponding radius of curvature is given by 

However, in this case of the free stream, the curvature is extended 
both upstream and downstream from the wing. Thus for the usual 
case where — kj2, the value of the complementary velocity at oo 
upstream and at co downstream is given by 

“’(*= ± *) = 2i k k~) i 00 “ ^ Hk ± * 

From this follows, 

Mo. L--, L ») = ± ± r ^'-T 


At a finite distance upstream (or downstream) the curvature of the 
stream is characterized by the value of w for z = x ± iifc/2 and always 
for ki = A?/2 we have 


w = 


-ir 
2 k 


coth ^ ± - 2 ~) V 


The inclination of the stream at the distance x upstream will then 
be characterized by the angle 


Aa(x) 


r . , nx Cl 0 . nx 

= -tF = n V- ~r = -r k nr 


(4.16) 


* This may be derived from the corresponding expression for cot x by putting 
ix for X, For the latter formula see Theory of Infinite Processes, Smail pp. 229 
237, or Villat /oc. cU» p. 58. 
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Practically the two-dimensional (plane) stream emerges from a con- 
strained section Aq Bq located upstream from the wing. The curvatun' 
of the stream at the wing will then be measured by the angle A a (x) 
and the aerodynamic resultant L oo will be normal to the local relative 
wind which makes this angle with the direction of Uq at the section of 
emergence. 

The experimental measurements made under these conditions w^ill 
then comprise these components 

cos Ax (x) ^ I 

Dg = Lx sin A a (x) — L,. A a (x) j 
with an effective incidence 

— A a (x) (4.18) 

Thus the influence of the free plane flow is reduced to the following 
corrections to be applied to the experimental values. 

1) For a given coefficient 6/^ , the experimental values of th(‘ incidence 

must be decreased by an angle A a given by the equation 

Aa,,)== -tonA Y (4.19) 

2) For this same value of Cj^, the experimental values of the drag 
must be decreased by a quantity A Cp given by the equation 

A I tank ^ 


The following table gives the values of tank (tt xlh) as a function 
of (xlk) 

O.IO 0.20 0.30 0.40 0.50 O.OO 


tank 


0 0.304 0.557 0.736 0.85 0.017 0.955 


Thus when the distance between the wing and the section of tunergence 
is greater than 0.6 h, the corrections due to the curvature of the plane 
flow tend toward a limit value, 

A or - 

^ OC) - - ^ 

The preceding (jorrections may be exprt'ssed for a givm value of the 
angle of incidence by the ratio and by the value of AC/^ 

corresponding to Thus we have from (4.10), when‘ ?< ^Cf^^j2(x 

1 1 


rt(l + e) \ 


Cl io 


1 — /\ a/a 


1 


-« ^ tank 71 x/lc 


(4.21) 


and A 6'/, (* , ^ ^ 


cjAkUinh 71 xjk 
1 — X (c/2 k) tank 7i xjk 


^ This comes directly from the well known formula Cl» ^ 2;t a (1 + f)» 
see Division E II (8.20). 
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The following table gives the values of Cjr, (oo)ICl^c) of A 

for a practical case where xjk — 0.30 and for various values of cjk. 
cjk = 0.10 0.20 0.30 0.40 

GLi^)l(^L(c) = 1.15 1.34 1.62 2.05 

A C'^(a)/C'i(«) = 0.0635 0.1275 0.190 0.255 

It may be here noted that the values of the ratio C'i:,(oo)/^£,(c) 
given in the table above are in good agreement with the corresponding 
values calculated by Sasaki (loc. cit.) who has treated the problem in 
a somewhat different manner as previously noted. It must be remem- 
bered, however, that Sasaki’s values relate to the theoretical case of 
a free stream indefinitely extended upstream and downstream. For 
this limit case, the values of the ratio furnished by (4.21) are somewhat 
larger, notably for large values of cfk. Here again a carefully planned 
series of tests would furnish a more satisfactory knowledge of these 
correction factors for the case of a free two-dimensional (plane) flow. 
However, by way of experimental verification, reference may be made 
to the tests carried out in the aerodynamic laboratory at Gottingen^. 

The plane flow and the model made use of had the following character- 
istics: c ^ 0.60, k ^ 2m 15 whence cjk = 0.28 

x'^ I .m 34, xjk = 0.62. 

The corrections applied correspond to those of (4.19) and (4.20) 
for the limit case where x — co . The results as corrected were in very 
good agreement with those obtained by the usual tests with small models, 
for which, moreover, the corrections for limitation of flow are much 
smaller and better known. 

But in this case we should have 

tank ^ 0.960 

and inconsequence the application of (4.19) and (4.20) would have given, 
for this case, satisfactory values. 

It seems logical that the formulas for correction should take account 
of the distance x between the wing and the section of emergence of the 
free stream. 

It should be further noted that in spite of the uncertainty regarding 
the corrections to be applied in the case of a constrained plane flow, 
these corrections arc much smaller for the same value of the ratio cjky 
than those to be applied in the case of a free plane flow. Furthermore 
in the first case there is no correction for the drag. For tests which 
should approach as nearly as possible to the conditions of an unlimited 
plane flow, the constrained plane flow is then clearly preferable to the 
free plane flow. In any case, however, there should be added to the 
corrections previously discussed, those relating to the influence of the 

^ Ergebnisse der Aerodynamischon Versuchsanstalt zu Gdttingen, 1 . Lieferung, p. 54. 

Aerodynamic Theory 111 20 
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gradient of static pressure and, in case of need, those relating to the 
effect of obstruction. 

6. Body in Plane Flow of which the Wake is Composed of Alternate 
Yortiees. It is known that for an indefinite flow about a body, the 
train of alternate vortices forms a stable configuration when the width h 
of the train and the interval a between two vortices of the same 

sign satisfy the relation, (see Fig. 31) 

h 


4-xA— 



r-?— - 

V 

-• — • — ^ 


t 

• •tit 

. — .J 

^ ^ ^ 

Fig. 31. 

r ^ 


sink—— = 1 whence 
a 


= 0.2806 


Under these conditions the proper 
velocity of the vortices is ( — + ^o) 

where 




^ tanh 


2a a 

and from which, J’ = 2 }/2 av^. 

The aerodynamic resistance of a 
body (of transverse dimension b) is ex- 
pressed by the drag coefficient 

hh 




In order to calculate this resistance it is necessary to know, either 
theoreticaUy or experimentally, the values of Wq/^o 
cylindrical bodies of various forms of cross-section. 

In order to determine the influence of limiting walls on a guided 
stream of finite width H > h, recourse may be had to the method of 



images, and the actual walls thus replaced by an infinite series of files 
or trains of vortex images. 

For the file of the real vortices, the potential function referred to 
axes X and y is expressed for the region downstream sufficiently far 
away by the equation^ [z = complex {x + iy)] 




\%n 


log 


with = aj^ + % A/2 and 


sin { n/a ) (z — Z q) 
sin {nla) {z-^7^) 
^ 0 * See Fig. 32. 


( 6 . 1 ) 


^ See ViLLAT, Lemons sur la Th4orie des Tourbillons, Chap. IV, Paris 1930* 
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The potential for a file of image vortices of order n will have the 
same expression with 


^0 — “ 4 " + ’2 ^ ^ 

Zi = db i nH 


for n odd 


and 


t Ot ih . . « 

^ — j- ± I 


for n even 


We consider first the case of n odd. This will give 


^{n) == 


2in 


log 


. n ( 3a . r, \ 


• ^ / 
»n (2 

« \ 




a ih 

4 "^ 2" 

and the corresponding complex velocity wiU be 
dF r \ n / 3a iA 

<iz(n) 2to[ aV 4 2 ' j 


— cot- iz 
a \ 


4 


)1 


(5.2) 


This expression after a few elementary transformations becomes 

^ - (5 3) 

ia isinhnhla~\-cos2jczlacosh2jtnHla±i3in27tzla8inh27inHla ' * ' 

For practical applications, 27tnHla is much greater than Tth/a for 
in general Hjh > 6. In these conditions if we put 2 n Hja = a with 
a =\2n hja and hja = 0.2806, we shall have c*' > 40,000. 

We may thus, with Glauert^, simplify the expression of w^, even 
for n = 1, by neglecting e”"' in comparison with e*' in the values of 
cosh n a and of sink n a and by neglecting sink n hja < sink a/12 in 
comparison with e"'. 

We thus find 

w^n) = 6"" cosh (cos 2 71 zja^i sin 2 n zja) (5.4) 

Associating the values of n odd, positive and negative, and limiting 
the values of n to dz 1> we have finally 

— 4iJr ^ , jiA 2 ji2 

cosh — cos 

a a a 

A similar calculation can be made for the case where n is even, but 
with the preceding approximation, we may neglect the values of w 
for n > 2. 


^ Qlausbt, H., The Gharaoteristios of a K&nn4n Vortex Street in a Channel 
of finite Breadth. British A.R.C., R. and M. 1151, 1928 — ^29. 


20 * 
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The expression above, then, represents the complementary velocity 
Wc (at a point z) due to the action of the trains of image vortices (aside 
from the velocity due to the train of real vortices). 

Calculating the value of this velocity at the “initial vortex’' z = Zq = 
a/4 + t^/2, we find 

Wc iz - s.) = («c 0 — * o) = a - • 


The velocity produced at the same point by the action of the 
real vortices will have the value 




r , , 

tank 

2a a 


and in consequence the resultant velocity on any vortex in a guided 
flow will be u = Uq + UcQ = — 8c cosh^ (5.5) 

The correction (u — u^) due to the influence of the walls is in the 
neighborhood of 0.04%. It is then negligible and it can be assumed 
that the criterion of stability of the vortex train remains the same as 
in an unlimited stream. 

The coriiplete potential function for a guided flow is then 

= /’i -f i’g = -T- 

^o) 


where 

and 


F ^ _ .LC Ion 

^ 2n ^ sin (n/a) (z f z^) 

„ 2i r ^ . 7ih . 271Z 

Fo = c cosh — sin 

^ 7t a a 


Glauert, from this, derives for the stream function along the walls 
in constrained flow the expression 

Fh 


^p(wall) 


2a 


const. 


whence results the existence of a flow directed upstream of velocity 
rhfaH at all the points of a downstream section such as BB\ 

In order to satisfy the equation of continuity, the rate of the flow 
across the section downstream BB* must be equal to that across the 
section upstream A A', which is — U^H. In consequence of the flow 
upstream of velocity rhjaU across BB\ the condition of continuity 
imposes downstream, the existence of a general velocity of flow — W 
greater than — i. e., 


-W= — U^- 


Fh 

aU 


It results that the general velocity of the real vortices downstream 
will be — IF 4- 

In these conditions the calculation of the drag of the body may 
be effected anew, following K&rmdn’s method by considering the motion 
of the fluid relative to the vortices in the wake downstream. Thus 
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the fluid has the relative velocity with reference to the vortices, the 
body has the relative velocity — (W — Uq) with reference to the fluid 
and the upstream velocity of the fluid is ( — Uq + W — Uo), 

Glauert thus finds that the drag coefficient for a body forming 
a wake of alternate vortices has the value 


- jmvi -(«■«“- ^ 


H 


(5.6) 


This expression is similar to that of KArmdn for the case of a plane 
unlimited flow. 

In order to use this expression it is necessary to know the values 
of uJU^ and of h'/b for a constrained flow; for, a 'priori, it cannot be 
assumed that these ratios preserve values applicable to the case of 
unlimited flow. 

Glauert has given a theoretical approximate solution for this problem 
and the results of his study are in agreement with experimental results 
for bodies of abrupt form such as a plane plate normal to the flow but 
excluding cylindrical bodies with section oval or fusiform. 

From this study it results that the drag coefficient in constrained 
flow is given by the equation 


C 


Dc " 







UqIUq and hjb being the values relative to a plane unlimited flow. For 
a plane plate normal to the velocity, Heisenberg’s^ values may be 

adopted, *.€. =0.2295 and >*=0.3535 


There results for the case of a plane plate, 
(^J)c ~ + 4 ^ 


or again A Cn — Cj)c= — 4 

The coefficient Cj) of a plane plate of infinite extent being near 
to 2, it is seen that a ratio bjH = 1/20 leads to a correction A of about 
10% of the value of Cjj, 

6. Influence of Rigid Walls Limiting a Plane Constrained Flow on 
the Resistance of Cylinders with Sections Elongated in the Direction of 
the Flow. In this case the search for the complementary potential 
corresponding to the constraints of the walls limiting a plane flow must 
be made by assuming a uniform plane flow without circulation around 
the obstacle. This problem has been solved by Sir Richard Glazebrook* 
for the case of Rankine ovals. In practice the profile of the body under 

^ Phys. Zeitschr., Vol. 23, p. 363, 1922. 

^ Glazebkook, R., Trans. Inst. Naval Architects, p. 156, 1909. 
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test is frequently derived from the circle by conformal transformation 
and it therefore becomes of interest to treat the case of the circular 
cylinder. 

a) Case of Circtdar Cylinder {Radius R), The constraints due to 
the limi ting walls may be replaced by an infinite series of images situated 
at the distances =ir i nk, k being the height of the plane flow. 

The cylinder itself and its images may be considered as resulting from 
the superposition of a flow of translation of velocity — parallel 
to Ox with the flow due to a doublet located at the center of each of the 
circles. The potential function for an image of order n, in these con- 
ditions will be^ F(n) == M ~~ jTfn k — ® 


and the total potential for the collectivity of images and real cylinder 


will be F == — Uqz + M 


.y + y( ^ ^ \ 

z ‘ \z — ink ' z ink / 


which with Af j = M nlh becomes 

1 


P^-Uoz + M, 

or again F = — UqZ + coth 


2z 


1 


nzjk nk ^ z*/ifc* + n* 


( 6 . 1 ) 

(6.2) 

(6.3) 


The factor is found by the condition that for z = ± i? = x, the 
velocity dFjdz = dtpjdx = 0. We find then successively, 

= ^ ± coth j~- = (fQ 

dF ^ rr %jr ^Ik n 

whence if ^ = — (U^kln) sin h? n Rjk, 

Finally the total potential takes the form 


F= — U^z — 


— Ufzk , nR nz 

— ® 8inh* - y-coth , 
n k k 


whence 


dF 

ti; = = - 

dz 


8inh* n Rjk \ 
sinh^nz/k ) 


(6.4) 

( 6 . 6 ) 


On the waUs where z = x±i ifc/2, it is easily seen that the normal 
component is zero and the velocity reduces to 

T>lh V 

( 6 . 6 ) 


jj /, sinh*nRlk\ 


It is desirable also to show that the deformation of the circular contour 
resulting from this flow is negligible. To this end it is sufficient to take 


^ The potential F^o) due to a doublet located at the origin 0 is F(o) ~ M/z 
where M = — 2a/« in the notation of Division B IV 10. 
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the value of at a point z — ib and then find the relation between 
R and b. This gives 


= — UQib + ainh* ^ cot = (y + i V')*='<6 


whence fp(g^ii,) = — UQb + sirih^ ^ ^ (6.7) 


and 


sink 


nR -| / 

ic ~ \~l 


h ^ nb 

T^^-k 


From this it is readily seen that for the usual values of B/k, the 
ratio Rfb is sensibly 1, at least within a few thousandths. 

We can now calculate the velocity w at any point whatever of the 
circle of radius E. To this end the expression for w may be transformed 
in the manner suggested by Hans Ermisch^ i, e. 

nR 


— iw == — Uq^ 


1 — sinh^ - 




( 6 . 8 ) 


where 


and 




co«A* n x/k — co«* n y/k 

A fi tonA n x/k tan n yjk 

tan 6 — 2 - n 
tan^ n y k — tonA” n x k 


This will give 

= [1 — 2 ainh^ n Elk qcosd + sinh^ n Elk g*] (6.9) 

In a plane unlimited flow, the velocity at a point z = Re^^ on the 
circle is given by the equation 

— 2 sin 0 


If V and Foo are calculated for various points on the circle (remem- 
bering that V and F* denote respectively the constrained and the 
unconstrained flow at any point on the circle), and the ratio m = F/F* 
is found, it will appear that m varies but little over the entire contour 
of the circle. It is then sufficient to determine the value at the point 
z ^ iR (0 — 7 iI2), For this point we find. 


= 2 ( 


- sink* n R/k \ 
^ ~8in^^Rlk ~) 


( 6 . 10 ) 


The following table gives the values of mj for various values of the 
ratio kl2R 


kl2R = 8.6 

5.66 

4.26 

3.40 

2.83 

2.26 

10^ — 1.01 

1.026 

1.0476 

1.075 

1.116 

1.196 

m? = 1.02 

1.05 

1.097 

1.156 

1.243 

1.430 


^ Ebmisoh, H., StrOmungsverlauf und Druokverteilung an WiderstandskOrpern 
in Abh&ngigkeit von der Reynolds’schen Zahl. Abhandlungen ana dem Aero- 
dynamisohen Inatitut Aaohen, Heft 6, 1927. 
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And the following table gives the values of m at various points on 
the contour for the ratio kl2R = 2.25. 

0 0 23.5® 33.2® 48® 60® 70.5® 80.5® 90® 

m I.I75 I.I8 1.I8I 1.19 1.192 1.192 1.195 

It is seen that for this particularly severe case, m varies but slightly 
except near the point of velocity zero upstream and down. 

Finally then, the influence of the walls limiting a plane guided flow, 
appears as an increase of velocities on the circular contour in the ratio 

m — m^. It is therefore 
equal to the action of a 
flow of velocity m in- 
stead of Uq. 

h) Case of Cylinders 
of which the Profile is a 
Rankine Oval or a Eicon- 
vex. Fage^ has found an 
analogous result in calcu- 
lating the ratio m at 
various points of con- 
tours defined by five Ran- 
kine ovals for which he 
had adopted Glazebrook’s 
stream function. 

These sections were characterized by the ratios Ijt of the major to 
the minor axis. The value of the ratio m = VIV^ was calculated for 
points corresponding to the relative ordinates yjt ~ 0.5, 0.4, 0.25 for 
the influence due to a plane flow of which the dimensions were charac- 
terized by the ratio kjt from 28 to 5. The calculation shows that the 
ratio m is almost constant over the entire contour except for locations 
near the point of stagnation at the extremities of the major axis. At 
the same time when the ratio kft decreases notably, it is found that the 
value of m suffers a continued decrease from the value at the prin- 
cipal section {yjt = 1). 

The curves of Fig. 33 represent the values of for the various ovals 
and for the various values of kjt. 

Fage considers that the modifications of form of the various ovals 
as a function of the ratio kjt may be neglected, as indeed we have seen 
above for the circular cylinder of which the section becomes an ellipse 
in the total flow including the images of the real doublet. 

In this most unfavorable case, the error in the value of does 
not reach 1%. 

^ Face, A., On the Two-Dimensional Flow Past a Body of Symmetrical Gross- 
Section Mounted in a Channel of Finite Breadth, British A.R.C., R. and M. 
1223, 1928--29. 
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This same author carried out later, systematic tests on the influence 
of rigid walls with plane flow on the drag of bodies such as wings with 
symmetric profile and profiles in the form of Rankine ovals. He found 
that the relative increase in the drag coefficient in free plane flow could 
be represented in the form 


or again 


Gj) 00 
Gpic) 

Cnioo) 


Gj)c — Gjy oo 

Odoo 


(m\ — 


= 1 + A?! (mf — 1) 


1 ) 


(6.11) 


where is the theoretical ratio 
of the velocities on the profile in 
unlimited plane velocity, and 
is an empirical coefficient which 
depends chiefly on the form of 
the profile and which allows for 
the difference between the actual 
and the theoretical velocity. 

It results from these tests 
that the factor depends chiefly 
on the coefficient Cjjrj,, The 
following numerical values are 
drawn from Fage’s mean curve, 

ifci 0.5 1.0 

Cjj^ 0.005 0.010 0.015 0.02 0.03 1.20 

(elongated forms) (circle) 

where represents the drag coefficient for motion along the direction 
of the major axis. 

The factor (m\ — 1) depends only on the ratios kjt and cjt. The curves 
of Fig. 34 give the values of (m\ — 1) for various values of these ratios. 

It is of interest to note with Fage, that the formula proposed is 
applicable even in the case of a circular cylinder, but that the coefficient 
of drag corresponding is much greater than that for cylinders with 
elongated sections. Furthermore in his tests on the cylinder, Fage 
reached a value of the Reynolds number of about 2.65 x 10*. (U^D == 
4.14 /*/«). 

The corresponding coefficient Cjy has a value of 1.2 (for an infinite 
extension) and the real flow must comprise a wake with alternate vortex 
trains. It follows that the influence of the limitation of the plane flow 
calculated by the equation 

^ = 2.33 (to* — 1) (6.12) 

C'X) c» 



1.25 1.5 1.75 2.33 


with 

comprises implicitly 


^ _ 1 /l I 9inh^nRll^\ 

~ 2 + 'sin*nRlk ) 

the influence of the alternate vortices on the drag. 
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These results seem to c^lmit of extension to the case of profiles of 
lifting wings. For ordinary tests the dimensions of the models are 
relatively small and the preceding corrections are negligible. However, 
for special tests, such for example as the drag of the profile as a function 
of its surface covering, it might be found advantageous to employ models 
of large dimensions and in such case these corrections would become 
applicable. 

Lock's Approximate Method^. The method of images has been em- 
ployed by Lock, in dealing with this problem, with some simplification 
in the calculation of the complementary velocities due to the images. 
Thus for the case of the circular cylinder, the complementary velocity 
due to the real doublet is given [as may be seen from (6.1)] by 


V 

1 


(2 — irii 


i)* ^ (z + 


1 

ink)^ 


At the point 2 = 0 we shall have 


(6.14) 


1 

If we neglect the slight deformation, relative to the circle, of the 
closed contour resulting from the unlimited plane flow, completed by 
the potential of the velocities due to the images of the real doublet, 
we may take for M the value corresponding to the real doublet in un- 
limited plane flow of velocity C/q, that is, 

Under these conditions, for the cylinder of radius i? in a plane flow 
of height h, we shall have 


(Tp 3ik* 


12 \ 12 ./ 


0.822 


(-)• 


(6.16) 


This approximate value of iiiIUq is to be compared with the values 
of (m^ — 1) previously calculated. The following table gives the result 
of this comparison. 


kl2R = 8.5 

5.66 

4.26 

3.40 

2.83 

2.226 

2Rlk = 0.1176 

0.1766 

0.236 

0.294 

0.354 

0.460 

= 0.0113 

0.0267 

0.0465 

0.0712 

0.1027 

0.166 

(nil — 1) =0.010 

0.026 

0.0476 

0.076 

0.116 

0.196 


For usual values and even for exceptional values of 2Rlk, the agree- 
ment is very satisfactory. 

Lock has also applied this method to the case of cylinders of which 
the directrix is: 


^ Look, M., The Interferenoe of a Wind Tunnel on a Symmetrical Body, British 
A.B.C., R. and M. 1275, 1929. 
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1) An ellipse. 

2) A Bankine oval. 

3) A Joukowski symmetrical profile generalized by the K&rmdn- 
Trefftz method to give a finite angle at the trailing edge. 

4) A Joukowski symmetrical profile (angle zero at the trailing edge). 

It is known that the Joukowski transformation z = f may 

be generalized in the form^ 

2 + (C-hA)q 

and that this latter form may be expressed by the expansion 


in which 


n=l ^ 

= A* 


(6.17) 


and for the Joukowski transformation, q == 2 and A == c. 

We assume first a plane uniform flow transformed about a circle and 
the latter then transformed around a Joukowski profile. The eomplex 
velocities at any homologous points are in the ratio 




Wz 


I _ nxn 




n = 1 


(6.18) 


For the first transformation we have A = c = .R and the velocity 
w^{n= 1) in the unlimited flow about the circle is given by 

w; = ^* ) (^ 1 ^) 

(see the Joukowski form above). 

For the calculation in the present case, the function of transformation 
for the Joukowski profile may be limited to the first two terms {x = 1) 

thus, + (6.20) 

with g = 2 in the caae of the Joukowski profiles and g < 2 for the 
K&rmdn-Trefftz profiles. Under these conditions we shall have, with 
analogous approximations suitable especially for large values of ( 
dz .. / g*— 1 \ c* 

dj ~ ^ ~ I 3 7 C* 


d: 

«’(5) = w<*) -J7 


UAl 


c* 

IP 

c* 




7^1 


[■ 

+ ■"] 


(6.21) 


^ Toussaxnt, A. and Cabafoli, E., Th6orie et Traote des Profils d'ailes suaten- 
tatrioes, pp. 26, 50., Paris, 1927. 
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For points located on the axis, we shall have 

1 ;.— ( 6 . 22 ) 

Thus in the case of a profile in an unlimited plane flow, the velocity 
due to the system of sources and sinks equivalent to this profile is equal 
to the velocity (U^R^IC^) due to a doublet, multiplied by the factor 

3 


The limited plane flow around such a profile may be represented 
by a plane flow around a system composed of the real profile and an 
infinite series of profile images ; such system resulting from the application 
of the function of transformation to each of the circles of the unlimited 
system composed of the doublet images and the real doublet. 

In consequence, at the real profile, the complementary velocity due 
to the profile images will be equal to the complementary velocity due 

to the doublet images multiplied by the factor 1 1 ^ 

_ n* /, g*— 1 c* 

' 3 Rt 


[see (6.14), (6.11), (6.21)] with y nk and — oo ...n...+ oo. 
For the usual profiles we have 


c 


= 1 + 


xt 

~r 


+ 




With X == 0.77 for ordinary Joukowski profiles, 
and X = 0.62 for usual Kdrmdn-Trefftz profiles, 
and c ^ //4. 

Lock introduces a coefficient which depends on the form of the 
contour and the ratio of its two axes Ijt, This coefficient is defined by: 

“ 4j,2 — 4„i!‘ (jfc) 

where u is the added image velocity for a single image and the summation 
-f qc 

is represented by ^ I/ti* = 7t^/3. (Note that here t = twice the value 

— oc 

of Lock’s t,) 

Neglecting terms of higher order, wc find here as the value of this 


coefficient 


,(4-g») 

’12" 


(-rr+2(;) 


+T-- 


This, with q = 2 (Joukowski profiles), gives 

- X I Z 

kf) = -2-r + 4 ^ 


^ Lock, he. cU., p. 621, and diagram 4 for values of X, 
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and for Kdrman-Trefftz profiles with 
qr = 2.5 — 0.5- 


g = 2.5 — 0.5 — and x = 0.62 
kK. T.) = 0.385 + 0.415 y 

For an elliptical profile of which the axes are I and t. Lock found 
A«) = 0.5 + 0.5| 

Under these conditions it may be assumed, as previously, that the 
increase of drag due to the action of the walls in limiting the plane flow, 
will be given by 


CDJik) — C/> (Qo) 
Cz)(oo) 




= *4 A -. 1.644 + 


0.675 -g- 


which for small values of tjk may be reduced to 

k.^ (mi — 1) ~ 1.644 


If these results are compared with those calculated or found ex- 
perimentally by Fage^ the following conclusions may be formulated. 

1) The values of uJUq are in very good agreement with the theoretical 
values of (m^ — 1) for all contours for which Ijt 6, that is, for tjl >0.17. 

2) For contours more extended, even to Ijt == 18.5 the agreement 
is also very good so long as the chord of the profile does not notably 
exceed the height of the flow (I r^k). 

3) Comparison with the experimental results shows that the influence 

of the dimensions of the flow is of order (tjk)^ and the values of the 
coefficient comprised between 1 and 1.9 for all the usual contours 

(especially those of wings) where the drag coefficient Cd ^0.03. 

In general then, the influence of a limited plane flow on the resistance 
of cylindrical bodies of which the directrix is a contour of elongated 
form (similar to the profile of wings) is expressed by an increase of the 
drag coefficient which may be expressed by the formula 

A(7j3 = (7^(*)[l.644MjI] 

A being the coefficient noted above, and /bg being an empirical coefficient 
which depends on the form of the contour and on its resistance in an 
unlimited flow. 

For a gn^atly elongated contour of which the chord I is large in com- 
parison with the height k of the flow, we may still evaluate the com- 
plementary velocity by assuming that the velocity Uq + w is constant 

1 Fagk. a., British A.R.C., R. and M. 1223. 
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in the entire space comprised between the maximum thickness of the 
contour and the walls limiting the flow. Under these conditions, the 
equation of continuity gives 


whence 


Uok=:^{U^ + u) (k — t) 


u 




Uo 


If now we consider the velocity {U^ + Wq) which is observed in an 
unlimited plane flow in the zone of maximum thickness, the comple- 
mentary velocity ti^ may be defined by the equation 

til _ ti _ t JJo 

iJo ““ Uo -4- tio ~ k — t Uo + tio 

The values of Uq + UqSls above defined may be calculated theoretically 
from the form of the contour. 

If this procedure is applied to the Rankine ovals of length-breadth 
ratio 9.8 and 18.3. Lock finds that the values of thus calculated, 

agree to an approximation of 1% with the theoretical values, if the 
length of the contour is at least equal to the height h of the flow. 

By a combination of the two approximate methods for the calculation 
of tq/Uo, the mean value adopted will be very near the theoretical values 
when tjk < 0.2. 


7. Influence of the Walls Limiting the Flow on the Drag of a Body 
of Revolution. Lock {loc, cit.) has proposed to extend to the case of 
flow in three dimensions, the results previously found for plane flow 
with cylindrical obstacles. 

To this end he considers that the complementary velocity, due to 
the images of the sources and sinks which define the body of revolution. 


will be of the form 


Vo 



in which 


T is a constant coefficient the value of which depends only on the 
form of the flow. 


A is a coefficient which depends only on the form of the body with 
reference to its relative elongation. For a sphere A = 1. 

$18 is the ratio of the area of maximum section of the body to that 
of the flow. 


The values of r, to a first approximation are as follows: 

Square section 0.81 

Circular section 0.80 

Rectangular section (2/1) 1.03 

The values of A have been calculated for the Rankine **o voids” and 
for spheroids. 
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Lock found for the case of a free flow, that to a first approximation, 
values are given by the equation 



at which the values are now 

Free stream, square section, t = — 0.24. 

Free stream, circular section t = — 0.20. 

It is to be noted that the value of UilU^ is about 1/4 that corresponding 
to the case of a limited flow and that the correction A Cjy is notably 
less and of the opposite sign. To these approximate theoretical corrections. 
Lock proposes the application of an empirical factor analogous or 
equal to the factor k 2 found for the case of plane flow. 


EXPERIMENTAL METBODS— WIND TUNNELS 

PART 2 

By 

Eastman Jacobs, 

N.A.C.A Langley Field, Virginia 

CHAPTER I 

SCALE EFFECT 

1. Introductory, The fact that wind-tunnel model tests are almost 
indispensable to the development of new types of aircraft and to the 
study of the aerodynamic properties of bodies is generally recognized. 
Practically all that is known about the aerodynamic properties of bodies, 
that is, how the air acts upon them, has been learned as a result of wind- 
tunnel tests. A large number of airplane builders conduct model tests 
as a matter of routine, several in their own wind tunnels. It is at once 
evident, therefore, that a proper understanding of the results and limi- 
tations of wind-tunnel model tests is necessary to the intelligent study 
and practice of aerodynamics and aeronautic engineering. 

The fact, however, that the results of wind-tunnel tests on small 
models are often not directly applicable to full-scale conditions is not 
so generally recognized. The air in a wind tunnel does not necessarily 
act on the small model in a manner similar to that of the free air on the 
similar full-scale object. A part of any difference between them is due 
to different basic conditions; the model is placed in a limited stream 
of relatively turbulent air, whereas the full-scale object passes through 
a very large volume of air, the turbulent condition of which is prob- 
lematical. Differences in the action of the air on two similar bodies 
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may likewise exist apart from any dissimilarity in the surrounding con- 
ditions when the two similar objects are of different size. 

Naturally the larger body may be expected to experience larger 
air forces because of its greater size ; and, if its speed is higher, because 
of its greater speed. Such differences are not ordinarily referred to as 
scale effect and disappear if the forces are expressed in suitable coefficient 
form; but any change in the value of the coefficient with scale, or in 
other words, any variation from the expected change of force with size 
and speed is referred to as scale effect. 

When a large range of velocity or size is involved, there will exist 
in general a scale effect; that is, the value of the coefficients will not 
remain constant. In certain special cases the coefficients may change 
as much as several hundred per cent and they may change so rapidly 
with the scale that the familiar speed square and area laws of the force 
variation with velocity and size do not apply even approximately. An 
example might be cited of two geometrically similar bodies of different 
size the larger of which would experience the lower resistance. It is 
evident, therefore, that the question of scale effect is one which must 
be dealt with as long as the results of model tests are to be used. 

2. Fundamental Conceptions. Before proceeding to a more detailed 
discussion of scale effect, we may notc^ that the general ground for the 
application of the laws of kinematic similitude (see Division A IV) to 
two systems comprising solid bodies and a fluid in relative motion, is 
based on the assumption of geometrical similarity as between the solid 
bodies and kinematic similarity as between the relative motions. The 
former may be closely realized but we can, by no means, be so sure of 
the latter. 

However, let us consider for the time being two systems which are 
assumed to be fully similar: a full-scale flow, the characteristics of which 
will be denoted by symbols with the subscript (1), and a model flow, 
the characteristics of which will be denoted by symbols with the sub- 
script (2). If the flows are steady, and the velocities, V, are sufficiently 
low so that changes in the density, p, may be neglected, then the velo- 
cities Vi and Fg will maintain the constant ratio F^/Fg at corresponding 
points of the flows and if stable flow is to be maintained by the action 
of pressures alone, the pressure differences, JP, between pairs of corre- 
sponding points must satisfy the condition 



Conversely, if the pressure forces are the only ones acting, (2.1) will be 
satisfied at all points if the boundary conditions are similar. The ratio 
of the air forces on corresponding areas is then, 

V\l\ 

F, Q,vm 


( 2 . 2 ) 
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where { is a characteristic length. The above equations will be seen to 
express a balance between the pressure forces and the inertial forces 
in the flow. If a new set of forces is brought into play, this balance 
can no longer be maintained, unless the new set of forces, F\ (the viscous 
forces) are in the same ratio: 


- RiIUL 


(2.3) 


but the viscous forces acting on a given area are proportional to the 
coefficient of viscosity, /i; the velocity gradient, which for similar flows 
is proportional to F/J; and the area, therefore 

F\ _ /O 

/^2 ^2/^2 ^2 f ^ 2 ^ 2^2 


Combining (2.3) and (2.4) we find the necessary condition for flow 


similarity : 
or 


Q i H _ i“i 

Q2 ^ t ^2 F2 ^2 

Pi h _ ^2 ^2 h 

1^1 fh 


(2.5) 


A model and a full-scale flow can not be similar, if the forces resulting 
from the viscosity of the air are appreciable, unless (2.5) is satisfied. 
If (2.5) is satisfied, the forces may be compared by (2.2); but if the 
flows are not similar, the model test can give no direct indication of 
the full-scale forces. 

The non-dimensional ratio q V Ij/j, has been given the name ^'Reynolds 
number'^ after the English physicist, Osborne Reynolds, who first recog- 
nized its importance in connection with the conditions under which 
fluid movement in pipes changes from laminar to turbulent flow. The 
Reynolds number is a measure of the dynamic scale of the flow, and 
two flows having equal values of the Reynolds number are said to be 
at the same scale. It is important also to note that the Reynolds number 
is a measure of the relative importance of pressure and viscous forces 
in the flows; under otherwise similar conditions, the viscous forces at 
any point tend to become smaller relative to the pressure forces as the 
Reynolds number is increased. 


3. Conditions for Flow Similarity. As shown above, when the pressure 
and viscous forces are both important in a flow, one condition for flow 
similarity is that the Reynolds numbers must be equal; there may be 
other forces and other conditions, however. Aside from the obvious 
condition that the objects must be geometrically similar, the motions 
of the two objects must also be similar, if the motion is other than recti- 
linear. For example, a model propeller must be tested at the same 
effective pitch ratio, F/nZ), as that for which the characteristics of the 
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full-scale propeller are desired. The ratio of the tangential to the forward 
velocity of the blade elements is then the same in both and the motions 
are similar. 

If gravitational forces are important in a flow, as they are in the 
testing of ship models, it is necessary that the velocities be in the ratio 
of the square roots of similar linear dimensions — a condition known as 
Froude’s law. 

If the speeds are sufficiently high, the pressure differences between 
different points become so large that density changes within the fluid 
may no longer be neglected. A third condition must then be satisfied 
if the model and full-scale flows are to be alike. It may be shown by 
the application of the theory of dimensions^, that in consequence of 
this condition, the ratios of the velocities of the bodies to the velocities 
of sound in the two fluid media must be equal in the model and full- 
scale flows. 

When the required conditions for flow similarity are not exactly 
satisfied, experiments must be relied upon to determine whether or not 
the model tests are of value. In the usual form of aerodynamic model 
testing, the Value of the Reynolds number is much lower than the full- 
scale value. Consequently, the viscous forces, as compared with the 
pressure or mass forces, are relatively much larger in the model flow; 
and, strictly speaking, the model and full-scale flows are not similar. 
The coefficient of viscosity of air is very small and the viscous forces 
in a flow are usually small as compared with the pressure forces. Experi- 
ments have repeatedly shown, however, that no slipping takes place 
between the fluid and the solid surface of an immersed object. The fluid 
immediately adjacent to the solid surface is at rest with resjKJct to the 
surface. It is evident, therefore, that however small the viscosity of 
the fluid, the viscous forces near a solid surface in the flow become 
sufficiently large to predominate and to bring to rest the fluid actually 
in contact with the surface. 

The layer of fluid adjacent to the surface in which the viscous forces 
are important is referred to as the boundary layer. Outside of this 
thin layer the viscous forces, at values of the Reynolds number common 
to aeronautical work, are probably so small that their immediate effect 
is negligible. The question may then naturally arise: How can the 
value of the Re 3 molds number, which determines the relative importance 
of the viscous forces, determine the characteristics of a flow about an 
object if these forces are important only in a very thin layer adjacent 
to the object ? It is known that the character of the flow in the boundary 
layer may determine the general character of the entire flow, either 
through direct action by controlling the shearing forces transmitted to 

^ See Division A TV, also Division H 1 8. • 
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the surface of the object, or through indirect action affecting the entire 
flow. 

It is not surprising to find that the intensity of the shearing forces 
transmitted to the surface of an object depends on the value of the 
Reynolds number. A discussion of this subject will be found in 4. Only 
a small portion of the air forces most frequently encountered in practice 
may be attributed directly to skin friction. Usually, therefore, the 
indirect effect of the boundary layer upon the entire flow is the more 
important. 

As an example of the indirect effect of the character of the flow 
in the boundary layer, the characteristics of the flow about a bluff 
body may be considered. The explanation of the flow about a sphere, 
due to Prandtl, may be taken as typical. In the early stages of the 
flow, soon after the motion has begun, the distribution of the pressures 
and velocities in the flow is approximately that which would be expected 
if the effect of viscosity were entirely absent. This type of flow is 83 an- 
metrical in front and behind the sphere and gives rise to no drag force. 
Air particles in passing along the surface of the sphere must be accelerated 
in passing from the front pole to the equator and then decelerated in 
passing from the equator to the rear pole. The potential head, repre- 
sented by the impact pressure at the front pole, must be transformed 
into velocity head. Then, in order to maintain this type of flow, this 
velocity head must be transformed back into the same potential head 
when the particles again come to rest at the rear pole. During the 
acceleration period, however, the particles have lost a part of their 
energy as a result of the action of viscous forces. Consequently, when 
at the equator they meet with an adverse pressure gradient, their kinetic 
energy is insufficient to carry them against this adverse pressure on 
to the rear pole. The particles therefore tend to come to rest and to 
accumulate behind the sphere before reaching the rear pole. These 
stationary particles, under the action of the adverse pressure gradient, 
then tend to flow back toward the low pressure region at the equator. 
The result is that a secondary return flow is started, imderrunning the 
main flow, separating it from the surface of the sphere and thus forming 
a turbulent dead air region behind the sphere. 

The point of separation moves forward along the surface until a 
position is reached where the momentum carried into the inner layers 
by the viscous forces from the overrunning flow is sufficient to prevent 
a further progression of the underrunning return flow. The position 
of this equilibrium point will determine the size of the turbulent wake 
and the characteristics of the entire flow. In this way, it is possible 
for the viscous forces to determine the characteristics of an entire flow 
in spite of the fact that the viscosity of the fluid may be small and its 
immediate effects confined to a very thin layer. 


21 * 
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4. Seale Effect on Certain Bodies — ^Flat Plates. When a flat plate 
is exposed to an airstream with its faces parallel to the direction of flow, 
no pressure forces can act upon it in the direction of motion, if the plate 
is sufficiently smooth and thin. The drag forces on such a plate must 
then be entirely the result of viscous forces. As we have already seen, 
it has been experimentally established that there is no slipping between 
the plate and the air immediately adjacent to it, and hence, with respect 
to the plate, the velocity of the air immediately adjacent to it is zero. 



Fig. 1. Skin Friction on Flat Plate, Laminar Flow. 


The intensity of the viscous drag on the surface of the plate may, therefore, 
be written 


where u is the velocity, y the distance taken 1 to the surface and the 
subscript 0 implies the ratio dujdy at the surface of the plate. 

The scale effect may then be predicted in a general way from this 
equation. As we move from the leading edge of the plate toward the 
trailing edge, we may think of the Reynolds Number of the flow at the 
point increasing as the distance x from the nose is increased. 

Near the nose of the plate, the velocity gradient at the surface (dujd y) 
will be large and consequently the intensity of the viscous drag will be 
large. As we increase the Reynolds number by passing downstream 
along the plate, the air retarded by the plate tends to accumulate and 
this layer of retarded air becomes thicker with the result that the velocity 
gradients become smaller. Accordingly, as we increase the Reynolds 
number, the intensity of the skin friction decreases^ as shown in Fig. 1. 


^ The exact solution of the laminar flow over a thin flat plate has been given 
by H. Blasius: Zeitsohrift fiir Math. u. Physik, Vol. 56, p. 1, 1908. His solution 
leads to the result: Co == 1.34 
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As we pass backward along the plate, the boundary layer continues 
to thicken and the shearing stress on the plate to decrease, but it has 
been shown experimentally that this type of flow is unstable if the 
Reynolds number exceeds a value known as the lower critical value. 
The laminar flow which we have been discussing may, however, continue 
beyond this value of the Reynolds number if the inflow on the plate 
is sufficiently steady^. However, if we continue downstream along the 
plate, we shall eventually reach a point where the flow in the boundary 



Reynolds Number 

Fik'. 2. Skin Friction on Flat Plate, Turbulent Flow. 

layer changes from laminar to turbulent. The transition of the flow 
to the turbulent condition brings about drastic changes in the air forces. 
Whereas, previously the shearing stresses were transmitted through 
the boundary layer only by virtue of the fluid viscosity, the stresses 
are now transmitted by the scouring action of the turbulent air. High 
velocity air is carried very close to the surface of the plate by transverse 
flow in the eddies. If the flow in the boundary layer had been turbulent 
from the first, the intensity of the skin friction would have been something 
like that shown by the curves of Fig. 2. We may expect to find a more 
or less abrupt rise in the intensity of the skin friction at the transition 
point. In Fig. 3, the intensity is shown by the dotted line to rise to the 
turbulent skin friction intensity and then to fall off along a curve as 
though the flow had been turbulent from the beginning. 

Now passing on downstream along the plate, with further increase 
in the Rejmolds number, the turbulent boundary layer increases in 
thickness, as did the laminar boundary layer, but the intensity of the 
skin friction decreases more slowly. The boundary layer now consists 

1 U.S. N.A.C.A. Teohnioal Report No. 342. 
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of an outer layer of air in the turbulent state, underlaid by an inner 
layer adjacent to the surface in which the forces continue to be trans- 
mitted to the surface through the action of viscosity. 

The skin friction drag coefficient may be obtained by integrating 
the intensity. The scale effect on the drag of a flat plate may then be 
shown by a curve such as that marked “average (coefficient)” in Fig. 3. 
The Blasius law of skin friction with laminar flow may be represented 
by a straight line plot of the drag coefficient against the Reynolds 



Fig. 3. Skin Friotion on Flat Plate, Combined Laminar and Turbulent Flow. 


niunber on logarithmic scales. Prandtl’s semi-empirical relation for 
turbulent flow in the boundary layer ^ is 

Cjy = .0747^-l^5 

and is also represented as a straight line on logarithmic scales. These 
curves are represented in Fig. 4 together with several curves that represent 
the drag coefficient corresponding to conditions with part laminar and 
part turbulent flow in the boundary layer. The different curves were 
obtained by assuming different values of the critical Reynolds number ; 
that is, the Reynolds number at which the transition from laminar 
to turbulent flow in the boundary layer takes place. 

Airshi'pa. The drag of an airship is due mainly to the skin friction 
on its surface. Measurements of the distribution of the normal pressures 
over the surface of airship forms have repeatedly shown that the drag 
due to the pressure forces alone is small. It is not surprising, therefore, 
to find that the scale effect on the drag of airships resembles somewhat 
the scale effect on the skin friction drag of flat plates. In Fig. 5 are 
shown the results of drag tests of the same model airship in several 

^ Ergebnisse der Aerodynamischen Versuohsanstalt zu Gdttingen, III. Lieferung, 
Berlin, 1927. 
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different wind tunnels. Lines indicating the skin friction on a rectangular 
flat plate having the same length and area have been computed from 
the relations given in the previous section and are plotted on the same 
sheet for comparison. 

It will be noted that the drag coefficient curves plotted against the 
Reynolds number resemble somewhat the transition curves for flat plates. 
Aside from the existence of some pressure drag, the following consider- 
ations suggest caution regarding an undue extension of the analogy 



between the drag of airships and the drag of flat plates. Over the forward 
portion of the airship hull a pressure gradient exists which opposes the 
accumulation of air in the boundary layer. Furthermore, the boundary 
layer tends to remain thin because, as a result of the increasing 
circumference of the body, a given volume of reduced-energy air forms 
a thinner layer as it moves aft. Over the after portion of the hull, 
opposite conditions obtain^. 

Dryden*, in connection with a study of wind tunnel turbulence, has 
attempted a quantitative study of the variation of drag coefficient of 
an airship with the Reynolds number. His studies indicate that the 
different results obtained from different wind tunnels may be attributed 
to differences in the turbulence of the airstreams. Referring to Fig. 5, 

^ Tliese effects have subsequently been analyzed by Clark Milukan, A.S.M.E. 
Trans., Applied Mechanics, Vol. 64, No. 2, pp. 29--43, January 30, 1932. 

* U.S. N.A.C.A. Teohnioal Report No. 342. 
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the drag coefficients as obtained from different tunnels are seen to tend 
to converge as the Reynolds number is increased, toward the curve 
obtained from the Variable Density Wind Tunnel^ (curve marked A). 
This curve was obtained from tests in the original Variable Density 
Wind Tunnel. Airship tests made since the tunnel was rebuilt, have 
given results at the lower values of the Reynolds number more ' like 
those from other tunnels because the turbulence has been reduced. 'The 

I 

above discussion suffices to show the futility of an attempt to predict 





001^ ^ ^ L-l ..I..! i ! 1 ^ ^ L, 1 1. 1 1 1 I 111 

(w m)^ (10)^ m)^ (lof 

R^olds Number 

Flgr. 5. Airship Model Tests in Different Tunnels. A. National Advisory Committee for 
Aeronautics, V.D.T. — 5 ft. B. Washington Navy Yard — 8 ft. C. Royal Aircraft Establish- 
ment — 4 ft. D. National Advisory Committee for Aeronautics, Atm. — 5 ft. E. Massachusetts 
Institute of Technology — 7.5 ft. F. Massachusetts Institute of Technology — 4 ft. G. National 
Physical Laboratory — 7 ft. H. United States Bureau of Standards — 10 ft. I. United States 

Bureau of Standards — 3 ft. 

the drag of an airship from an ordinary model test ; the extrapolation 
from the results of a test in the Variable Density Wind Tunnel to 
full-scale values of the Reynolds number for airships is sufficiently 
hazardous. 

Spheres. The scale effect on the drag of spheres may be taken as 
typical of that on bluff bodies that have no definite point at which the 
flow leaves the surface. The drag of such bodies is due mainly to the 
action of pressure forces rather than to viscous forces. The scale effect 
that is observed must therefore be attributed to the indirect action of the 
viscous forces as pointed out under the general discussion of scale effect. 


^ See Chapter II. Also U.S. N.A.C.A. Technical Report No. 227. 
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The curve in Fig. 6 represents the variation of the drag coefficient 
of a sphere with the Reynolds number. The curve* is characterized by 
a very steep portion indicating a rapid reduction in the drag coefficient 
with increasing values of the Reynolds number in the region of the 
value known as the critical Reynolds number. 

In 3, the manner in which a separation point of the flow is established 
on the surface of the sphere was discussed. It will be remembered that 
at the separation point the further progression of the returning or under- 
running flow from the dead air region behind the sphere is prevented 
by the shearing stresses from the overrunning flow. We may now explain 
the rapid reduction of the drag coefficient as the Reynolds number 
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Fitf. 6. Variation of Sphere Coefficient with Scale. 


is increased. Experiments^ have shown that below the critical Reynolds 
number the separation point is forward of the equator. The turbulent 
wake is therefore large and the drag coefficient is comparatively high. 
However, as the Reynolds number is increased, the boundary layer 
flow in the neighborhood of the separation point becomes turbulent 
and the separation point is forced backward by the scouring action of 
the turbulent air until the turbulent wake becomes comparatively small 
and the flow approaches more closely the symmetrical potential flow 
which gives rise to no drag. If the sphere is tested in an airstream 
having a greater degree of turbulence, we may expect to find that the 
transition to turbulent flow in the boundary layer takes place sooner 
and that the value of the critical Reynolds number is reduced 

The nature of the conditions giving rise to the scale effect in the 
range of the Reynolds number above the critical value is not so well 

^ U.S. N.A.C.A. Teohnioal Memorandum No. 476. 

‘ For a more complete discussion of the aerodynamic characteristics of the 
sphere see U.S. N.A.C.A. Teohnioal Reports Nos. 186 and 342, Technical Note 
No. 312 and Teohnioal Memorandum No. 476. 
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understood. However, the results of sphere tests in the Variable Density 
Wind Tunnel have shown that as the Re3niolds number is increased 
above the critical value, the drag coefficient falls to a minimum and then 
increases slowly. From this fact, it may be inferred that after the turbulent 
condition of the boundary layer has been fully established, the scouring 
action of the turbulent layer tends to decrease with increasing values 
of the Reynolds number^. 

Airfoils, Although a thorough understanding of the scale effect on 
the aerodynamic characteristics of airfoils would be very desirable, the 
subject is much more complicated than those already discussed, and 


/if.ACA W 



Flgr. 7. Profile Drag Coefficient of N.A.C.A.— 84 Airfoil Plotted on iJ, 


it is not as well understood. In general, the lift of an airfoil, within 
the range of angles of attack in which it is usually employed, is not 
subject to important scale effect corrections. The same applies to the 
induced drag. Except for a thin boundary layer and narrow wake, the 
flows that give rise to the lift and induced drag are of the potential type 
and are essentially independent of the viscosity. Nevertheless, two of 
the most important aerodynamic characteristics of an airfoil vary with 
the Reynolds number: the profile drag and the useful angular range. 
The latter tends to determine the maximum lift coefficient of the airfoil. 
No attempt will be here made to give a full discussion of the manner 
in which these characteristics vary with the Reynolds number. However, 

^ Some theoretical and experimental substantiation of this theory as applied 
to other conditions may be found in the following papers: 

PaAKOTL, L., On the Role of Turbulence in Technical Hydrodynamics, I/ecture 
(Paper No. 604), World Engineering Congress, Tokyo, Trans. 1930. 

Nikubadse, J., Versuche liber die StrOmung von Wasser duroh divergente 
and konvergente Kanale, Heft 289, Forschungsarb. d. Vereins Deutscher Ingenieure, 
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a considerable number of airfoils have been tested at large values of 
the Reynolds number in the Variable Density Wind Tunnel of the 
National Advisory Committee for Aeronautics^ and of these a certain 
number of results may be noted. Presumably the best way to 
evaluate the scale effect correction for any airfoil is to compare its 
characteristics with those of similar airfoils from tests in a Variable 
Density Wind Tunnel. 

The profile drag coefficient usually tends to decrease with increasing 
values of the Reynolds number, and with most airfoils the angular 
range of low profile drag tends to 
increase with the Reynolds number. 

Fig. 7 is a plot of the profile drag 

coefficient, Cy^oj N.A.C.A.-84 

airfoil. The results of tests, one 
in the Variable Density Tunnel at 
a comparatively low value of the 
Reynolds number, one in the Pro- 
peller Research Tunnel of the 
National Advisory Committee for 
Aeronautics and one in the Variable 
Density Tunnel under pressure, are 
given together. The marked drop 
of the profile drag coefficient, for 
this airfoil near zero lift, in passing 
to large values of the Reynolds number, may be attributed to an 
extension of the angular range of approximately potential flow to lower 
angles. This fact is shown by pressure distribution measurements on 
the same airfoil in the Variable Density Tunnel 2 . 

The results of these measurements near zero lift at two widely different 
values of the Reynolds number are shown together in Fig. 8. It will be 
noted that the distribution of the pressures from the low scale test differs 
considerably from the distribution to be expected from a potential flow. 

Thin symmetrical airfoils may be compared with flat plates as regards 
their minimum drag scale effect. In Figs. 9 and 10, the results of 
measurements of the minimum drag coefficient of such an airfoil^ are 
compared with the drag curves for a fiat plate. It will be noted that the 
minimum drag scale effect curve for the airfoil (Fig. 9) resembles one 
of the corresponding transition curves for a flat plate (Fig. 4). When the 
turbulence of the airstream was increased by the introduction of a screen, 
the drag coefficients obtained (Fig. 10) followed the skin friction drag 
for a flat plate with turbulent flow in the boundary layer. 

' U.S. N.A.C'A. Teohnioal Report No. 352, also Technical Report No. 460. 

* U.S. N.A.C-A. Teohnioal Report No. 353. 

3 U.S. N.A.O.A. Teohnioal Note No. 364. 
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The scale effect on the maximum lift of an airfoil may be compared 
with the scale effect on the drag of a sphere. The flow over the upper 
surface of the airfoil encounters an adverse pressure gradient as does 


N.AC.A OOOSA/pfbU 



Fig. 9. ScAle Effect on Minimum Drag of Thin Symmetrical Airfoil. 


the flow over the sphere. Separation of the flow and the consequent 
loss of lift are controlled by the boundary layer conditions. The flow 
in the boundary layer becomes turbulent more readily at large values 



of the Reynolds number, and the scouring action of the turbulent air 
tends to delay the formation of a separation point or of a broad turbulent 
region over the upper surface until higher angles of attack are reached. 
Therefore we may expect to find that the maximum lift coefficients 
of most airfoils increase with increasing values of the Reynolds number. 
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Certain airfoils, however, fail to show an increasing maximum lift 
coefficient with Reynolds number within the range in which we are 
interested. Two examples are shown in Figs. 11 and 12. Thin airfoils 



a a a a a Angle oTAthck 

Fig. 12. Sr4Ue Effect on Thick “High Lift” Airfoil. 


radius as the characteristic length has not reached the critical value 
for a cylinder, even when the Reynolds number formed by using the 
chord of the airfoil has reached 3,550,000 (Fig. 11). 

On the other hand, there is a class of thick highly cambered airfoils 
which display high maximum lift coefficients when tested in ordinary 
atmospheric tunnels but give lower maximum lift coefficients at values 
of the Reynolds number approaching those of flight. Fig. 12 illustrates 
the scale effect on such an airfoil. 
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This type of effect might be explained in the same manner as for the 
increasing drag of a sphere above the critical value of the Reynolds 
number. A suitable Reynolds number, formed from a length comparable 
with the radius of curvature of the upper surface in the neighborhood 
of the maximum adverse pressure gradient, would be larger than the 
critical Reynolds number. Further experiments in a Variable Density 
Tunnel will be required to properly develop these problems. 

CHAPTER 11 

THE VARIABLE DENSITY TUNNEL 

1. General Description. The Variable Density Wind Tunnel of the 
National Advisory Committee for Aeronautics, located at Langley Field, 
Virginia, was especially designed to reach high values of the Reynolds 
number in aerodynamic model testing. This is accomplished by utilizing 
compressed air as a working fluid instead of air of normal density. The 

oV I VI 

Reynolds number, R = or - -- , 

may be increased by increasing the density of the fluid, q. As a matter 
of fact, the Reynolds number under otherwise similar conditions is 
almost directly proportional to the pressure or density of the air, because 
the coefficient of viscosity, fi, is but little influenced by the density or 
pressure. The effect of increasing the pressure is therefore to reduce 
the kinematic viscosity. 

Increase in the value of the Reynolds number through the use of 
a fluid of low kinematic viscosity is thus naturally suggested, and it 
is not easy to say who first may have suggested compressed air for 
this purpose. However, Munk in 1920 considered the feasibility of a 
wind tunnel utilizing compressed air as a working fluid, and following 
this, the design of the tunnel was begun by the Committee’s staff at 
Langley Field in 1921. 

The Variable Density Tunnel (Fig. 13) is enclosed in a riveted steel 
tank 15 feet in diameter and 34 feet 6 inches long, capable of withstanding 
a working pressure of somewhat more than twenty atmospheres. An 
elongated toroidal structure inside divides the interior into three parts : 
a central throat, part of which forms the test section; an annular return 
passage formed between the inner structure and the outer shell; and 
a dead air space within the toroid, which provides space for the 
balance and other operating equipment^. The various operations required 
within the tunnel are performed by small electric motors. Observations 
are made by viewing the instruments in the dead air space through 
peep holes in the side of the tank and windows in the inner wall of the 
return passage. 

^ U.S. N.A.C.A. Technical Report No. 227, also subsequent paper describing 
the rebuilt tunnel, Technical Report No. 416. 
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The inner part of the tunnel was originally 
built of wood fastened to a steel structure. 
After several years of operation, a fire, probably 
electrical in origin, destroyed the interior of 
the tunnel. In rebuilding, an all metal con- 
struction was employed. In order to reduce 
the airstream turbulence, 
to increase the accuracy “i 
of measurements and to 
facilitate working in the 
tunnel, various other small 
changes in detail were 
also made. 

The air in the tunnel is 
now circulated by a three- 
bladed propeller driven by 
a 425 horsepower direct- 
current motor. The large 
scale tests are usually 
made under the following 
approximate conditions: 

Pressure: 20 atmospheres. 

Dynamic pressure : ^ 

600 Kg/m2 (122.88 lb. i 

per sq. ft.). ^ 

Velocity: 76.8 ft. per sec. 

Temperature : 

30 to 65 degrees C. 

Reynolds number : 3,300,000 
(Airfoil model, chord 
5 inches). 

Propeller speed: 

800 to 900 r. p. m. 

Power input: 200 h. p. 

The balance consists essen- 
tially of a U-shaped cradle, 

surrounding the lower part jL 

of the airstream, to which 
the model is rigidly attached. The cradle 
is suspended from four knife-edges, which 
are in effect carried on the overhanging 
ends of the lift and moment balance beams, 
so that forces acting on the cradle are | 
counteracted by a movable counterpoise 
on the beams. In order to counteract 
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larger forces, counterweights may be placed on bridges under the 
balance cradle by means of motor driven camshafts. 

The drag balance operates in a similar manner, except that the forces 
are taken off horizontally and transmitted to the drag balance beam 
through bell cranks. The model under test is supported on the cradle 
by means of two fixed struts and is free to pivot about the upper end 
of the struts. A third strut, which is moved up and down by means 
of an electric motor to vary the angle of attack, completes the support. 

A routine test consists of the measurement of the forces on the lift, 
drag, and moment balances. The dynamic pressure is indicated by a 
manometer connected between static pressure orifices, one set of four 
being located in the small diameter 28 inches ahead of the position 
of the model, and the other set of four at the forward end of the return 
passage. By comparing the indications of this manometer with those 
of another connected to a standard Pitot-tube arranged to traverse the 
test section when the model is not in place, a factor is determined by 
which the readings of this manometer are multiplied to obtain the true 
dynamic pressure. 

The Reynolds number is obtained from the air temperature and 
pressure, dynamic pressure, and the chord or characteristic length of 
the model, through the use of a nomographic chart. 

Space does not permit a detailed consideration of the calibrations, 
adjustments, and corrections which must be made. The balance is 
checked for alignment periodically in order to ensure that the drag 
balance, measures only horizontal forces. The deviation of the airflow 
direction in the tunnel from the horizontal is determined periodically 
by conducting a test of an airfoil in both the erect and inverted positions. 
Such a test determines what proportion of the lift is to be added or 
subtracted from the drag in order to correct for an inclined airflow. 

The support drag is normally obtained by conducting a test with 
the supports in place, connected inside of, but not touching, a hollow 
dummy airfoil which is supported independently of the balance. In 
this way, the support drag in the presence of the model is obtained as 
weU as the effects of extraneous air currents on the balance. 

2. Special Problems. The operation of the Variable Density Wind 
Tunnel is more difficult than the operation of an ordinary wind tunnel 
and presents a number of special problems. There are three fundamental 
reasons for the greater difficulty of operating this type of wind tunnel : 

1. The necessity of providing remote control for all apparatus inside 
the tunnel, and the time and expense involved in entering the tunnel 
to make adjustments or changes. 

2. The necessity of providing sufficiently accurate models. AH parts 
of the model, including small details and its surface condition as well. 
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must be made so carefully that they may be considered, in the highest 
possible degree, as geometrically similar to the full-size object. 

3. The necessity of dealing with the relatively large forces experienced 
by the model and the balance. 

As an example of a problem of the first class, that of obtaining the 
support drag at various angles of attack may be considered. It is necessary 
either to let out the compressed air after a test at one angle of attack, 
enter the tunnel, alter the dummy airfoil supports to correspond to 
a new angle of attack and then compress the air in the tunnel again, 
or it is necessary to construct a complicated device controllable from 
outside the tunnel to adjust the attitude of the dummy airfoil in such 
a way as to be independent of the balance and, at the same time, maintain 
a small clearance between it and the supports which must be mounted 
to move with the angle of attack mechanism on the balance. 

Very little is known regarding the effects of small protuberances 
from the surface of bodies, except that they may, under some conditions, 
become very important. Small wires protruding from the surface of 
a sphere have been shown ^ to greatly influence its drag. Recent tests 
in the Variable Density Wind Tunnel have shown that the maximum 
lift coefficient of a moderately thick symmetrical airfoil is not seriously 
affected by coating its surface with No. 180 carborundum if the Reynolds 
number is within the range covered by atmospheric tunnels. In passing 
to full scale, however, the maximum lift coefficient of the polished 
airfoil increases, whereas that of the coated airfoil remains unchanged. 

As another example of the increased importance of model details 
in testing at large Reynolds numbers, the results of tests ^ of a model 
“Sperry Messenger Airplane” may be considered. The model airplane 
as originally tested was constructed in the same manner as wind-tunnel 
models generally, omitting completely or forming approximately many 
of the small parts of the original airplane. The drag coefficients, as 
determined from the tests of this model were low as compared with 
values obtained from flight tests of the full-size airplane. The model 
was then rebuilt to include many small parts, such as control horns, 
which had been omitted. The results of these tests are compared in 
Fig. 14. It will be noted that while the effect of the details on the drag 
is small at low values of the Reynolds number, the effect becomes 
very important when the Reynolds number approaches its full-scale 
value. These results point to the conclusion that complicated objects, 
such as complete airplanes, are extremely difficult to model with sufficient 
accuracy to insure reliable results when tested at high Reynolds 
numbers. 

1 U.S. N.A.C.A. Technical Report No. 186. 

• U.S. N.A.C.A. Technical Report No. 226. 
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The third consideration, that of dealing with the comparatively large 
air forces on the model, dictates the type of balance and support that 
is used. The air loads on the models may be as large as 300 pounds per 
square foot; but, because the air speed is comparatively low, the forces 
encountered are not as large as they would bo if the same Reynolds 
number had been obtained by increasing the velocity or the size of 
the model rather than by increasing the density of the air. If the value 

of the Reynolds number is 
increased by changing the velo- 
city or the size of the model, 
forces equal to the full-scale 
forces are encountered when 
the full-scale value of the 
Reynolds number is reached. 
Although the forces on the 
models used in the Variable 
Density Tunnel are much less 
than the full-scale forces, they 
frequently must be considered 
in the design of models that 
are to be tested. 

3. Advantages of a Variable 
Density Wind Tunnel. Granting 
that special equipment is re- 
quired with which to carry out 
investigations at large values 
FIk. 14. Tests on Sperry Messenger Rejoiolds number, the 

question arises as to what kind 
of equipment is best suited to the purpose. The answer cannot 
be definite because no single piece of equipment is best suited to all 
types of investigation. Flight testing has proved very satisfactory for 
determining the performance of complete airplanes and for investigating 
the distribution of the air loads on them, but this method is not suited 
for the determination of the characteristics of the component parts. 
Large tunnels have proved efficient for investigating propellers and 
parts of airplanes, but the large tunnel is expensive to build and to 
operate; most of the models are expensive, unless existing airplanes are 
used; and the tests are made less rapidly than in a small tunnel. 

The Variable Density Wind Tunnel combines some of the advantages 
of both the small and the large tunnel. A tunnel of this type may be 
of such a size that models for it are quickly and cheaply constructed 
or altered. The models are not difficult to handle and the power required 
to operate the tunnel is only a little more than that used by an ordinary 
wind tunnel. The Variable Density Tunnel, therefore, provides the most 
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satisfactory means of carrying out a certain class of investigations at 
full-scale value of the Reynolds number. In addition, it provides by 
far the best means of investigating the effects of varying the Reynolds 
number. When the Reynolds number is changed by varying the density, 
the air forces vary directly as the Reynolds number, and to investigate 
a twenty-fold range of the Reynolds number, it is necessary only to 
deal with a twenty-fold range of air forces. However, if the Reynolds 
number were varied throughout the same range by varying V or Z, 
it would be necessary to deal with a four-hundred-fold range of air 
forces. Moreover, the extent to which V may be increased is limited 
by compressibility effects which may become important at speeds greater 
than three to five hundred feet per second. To change I involves the 
construction of a new model which, in all probability, will not be geo- 
metrically similar to the original. If a larger model is built and tested 
in the same tunnel, the model will occupy a greater proportion of the 
tunnel and be subject to different interference corrections. On the 
other hand, if a larger tunnel is employed, differences in the results 
due to differences in the characteristics of the air flow in the two tunnels 
may mask any difference due to true scale effect. It may be therefore 
concluded that the Variable Density Wind Tunnel provides the best 
possible means of investigating scale effect because all test conditions 
remain as nearly similar as possible throughout a very large range of 
the Reynolds number. 

CHAPTER HI 

EXPERIMENTAL METHODS FOR THE INVESTIGATION 
OF AERODYNAMIC PHENOMENA AT HIGH SPEEDS 

1. Introductory. When the velocity involved in an air flow is of 
the order of 100 miles per hour or less, it has been found experimentally 
and theoretically that the character of the flow is little affected by 
the compressibility of the fluid. While it is true that when the fluid 
involved is a gas it is by no means incompressible, still the pressure 
differences within the flow at these low speeds are so small as compared 
with the initial pressme that density changes resulting from pressure 
variation within the flow are for practical purposes negligible. Theoretical 
investigations have shown ^ that when the velocities involved are not 
small as compared with the velocity of sound in the gas, density variations 
within the flow become of importance and the flow is said to be subject 
to compressibility effects. 

Compressibility effects were first encountered in connection with the 
study of ballistics. As regards the practical aerodynamics of airplanes, 
compressibility effects were considered negligible until operating con- 
ditions were altered by the increasing power and revolution speeds of 

^ See Division H. 
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motors. The fact that the motors were usually coupled directly Muth 
their propellers resulted in the use of propellers, the blade tip sections of 
which had speeds comparable with the velocity of sound. Recent refine- 
ments in airplane design have so increased the speed of airplanes that 
engineers must now deal with air flows about airplane parts that attain 
velocities exceeding one half that of sound. Even at moderate airplane 
speeds the effects of compressibility should not be disregarded if accurate 
measurements are desired. The importance of experimental investigations 
of airplane parts at high speeds, including airfoil sections for propellers 
and airplane wings, is therefore apparent. This chapter considers the 
experimental methods employed for this purpose; i. e., the investigation 
of the aerodynamic characteristics of bodies as affected by the com- 
pressibility encountered at high speeds. 

2. Early Experiments. The first experimental data throwing light 
on aerodynamic phenomena at very high speeds were obtained through 
tests on projectiles. These tests indicated that as the velocity increases 
the drag increases more rapidly than the square of the velocity, and 
very much more rapidly on approaching the velocity of sound. At 
speeds above the velocity of sound, the drag was found to increase 
more rapidly than the square of the velocity, but not as rapidly as the 
rate found for speeds in the neighborhood of the velocity of sound. At 
speeds above the velocity of sound, spark photographs showed the 
existence of shock waves from the projectile. These shock waves were 
considered theoretically and the theoretical treatment also showed that 
the importance of compressibility effects in a gas flow is determined 
by the ratio F/F^, where F is the flow velocity and F^ is the velocity 
of sound in the gas. In other words, two otherwise similar flows are 
equally affected by compressibility when the ratio F/F^ has the same 
value for one as for the other. 

Later, the realization that the aerodynamics of propeller blade 
sections might be subject to compressibility effects led to the development 
at McCook Field Dayton, Ohio, of the first equipment suitable for the 
aerodynamic investigation of airplane parts at high speed. Caldwell and 
Fales^ in 1920 reported wind tunnel studies dealing with aerodynamic 
phenomena at high speeds. They describe the design and construction 
of a 14-inch diameter open-return type tunnel, driven by a 200-horse- 
power motor, and capable of speeds up to 650 feet per second, in which 
airfoil sections suitable for use as propeller blade sections were investig- 
ated. While these investigations demonstrated the existence of some 
compressibility effects, the value of the work is limited because lift 
measurements only were made and because the highest speeds attained 
were low as compared with the velocity of sound. 

^ Caldwell, F. W. and Fales, E. N., Wind Tunnel Studies in Aerodynamio 
Phenomena at High Speed, U.S. N.A.C.A. Report No. 83, 1920. 
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The first aerod 3 mamic tests at speeds approaching that of sound 
were reported by G. P. Douglas and R. McKinnon Wood^ in 1922. 
Their investigations consisted of propeller tests in an ordinary wind 
tunnel employing a model airplane propeller driven at tip speeds above 
that of sound. This excellent investigation demonstrated conclusively 
the existence of marked adverse compressibility effects when tip speeds 
reach a value in excess of approximately 850 feet per second. These 
experiments, although of immediate practical value, are not well suited 
for a basic study of compressibility phenomena, and other efforts to 
provide more suitable equipment for obtaining such data have since 
been made. 

Briggs, Hull and Dryden^ reported in 1925 a series of airfoil tests 
at high speeds. Speeds approaching that of sound were attained in the 
jet from an orifice 12.24 inches in diameter. The air was supplied by 
means of a 5,000-horsepower air compressor which was under test at 
the Lynn Plant of the General Electric Company at the time. Several 
3-inch chord propeller sections, mounted so as to extend across the 
open jet, were tested with this equipment. The results, however, were 
not altogether satisfactory, partly because the test conditions were not 
entirely under the control of the investigators and partly because the 
airfoil set-up involved large and uncertain aspect ratio correction and 
unknown influences of the jet-boundary and model-end conditions. 

More recently, several investigations have been made, but all in 
relatively small tunnels. Briggs and Dryden® in 1927 reported tests 
made on 1-inch chord airfoils in a 2-inch diameter open jet, at speeds 
up to and slightly above the speed of sound. This investigation included 
pressure-distribution measurements, but was subject to the same limi- 
tations as their previous investigation. 

Stanton's^ experiments, reported in 1928, should be mentioned 
because they gave the first results obtained from tests made under 
conditions which permitted the determination of airfoil-section charac- 
teristics. He employed a 3-inch diameter closed-throat tunnel capable 
of speeds up to 1.7 The air for the tunnel was supplied from a 530- 
horsepower compressor. The value of the results was limited, however, 
by the fact that relatively large models were employed in relation to 
the diameter of the jet; even so, the dynamic scale or Reynolds number 
of the model tests was very small. 

^ Douglas, G. P. and Wood, R. MoKinnon, The Effects of the Tip Speed 
on Airscrew Performance, British A.R.C. R. and M. No. 884, 1924. 

* Briggs, L. J., Hull, G. F. and Dbyden, H. L., Aerodynamic Characteristics 
of AirfoUs at High Speeds, U.S. N.A.O.A. Report No. 207, 1925. 

* Briggs, L. J. and Drtdbn, H. L., Pressure Distribution over Airfoils at 
High Speeds, U.S. N.A.G.A. Report No. 255, 1927. 

* Stanton, T. E., A High Speed Wind Tunnel for Tests on Aerofoils, 
British A.R.C. R. and M. No. 1130, 1928. 
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Busemann^, at Gottingen a Uttle later, developed a rather novel form 
of high-speed tunnel. In order to avoid the use of a high-power com- 
pressor, he employed a large tank (10 cubic meters) which is evacuated by 
means of a relatively small compressor. The tunnel then draws air from 
the room and discharges it into the evacuated tank through a variable- 
area restriction in which the speed reaches that of sound. The tank 
thus permits a run of approximately 10 seconds’ duration at high speed. 
The air for the tunnel is taken from the room through a honeycomb 
and bell-mouth entrance cone, from which it forms an open jet passing 
across the test chamber. From the test chamber the air passes through 
the velocity-controlling restriction into the evacuated tank. It is evident 
that as long as the tank pressure is sufficiently low to maintain the 
speed of sound in the restriction, the tunnel velocity depends only on 
the cross-sectional area of the variable restriction and will therefore 
remain constant and independent of the tank pressure. The equipment, 
however, is small and is subject to many of the same limitations as those 
noted previously. 

3. High Spped Tunnel of the U.S. National Advisory Committee tor 
Aeronautics, a) Development. In 1927 the National Advisory Committee 
for Aeronautics began the development of more suitable equipment for 
investigating compressibility effects. The principal part of the equipment 
consisted of a comparatively large tunnel of a novel type using com- 
pressed air from the N.A.C.A. variable-density wind tunnel as the 
source of motive power. The high-pressure air from the variable-density 
tunnel was ultilized as an induction-jet, similar in principle to that 
employed with steam injectors. 

The application of the induction principle to a high-speed tunnel 
was the outgrowth of experimental investigations of thrust augmentors 
for jet propulsion made by Shoemaker and the author^ who, at the 
suggestion of G. W. Lewis, applied the result to the development of 
an induction-jet tunnel. A model tunnel having a throat diameter of 
approximately 1 inch was first built and a series of tests conducted. 
As with the thrust augmentors, high velocity compressed-air jets were 
employed to induce the flow. The tunnel air stream was composed 
wholly of the air drawn in from the room and which passed through 
the tunnel before reaching the compressed-air injector jet. These model 
tests were used as a guide in determining the general proportions of 
the high-speed tunnel, the results having indicated that speeds in excess 
of the velocity of sound were attainable. 

^ Busbuann, a., Profilmessungen bei Geschwindigkeiten nahe der Sohall- 
geschwindigkeit (im Hinblick auf Luftschrauben). Jahrbuch der Wissensohaft- 
liohen Gesellsohaft fiir Luftfahrt, pp. 95 — 99, 1928. 

* Jacobs, Eastman, N. and Shobmakee, James M., Tests on Thrust Augmentors 
for Jet Propulsion, U.S. N.A.C.A. Teohnioal Note No. 431, 1932. 
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Following the model tests, a 12-inch diameter high-speed tunnel 
was constructed in the variable-density wind tunnel building in 1928. 
Further developments were carried out with this tunnel, from which 
the present form was evolved. The later part of the development is 
the work of Stack; parts of the following material descriptive of this 
equipment and of the test methods employed are taken from his de- 
scription of the tunnel in U.S. N.A.C.A. Technical Report No. 463. 

Incidentally, it should be noted that rather extensive model in- 
vestigations having do to with induction- jet tunnels have subsequently 
been carried out in England. Professor G. I. Taylor became interested 
in the N.A.C.A. high-speed tunnel during a visit to the Committee’s 
laboratory in 1929, and, upon his return to England and at his suggestion, 
the late Sir Thomas Stanton began a series of model tests ^ with a view 
toward the development of a high-speed induction-jet wind tunnel to 
be used with the British Aeronautical Research Committee’s projected 
compressed-air tunnel. This work was carried on after his death by 
Bailey and Wood 2, who have contributed much to the present know- 
ledge of the behavior of the induction jet. 

b) Description and Arrangement. The N.A.C.A. high-speed tunnel has 
several advantages over other high-speed tunnels. The diameter of the 
tunnel is large as compared with most of the tunnels in which high- 
speed tests have been made. The flow past the model is relatively non- 
turbulent, since the air stream in the tunnel throat is composed of the 
air taken directly from the relatively quiet air in the building in which 
the tunnel is housed. Moreover, the model airfoils employed for tests 
extend through the walls and are supported outside the air stream, 
thus eliminating uncertain end effects and support interference, and 
permitting the direct measurement of airfoil-section characteristics. 

The general structural arrangement of the tunnel without balance and 
mountings is shown in Fig. 15. Compressed air from the variable-density 
wind tunnel is piped into the high-pressure chamber and discharged 
through the annular nozzle A A as shown in the Figure. The jet from 
this nozzle induces a flow of air from the room through the lower portion 
of the tunnel, where the model is carried on a photo-recording balance 
suitably installed in the space B. The air in the tunnel stream mixes 
with the high-pressure air in the diffuser, which conducts the air through 
the roof of the building. Six vanes are employed at the mouth of the 
entrance cone to prevent twist developing in the air stream on entering 

1 Stanton, T. E., The Development of a High-Speed Induction Wind Tunnel. 
Confidential Aeronautical Research Committee Report T-3094, 1931. 

‘ Bailey A., and Wood, S. A., Development of a High Speed Induced Wind 
Tunnel, British A.R.C. R. and M. 1468, 1932. 

Bailey, A. and Wood, S. A., Principles of the Air Injector, British A.R.C. 
R. and M. 1545, 1933. 
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the entrance cone. The test section is approximately II inches in dia- 
meter and 7 inches long, and is made slightly divergent in order to reduce 
the axial static-pressure gradient. The included angle between the walls 
of the exit cone is 4.6®; this portion of the tunnel ends in an abrupt 
step just below the annular high-pressure nozzle. The diffuser, in which 
t^e mixing takes place above the high-pressure nozzle, is 19 feet 10 inches 
long and the included angle between diametrically opposite elements 
is 4.8®. 

c) The Motive Power. At the end of a test at high Reynolds number 
in the variable-density tunnel, a relatively large supply of air at an 

initial pressure of 300 pounds per 
square inch is available. This air is 
discharged from the high-pressure 
air chamber through the converging- 
diverging annular nozzle shown in 
the figure. This nozzle has a mini- 
mum annular opening of 0.06 inch 
and a divergent portion with an angle 
of divergence of 1 1 . 1 ® . Approximately 
20 minutes are required to completely 
discharge the tank of compressed 
air through the high-speed tunnel. 
Only the first few minutes, however, 
are available for tests at very high 
speeds. With the arrangement shown, 
speeds closely approaching the velo- 
city of sound can be attained. 

d) Energy Ratio. The energy ra- 
tio is difficult to determine for this 
type of tunnel because of the un- 
certainty of the value of the power 
input. For comparative purposes, however, the power input is taken 
as the rate of work due to an adiabatic expansion of the high-pressure 
air from the pressure in the reservoir to atmospheric pressure. The energy 
ratio is therefore defined as the quotient of the kinetic energy of the 
air passing through the test section in a unit time divided by the power 
due to adiabatic expansion of the high-pressure air. The value for the 
tunnel as operated varies considerably over the speed range but at 
a speed of 0.6 the value is 1.6. 

e) Air-Flm) Gha/racieristica. The characteristics of the air flow in the 
tunnel are excellent, principally because the air is taken through the 
entrance cone with very low losses from the comparatively quiet air 
in the building in which the tunnel is housed. The variation in dynamic 
pressure i^oss the test section, except for a very thin boundary layer 
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near the walls, is less than 0.6 per cent. The directional variation of 
the air flow is believed to be less than 1/4®, and the turbulence is believed 
to be very small. 

4. Description of Balance. The balance must measure the large range 
of forces resulting from the wide speed range over which tests are made. 
Because of the limited time available for observations, it must be auto- 
matically recording. Reference may be made to the original description 
for details. The balance measures the lift, drag, and pitching moment 
by multiplying and recording the deflection of steel springs (cantilever- 
beam type) to which the forces are transmitted. The essential parts 
consist of a cast-iron cradle mounting a yoke to which the model is 
attached, the linkages necessary to transmit the forces to the steel 
springs and a camera for magnifying and recording the deflections of 
the springs. A part of the yoke to which the model airfoil passing across 
the test section is secured, is rotatable, so that the angle of attack of 
the model may be varied. The linkages, springs, and recording systems 
are designed to record photographically the deflections of the three 
beams from which the lift, drag, and pitching moment of the airfoil 
are determined. The record shows also the pressure difference recorded 
by a standard N.A.C.A. pressure cell on the same film, from which 
the^dynamic pressure, g, corresponding to each test may be obtained. 

The airfoil models usually employed are constructed of steel, by 
means of a special airfoil-generating machine. Models of 2-inch chord 
are ordinarily used ; they" extend across the tunnel and through holes 
in the tunnel-wall. In order to reduce the flow between the tunnel and 
the dead-air space, and the resulting interference, these holes are covered 
with specially designed end plates. The end plates are made of brass 
and are circular in form, fitting into recesses cut in the tunnel walls. 
The plates are sufficiently flexible so that they can bend and rotate 
as the angle of attack is changed, thus maintaining the contour of the 
walls, and at the same time, a small clearance around the hole in the 
plate through which the model airfoil passes. 

6. Dynamic-Pressure and Velocity Determination. The dynamic- 
pressure and velocity are computed from Bernoulli’s equation for a 
compressible fluid. The equation is 


k 



where P gives the pressure in the fluid, the subscript a denoting atmos- 
pheric conditions, the subscript s denoting conditions at the test section 
of the tunnel; is the velocity of sound in the fluid for the conditions 
at the test section, and k is the ratio of the specific heats for air, numeri- 
cally equal to 1.4. The formula is derived by substituting the pressure- 
density relation for adiabatic flow in the general form of the Bernoulli 
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equation. A more convenient form of the foregoing equation for use 
when VsIVf, is less than unity is obtained by expanding in the series 






This is the form used to compute the dynamic pressmre, which is therefore 


3 = 


4 




The values of VJVc are computed from the first form of the equation. 
Solving this equation for VJVc gives 


Fc ~ 




The derivation of these formulas is dependent primarily upon the 
assumption of true adiabatic expansion and the absence of losses due to 
friction. The errors induced by the first of these assumptions are probably 
small because of the rapidity with which the heat energy of the air 
is converted into kinetic energy. In order to check the validity of the 
formulas, the total pressure at the test section has been measured by 
comparing the pitot impact pressure with the room pressure ; it was 
found that its value differed from the room pressure by less than 
0.02 per cent of the dynamic pressure, except for a very small core at 
the center and a relatively thin layer adjacent to the wall. 

The difference between the static pressure at the test section and the 
atmospheric pressure cannot be reliably determined from a direct mea- 
surement during a test because of the presence of the model. Accordingly, 
calibrated static-pressure orifices are used for this purpose. Four small 
holes in the tunnel wall 10 inches below the location of the quarter- 
chord axis of the model are connected to a manifold which is in turn 
connected to pressure-measuring devices. The calibration factor is deter- 
mined from simultaneous measurements of the quantities (P^ — Pa) 

(Pa — P«p), where the subscript sp denotes conditions at the static- 
pressure orifices. The static pressure at the test section is taken as the 
value registered by four holes in a tube located along the axis of the 
tunnel. The holes in the tube are 90® apart and are in the horizontal 
plane which passes through the quarter-chord position of the airfoil 
model. In order to avoid end interferences, the tube extends from the 
relatively low velocity region at the mouth of the entrance cone to 
a point 20-1/4 inches above the model location. The calibration factor 
as computed from these measurements is 




g 

Pa — Pap 
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For use in computing test results, both this factor and VjVc are plotted 
against Pa — Pap- The variation of these quantities with atmospheric 
pressure for constant values of — ^ap negligible except at speeds 
in the immediate neighborhood of the velocity of sound. 

The only pressure measured during a test is the difference between 
the atmospheric pressure and that at the static-pressure orifices. A single- 
tube mercury manometer is mounted outside the tunnel to provide the 
operator with means for adjusting the speed and measuring the pressure 



Fig, 16. 3 0 10 airfoil section. Variation of lift, drag, and moment coefficients ^vith F/F^ 


difference. The pressure cell serves to check the values observed by 
the operator and, in addition, gives a record of the air-flow steadiness 
while the observations are being taken. 

6, Presentation of Data. The effect of the tunnel walls on the aero- 
dynamic characteristics of airfoils tested in this tunnel is not definitely 
known or understood. The effect of variations in the form and clearance 
of the end plates is known to be critical and, accordingly, the end plates 
are very carefully adjusted. Some preliminary tests with airfoils having 
different chords indicate that no correction need be applied to these 
data to obtain characteristics for infinite aspect ratio. In other words, 
it is believed that the data may be directly applied in practical design 
problems as airfoil-section data. 
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The data are presented in two graphic forms. The first form, which 
shows directly the effects of compressibility, consists of plots of the 
various coefficients for a given angle of attack against F/Fg. The other 
form consists of plots of the lift coefficient and the drag coefficient 
against angle of attack for several speeds. 

Samples of typical airfoil test data obtained from the tunnel are shown 
in Figs. 16 and 17. The characteristics shown are for the 3 CIO airfoil 
section, a section of 10 per cent thickness derived from the Clark Y 



Ftsr* 17. 3 C 10 airfoil section. Aorodj'namic oharaoteristics at various values of VfV^ 


section. The results shown in Fig. 17 are representative airfoil character- 
istics showing tjrpical compressibility effects. It will be noted that as the 
speed of the air flowing past the airfoil is increased, the lift, drag, and 
moment coefficient undergo a small numerical increase which continues 
until a compressibility burble occurs. As the speed is increased further, 
the breakdown of the flow corresponding to the compressibility burble is 
evidenced by a marked decrease in the lift coefficient, a rapid increase in 
the drag coefficient, and a movement of the angle of zero lift toward 0®. 

The results of the airfoil investigations^ that have been made with 
the N.A.C.A. high-speed tunnel equipment cannot be considered in 
detail here. It is sufficient to poiut out, however, that marked com- 
pressibility effects are observed at speeds well below that of sound and 

within the speed range of practical aerodynamics. 

^ 

^ Stack, Johk and vok Doknhotf, Albkbt E., Tests of 16 Related Airfoils 
at High Speeds, U.S. N.A.C.A. Technical Report No. 492, 1934. 
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